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Preface 


This book is a result of the lectures and discussions during the conference 
“Theory and Practice of Geometric Modeling”. The event has been organized 
by the Wilhelm-Schickard-Institut fur Informatik, Universitat Tubingen and 
took place at the Heinrich-Fabri-Institut in Blaubeuren from October 3 to 
7, 1988. The conference brought together leading experts from academic 
and industrial research institutions, CAD system developers and experien¬ 
ced users to exchange their ideas and to discuss new concepts and future 
directions in geometric modeling. The main intention has been to bridge the 
gap between theoretical results, performance of existing CAD systems and 
the real problems of users. 

The contents is structured in five parts: 

A Algorithmic Aspects 

B Surface Intersection, Blending, Hay Tracing 

C Geometric Tools 

D Different Representation Schemes in Solid Modeling 

E Product Modeling in High Level Specifications 

The material presented in this book reflects the current state of the art in 
geometric modeling and should therefore be of interest not only to university 
and industry researchers, but also to system developers and practitioners 
who wish to keep up to date on recent advances and new concepts in this 
rapidly expanding field. 

The editors express their sincere appreciation to the contributing authors, 
and to the members of the program committee, W. Boehm, J. Hoschek, A. 
Massabo, H. Nowacki, M. Pratt, J. Rossignac, T. Sederberg and W. Tiller, 
for their close cooperation and their time and effort that made the conference 
and this book a success. 


Tubingen, May 1989 


Wolfgang Strafier, Hans-Peter Seidel 
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Part A 


Freeform Modeling 



A Useful Polynomial Representation of Multiply 
Continuous Functions in the Unit Domain 


by 


Hans Meier 
Consulting Engineer 
Hamburg 


Abstract 


For the parametrization of three dimensional curves, 
various basic functions in the unit range (0 <= t <= 1) 
are applied, for example monomials and Bernstein polyno¬ 
mials. The basic functions suggested in this paper 
proved to be flexible and numerically stable against 
accumulation of round-off errors, when used in combina¬ 
tion with efficient optimization methods, for the 
interpolation of discrete offset points with boundary 
and other conditions. 

The functions are alternatively symmetric and antisym¬ 
metric about t = 0.5 . Where monomials are particularly 
suited for initial conditions, these functions are 
comparatively suited for boundary conditions. Adding 
terms in groups of two, always satisfies one more pair 
of boundary conditions. The coefficients matrix there¬ 
fore may my interpreted as a combination of all boundary 
conditions. 
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A Useful Polynomial Representation of Multiply 
Continuous Functions in the Unit Domain 


1. Introduction 

One of the basic tasks in geometric modeling is the 
parametric representation of the individual components 
of multidimensional curves. Different methods, with ad¬ 
vantages and disadvantages to all of them, are used in 
practice. This paper deals with a new method which, in 
the author’s opinion, combines high flexibility with 
easy numerical handling, when applied to optimized inter¬ 
polation problems. 

2. General Formulation of Problem 

A three dimensional curve 
'x(t) 1 

P(t) = y(t) with 0 <= t <= 1 (1) 

2{t) 

shall be formulated in such a way that a number of con¬ 
ditions will be satisfied. These conditions may be: 

• Boundary conditions with regard to location, 
direction, curvature etc. at t = 0 and t = 1. 

• Additional conditions with regard to location, 
direction, curvature etc. at discrete parameter 
values of 0 < t d < 1. 

• Optimum conditions in the form of 


\ 



o 


In general, P{t) will be formulated as the multiplication 
of a coefficients matrix C with a column vector of basic 
functions F(t). 

f„ (t)' 
f 4 (t) 
f* (t) 

P(t) = C * F(t) with F(t) = f s (t) (3) 

<U 

See Meier/1/. The size of matrix C, which corresponds to 
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the number of basic functions f(t), depends upon the com¬ 
plexity of conditions to be satisfied. The usefulness of 
a set of basic functions f(t) should be evaluated by the 
following criteria: 

• Simplicity of numerical handling in data 
processing. 

• Easy formulation of derivatives. 

• Easy computation of optimum conditions, see 
equation (2). 

• Independence of numerical stability with regard 
to forward and reverse parametrization 

(t against 1-t) . 

None of the commonly applied methods - including the one 
developed in this paper - can give the best answer to all 
demands and all applications. Finding a good compromise 
thus becomes a legitimate goal. 


3. Discussion of some function bases 


3.1. Trigonometrical functions 


F (t) 


cos 7T*t 
sin 7Pt 
cos 2 *tp t 
sin 2-TT-t 
cos 3*7T*t 


Advantages: orthogonal functions and orthogonal 
derivative functions with subsequent simplified 
integration of optimum conditions as in 
equation (2). 

Disadvantages: numerically intensive and time 

consuming in data processing. Boundary conditions 
are determined by many terms. 

Application: Analysis of periodical time series. 
Fourier transformation. 
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3.2. Monomials 


F {t) 


( 


Advantages: Easy and fast numerical handling of 
functions and derivatives. Only one coefficient 
is needed for each initial condition* 

Disadvantages: Not symmetric to forward and reverse 
parametrization and potentially numerically 
unstable near t = 1. All coefficients are 
needed to express the terminal conditions. 

Application: Interpolation problems of relatively 
low complexity. Initial condition problems. 


3.3. Bernstein polynomials 


F (t) 



with 





(1-t) -t 


fnj 


i ” 0 r 1, ... , n 


Advantages: Complete symmetry with regard to forward 
and reverse parametrization. High numerical 
stability. Only a few coefficients at the begin¬ 
ning and at the end are needed to express the 
boundary conditions. The coefficients represent 
control points of Bezier polygons* See Boehm, 

Farin, Kahmann /2/. 

Disadvantages: All polynomials are of the highest 
degree n and therefore computationally intensive. 
Integration of derivative functions as in 
equation (2) f becomes even more intensive. Degree 
elevation needs more than just adding new terms, 
but recalculation of all terms with subsequent 
recalculation of integral expressions as in 
equation (2). 

Application: Polygon approximation by Bezier curves. 
The coefficients are not abstract numerical 
values, but geometrically interpretable control 
points of polygons. 



7 


3.4. Orthogonal, Normalized Polynomials 

ITT 

ITT - g, 

TT 

I 

F(t) = 


• (1 

+ 

3-gJ 



g,-<l 

+ 

5 <3 l > 



• (1 

+ 

10-g i + 

17.5 

•g‘> 

g,-d 

+ 

14 • g 4 + 

31.5 



g, = 2 t - 1 

g, = 2-t- (t-1) 
z 


Advantages: Orthogonality leads to an independent 
determination of coefficients. The functions are 
alternatively symmetric and antisymmetric about 
t = 0.5 and therefore the approach is insensitive 
against forward and reverse parametrization. 


Disadvantages: Computation of functions and deri¬ 
vative functions becomes numerically intensive. 
Orthogonality of derivative functions is not 
given, which leads to complicated expressions for 
the integral formulation as per equation (2). 

All coefficients are needed to formulate the 
boundary conditions. 


Application: Eigenfunctions in vibration analysis, 
where orthogonality is a dominating factor. 


4. Suggested Method 

4.1. Definitions 

As a conclusion of the above discussion, the 
following set of basic functions F(t) is introduced: 


F (t) 


\ 

fo 

fl 


n = even integer number 


1 

f, = 2 -1 - 1 


(4) 


f a = 2-1-(t-1) 
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All higher terms are built up of f f and f a . 



etc. 


in general 


f *; - < f * )l 

(5) 


4.2. General Description 

The functions are alternatively symmetric and 
antisymmetric about t =0.5 and as such balanced to 
forward and reverse parametrization. Derivative 


functions 
and f L . 

are also built up 

of combinations 

. df *< 
f “ = « : 

i-f 

- 2-i*£ 4 f, 


2-{i 

+ (2i+l)- f 2 j- f £ “ f 


*H 

I) 

{i—1) + <2i-l)• f 2 } • 

*r* 

4 i ’i 

h-1) + (2i-l)f 4 ) 

■ f i_i - f 


f ti = 8 i-(i-l) [(i-2) + <2i-l)- 

'4, f = 8- i-{(i-l) (i-2)+2(i-l)-<2i-l)f 2 +<2i-l)-{2i+l)fjj f]' i 


etc. 
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As the derivative functions are alternatively 
symmetric and antisymmetric, half of all mixed 
integral expressions equal zero. 



for i+j = odd 


(7) 


Degree elevation is always done by adding two terms 


f. 1 

+2 


Xi ' 





Satisfying boundary conditions becomes perticularly 
easy: 


P(0) = C 0 - C, 

P(l) = C 0 + C, 

P(0) = 2 -(C, - C 2 + Cj ) 

P(l) = 2 • <C, + C 2 + C, ) 


P (0) 

= 4 * 


- 3 • C s + 2'C*. - 2-Cj.) 

P(l> 

= 4 ■ 


+ 3 • C j + 2 • C^. + 2 • Cy ) 

P(0) 

= 24 

•<C S 

- 2•Cfc + 4-C s - 2•C s + 2C 7 ) 

P(l) 

= 24 

•<c, 

+ 2 • C* + 4 • C y + 2 • C 6 + 2 • C 7 ) 


<9) 


P*(0) = 96- (C^ - 5C y + 6 • C 6 - 10-C 7 + 4 • C 8 - 4-C 3 ) 
P'(l) = 96- (C„ + 5 • Cf + 6 • C s + 10-C 7 + 4C 0 + 4>C S ) 


etc. 
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Inversion leads to: 


C„ 

= 

(P(l) 

+ 

p<0)) 

/ 

2 



c , 

= 

(P(l) 

- 

P(0)) 

/ 

2 



Ci 


(P(l) 

- 

P(0)) 

/ 

4 



C 3 

= 

(p(l) 

+ 

P(0)) 

/ 

4 

- c, 


Cv 

= 

(P<1) 

+ 

P{0)) 

/ 

16 

Cj /2 


C? 

= 

(P(l) 

- 

p ( 0 ) ) 

/ 

16 

- 3 C } /2 


C s 

= 

(P{1) 

- 

p<0)) 

/ 

96 

- c v 


C? 

= 

(p (1 > 

+ 

P(0)) 

/ 

96 

Cj /2 - 

2- Cj 

C 8 

= 

(P(l) 

+ 

p (0) ) 

/ 

768 

- C^/4- 

3-C s /2 

C 3 

s 

{p (1) 

- 

P (0) ) 

/ 

768 

- 5 Cj/4 - 

5-C 7 /2 


etc. 


This illustrates the principle of adding terms in 
groups of two for successively increased boundary 
conditions, without disturbing all previous results. 
Each coefficient is a combination of a new pair 
of boundary conditions and previously determined 
coefficients. 


c <; = c ,i 


d' P{1) ; d l P(0> 


+ (- 1 ) 


dt l 


dt l 


/ i c v / • . 


r/d i p(D . d i p(o) 


C ■ = C . 1 

H*l h + f 


{ \ dt l 


(- 1 ) 


dt‘ 


") ' C 1 ' C 3' ••} 


Even the most complicated curves can be represented 
by boundary condition pairs exclusively, comparable 
with the Taylor series development for initial 
conditions 

d l P(0) 
dt 1 
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Smoothness of curves is achieved by applying the 
optimum condition equation (2) for the determi¬ 
nation of additional terms if additional location 
vectors, directional vectors and curvature vectors 
are to be respected in way of 0 <= t <= 1. 

It may be interesting to have a look at the constant 
matrices 




TT - 


d F (t) 


dt 


dV (t) 


dt R 


•dt 


< 11 > 


k = 2 and 3 


F (t) = transposed matrix of F(t) 


These matrices 7T* play an important role for the 
optimization process described in /l/. The following 
tables (next page) show the matrices up to the 13th 
degree. Higher degrees will add columns and rows 
without changing the already computed elements. For 
practical applications the matrices are precalculated 
up to the 23rd degree and saved in a data file for 
ready use. It may be remarked that in case of mono¬ 
mials, only the first two and three columns and rows 
equal 0 for k = 2 and k = 3 respectively. Bernstein 
polynomials would require different matrices for 
different polynomial degrees. 


As a matter of interest it may be added that the 
above mentioned optimization routine is operational 
even for open boundaries, thus providing not only an 
interpolation but also an extrapolation tool, which 
becomes helpful in, among other applications, diagram 
plotting. 


4.3. Application 

The suggested function base is advantageously 
applied as an interpolation tool where boundary 
conditions of equally high degree on both ends are 
defined. 

satisfying additional discrete conditions in field 
( 0 < t < 1 ) is successfully done with optimization 
methods such as in /!/. 
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Matrix 


K = 


VF(t) d*F' (t) 


dt 


dt 2 * 


■ dt 


0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 


16 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 



48 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 




12.8 

0 -5- 

.486 

0 2, 

.438 

0 -1 

.108 

0 

.511 

0 

0 




9 

.143 

0 -3, 

.047 

0 1 

.108 

0 - 

.426 

0 

.170 

0 





3. 

.657 

0 -1, 

.995 

0 1 

.023 

0 - 

.511 

0 

0 






1 

.663 

0 - 

.767 

0 

.341 

0 - 

.150 

0 







1 

.228 

0 - 

.682 

0 

.361 

0 

0 


S Y 

M M 

E T R 

I C 




.409 

0 - 

.201 

0 

.095 

0 










.401 

0 - 

.222 

0 

0 











.106 

0 - 

.053 

0 












.127 

0 

0 

0 

0 

0 

0 

.170 

0 - 

.150 

0 

.095 

0 - 

.053 

0 

.028 


Matrix 


1 

Tl, -/■ 


d 3 F {t) d*F'(t) 


dt 


dt 


dt 


0 

0 

0 


0 0 


0 

0 0 
0 0 
576 


0 

0 


0 384 

768 0 

1536 


0 

0 

0 

0 

0 


0 

0 

0 

0 

0 


0 


0 


0 


SYMMETRIC 


0 0 


0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

00000000 
329.14 0 -146.29 0 66.49 0 -30.69 0 

256 0 -93.09 0 35.80 0 -14.32 

106.39 0 -61.38 0 32.74 0 

57.29 0 -28.64 0 13.48 

40.92 0 -24.07 0 

16.85 0 -8.87 

15.20 0 

14.32 0 13.48 0 -8.87 0 5.07 


Matrices 7T^ for curvature and curvature rate optimization 
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5* Example 

The diagrams of the two following pages illustrate 
interpolation by second and third derivative optimization, 
comparing monomials with the suggested method as in 
section 4. Eight function values X(t 1 ) through X(t a ) 
were to be interpolated by a continuous function X(t) 
without boundary conditions. Calculation was done on a 
personal computer with double precision (REAL*8) arith¬ 
metic . 

Accumulation of round-off errors led to the dashed and 
dotted-dashed lines for both the forward X(t) and reverse 
X(l-t) monomial solution. 

5.1. Discussion of the curvature optimized curves 

The greatest absolute contributions X (t) due to the 
coefficients assigned to the individual functions are 

full line: 4211-f[<t=0.5) = 4211 / 2* = 131.6 

compared with the monomial approaches of the 

dashed line: 230500•f (t=l) = 230500-t 7 

and the dotted-dashed line: 

1542000-f 6 <l-t=l) = 1542000 • (l-t) C 

These relations of 230500/131.6 = 1752 

and 1542000/131.6 = 11717 

respectively, explain the higher risk of accumulating 
round-off errors with the monomial representations and 
the consequent deviations from the optimum curve. 

With a higher precision - for example REAL*16 - there 
should be no differences between the three curves. 

5.2. Discussion of the curvature rate optimization curves 

With this type of optimization, the deviations of 
the monomial curves from the optimum curve are not 
so strongly pronounced. The forward parametrization 
could be called 'relatively good'. Corresponding to 
5.1., the respective absolute contributions are: 

full line: 7745'(t=0.5) = 7745/32 = 242 

compared with the monomial approaches of the 

dashed line: 2870000•f 7 (t=l) =2870000-t ? 

and the dotted-dashed line: 

12000000-f T (l-t=l) = 12000000'(1-t) 7 , 
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which leads to relative contributions of 
2870000/242 = 11858 and 12000000/242 = 49581, again 
explaining the deviations of the monomial represen¬ 
tations from the full line. 


/ \ 



Diagram 1, Curvature optimized interpolation of discrete 
points with different parametrizations. 

Monomials, forward, X(t), dashed line; 
Monomials, reverse, X(l-t), dotted-dashed line; 
Suggested method, X(t)=X(l-t), full line. 
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Diagram 2, Curvature rate optimized interpolation of 
discrete points with different 
parametrizations. 

Monomials, forward, X(t), dashed line; 
Monomials, reverse, X(l-t), dotted-dashed line? 
Suggested method, X<t)=X(l-t), full line. 
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6. Conclusion 

Parametric interpolation in the unit domain (0 <= t <= 1) 
with many boundary and other conditions can be accom¬ 
plished by different methods * The suggested method is not 
to be seen as a competition to Bernstein polynomials as 
they are used in combination with Bezier polygons. It was 
developed as a replacement for monomials, where those lead 
to numerical instabilities, when applied with high degrees 
of smoothening by optimization. The main stabilizing 
effect against accumulation of round-off errors is based 
upon the symmetric / antisymmetric arrangement of the 
basic functions, about t = 0.5 . Security against 
oscillation is not given automatically, but only in combi¬ 
nation with an effecient optimization method. The two 
constant matrices of equation (11) may be precalculated 
for the highest degree of interpolation to be expected and 
then used in whatever size is applicable. 


References: /l/ Meier, H.: Der differentialgeometrische Entwurf 

und die analytische Darstellung 
kriimmungsstetiger Schiffsoberflachen 
und ahnlicher Freiformflachen. 

Fortschrittberichte f Reihe 20, Nr. 5 
VDI Verlag, 1987 

/2/ Bbhm W. / Farin, G. / Kahmann J.: A survey of 
curve and surface methods in CAGD. 

Computer Aided Geometric Design, 

Vol. 1, no. 1, July 1984 
North-Holland Amsterdam 



Computing B-spline Control Points 


Hans-Peter Seidel 

WUhelm-Schickaxd-Institut fur Informatik 
Universitat Tubingen, D-7400 Tubingen, F.R.G. 


Abstract 

A B-spline curve over a given knot vector is completely determined by its control 
points. Using the equivalence between polynomials and symmetric multiaffine maps, 
de Casteljau, Ramshaw, and Seidel have recently shown how to compute B-spline 
control points as values of symmetric multiaffine maps at a sequence of consecutive 
knots. After a short self-contained proof of this fact, in this paper we will use this 
result to compute the new B-spline control points for knot insertion, degree elevation 
and osculatory B-spline interpolation. Examples will demonstrate how multiaffine 
maps may be used both for practical computations and also as a theoretical tool 
for the derivation of efficient algorithms. 


1 Introduction 

A beautiful new geometric approach to splines is developing in the recent work of P. 
de Faget de Casteljau [6],[7] and L. Ramshaw [13],[14]. Using the equivalence between 
polynomials and symmetric multiaffine maps they are able to relate B-spline control 
points to sequences of consecutive knots. A different derivation of this result has also 
been given in [16]: Here the equivalence between polynomials and symmetric multiaffine 
maps is applied directly to the standard recurrence formula for B-splines. As a result 
one obtains formula (10) below that expresses B-spline control points as values of a 
multiaffine map at a sequence of consecutive knots. From this many algorithms for the 
manipulation of splines may now be readily deduced. 

In this paper we wish to take a slightly different perspective: Instead of focusing 
on new theoretical insights we wish to demonstrate the strength of the multiaffine ap¬ 
proach when dealing with concrete problems. After giving a short self-contained proof 
of equation (10), we will therefore consider applications of this result to three kinds 
of problems that are of major importance for flexible design with B-splines, namely 
knot insertion, degree elevation, and osculatory B-spline interpolation. To demonstrate 
the method we will sometimes restrain ourselves from full generality. Instead, concrete 
examples will illustrate the technique and will show how multiaffine maps may be used 
both for practical computations and as a tool for the derivation of efficient algorithms. 
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2 Control points and sequences of consecutive knots 

In this section we establish the result that B-spline control points may be expressed by 
evaluating a symmetric multiaifine map at a sequence of consecutive knots. The proof 
will only use the well known equivalence between polynomials and symmetric multiaffine 
maps in connection with the familiar B-spline recurrence formula. 

We first require a little bit of notation. Recall that a function / : R —► R rf is called 
affine if it preserves affine combinations, that is, if f satisfies 

f(S2 a «■ ■ u «) = 5 a< * 

t t 

for all real numbers a i, ...,a n ,ui, ...,u n G R with £»a« = 1- A function / : R p —> R 4 * 
is called p-affine (or just multiaffine) if it is an affine function of each argument when 
the others are held fixed. Therefore / is p-affine if and only if for every sequence of real 
numbers ...,a p E R the mapping 

/«!.a,. a, : R R d : « >-♦ f(a u ...,a p ) 

J 

is affine. Finally, a function / : R p —» R** is called symmetric if / keeps its value under 
any permutation of its arguments. 

With this notation we are now able to state the so-called Blossoming Principle that 
establishes the equivalence between polynomials and symmetric multiaffine maps (see 
e.g. [6],[7],[13],[14], as well as many standard text books on algebra or complex analysis). 

Theorem 2.1 (Blossoming Principle) For every polynomial F : JR —» R d of degree 
p there exists a unique symmetric p-affine map f : M p —* IR d satisfying 

/(tV^u) = F(u). (2) 

v 

Furthermore, for u ^ v the q-th derivative of F is given by the formula 




Notation: In the above situation / is called the symmetric polar form or blossom of 
F, while F is referred to as the diagonal of /. 

Example: The blossom of the polynomial 

F(tt) = oo + a\u + a 2 u 2 + a 3 u 3 

is given by the symmetric 3-affine map 

/(U 1 ,U 2 > U3) = do + "^( W l + w 2 + W3) + “~(ttitl 2 + U2U3 + U3U1) + CI3U1U2U3. 
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In the sequel we wish to apply Theorem 2,1 to B-splines. Let 


T = (h 


fp*fl> ^p+2j tuny t m +l — ••• — ^m*fp+l) 


be a nondecreasing sequence of real numbers with ti < t t+p+1 . We consider the normal¬ 
ized B-splines Nf of degree p over T defined by the recurrence relation [3],[5] 


N?(n) 


1 if ti < u < * i+1 
0 otherwise 


(4) 


and 


NT(u) 


U — ti 
ti+r ~ U 


•jvr l («)+ 


t|+r+l ~ U 
^i+r+1 — ti + 1 


•JVTiftu) 


(5) 


for 1 < r < p. 

For tj < tj+i the restriction of Nf to the interval Ij := [tj, tj+i) equals some polyno¬ 
mial Nfj. The following theorem tells us how to compute its blossom [13],[16]: 


Theorem 2.2 In the above situation, the blossom nof Nfj satisfies the recurrence 
relation 


<•() = *, 




and 


n r ij(u u ...,u r ) = 


fi+r 


Xj 1 (ui,.. M u r . 1 ) + 


f*+r+l — W r r-1 


^i+r+1 fi+1 




/or 1 < r < p. 


( 6 ) 

(7) 


Proof: It follows by induction that n r i%j as defined by (6),(7) is affine in each variable 
Ui,..., u r -i, and direct computation shows that njj is affine in u r as well. Induction also 
proves that n r { j is symmetric in m, A double application of (7) to n r { j as well as 

to riijr — 1 and and some computation yields that n^r is symmetric in u r ,iz r _x 

also, and hence is in fact symmetric in U\, ...,u r . Since N[j is obviously the diagonal of 
njj, it follows that is the unique r-affine blossom of Nfj, and the proof of Theorem 
2.2 is complete. □ 


Corollary 2.3 For tj < t J+1 and j — r < l < j the blossom n^j of Nfj satisfies the 
equation 


n «,i(^+ 1 » ^+r) — (8) 

Proof: Use induction on r in (7). When / > j — r, the result follows from applying 
(7) as written, with the last argument, tj +r , controlling the affine combination. When 
/ = j - r, it follows from applying (7) with the first argument, t i+1 , controlling the 
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affine combination. If neither of these cases applies, we must have r = 0, and the result 
follows from (6).D 

We are now able to express the control points of a B-spline curve 

m 

F(u) = Y,di-Nr(u) (9) 

i= 1 

over T as blossom values at a sequence of consecutive knots. For tj < tj +i let Fj be the 
restriction of F to the non-empty interval Ij := and let fj denote the blossom 

of Fj. We then have [13:p.84],[16]: 

Theorem 2.4 For tj < and j — p < / < j the control points d{ are given by the 
formula 


4 — (10) 

Remark: Note that for every 1 < / < m there actually exists some integer j satisfying 
the requirements tj < tj+ 1 and j — p < / < j, due to our assumption that T doesn’t 
contain any knots of multiplicity p > p + 1. 

Proof: The restriction Fj of F to the non-empty interval Ij = is given by 

m 

i-l 

and blossoming yields 

771 

/i(t*l.-.Up) = U p)’ 

1=1 

Now, equation (10) follows directly from Corollary 2.3. □ 

We conclude this section with the following immediate corollary to Theorem 2.4: 

Corollary 2.5 The B-splines {Nf(u)|i = are linearly independent 

Proof: Consider a linear combination F = YliLi di 4 iV?(u) = 0. Then Fj and hence fj 
vanish for every segment [2j,tj+i). Theorem 2.4 yields d{ = 0 for i = and the 

assertion follows.□ 

Note, that Corollary 2.5 in turn implies the well known Curry-Schoenberg Theorem 
[10] that every piecewise polynomial F of degree p over & < ... < £j. +1 which is C u *- 
continuous at & may be uniquely expressed as a B-spline over 

= ( £l > *»* > *•*) 7 > £l > **M £fe+ll ••‘7 £fc+l ) 

P+1 P-I/,* p+1 

where every interior knot £,* appears with multiplicity //,♦ = p — i/,. 



21 



«f 5 = / 6 (2,4,5) / 6 ( 2.4,4) / 6 (2,2,4) 


Figure 1: A cubic B-spline over T = (0,0,0,0,1,2,4,5,6,6,6,6). Depicted are the 
control points di,...,d 8 and the Bezier points / 6 (2,2,2),/ 6 (2,2,4),/6(2,4,4),/ 6 (4,4,4) 
of the restriction F$ of F to the segment I 6 = [2,4). 


3 Applications 

In this section we will demonstrate the strength of Theorem 2.4 by giving applications 
to three kinds of problems that are important for flexible design with B-splines, namely 
knot insertion, degree elevation, and osculatory B-spline interpolation. 

Throughout this section let < ... < £ k+l be a strictly increasing sequence of real 
numbers. We will consider B-splines over the knotvector 



(£i> •••> •*•>£«* •**) **•> > •••i ^+i) 


(ti,..., 


having (pH- l)-fold end knots fi and and containing every knot & with multiplicity 
& < P + 1 (i.e. m = pi + ... + /i fc ). 


3.1 Knot insertion 

Knot insertion from the viewpoint of multiaifine maps has been studied in some detail 
in [15]. Therefore we will be very brief here. 

Let us consider a B-spline curve 

m 

F(u) = £<*,••*?(«) 

1=1 
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over 


T — (<i,».,£tn+p+l)- 

After inserting a new knot t satisfying t\ <t < F has a unique representation 

m+l 

n«)= E^-Nf(u) 

»=i 


over 


T* — (tl, ff, ^m+p+l)* 

Let Ff be the restriction of F to the non-empty interval Then the blossom 

fj of Fj satisfies 

/r ifi i H<[ 

[ /j_i otherwise 


and Theorem 2.4 yields 


f di ii i < l — p 

dj = \ /i(f»+i> fy+i> ^«+p-i) if/ —p+l<i</ 

l d t _ a if/ + l<i. 

As an immediate corollary we obtain Boehm’s insertion algorithm [1]: 


( 11 ) 


<=a l -.d l + (l-a0-4_ 1 (12) 

with 

1 if i < l — p 

«.= 7^7 Hl-P+l<i<l (13) 

0 if f + 1 < *• 


This simply follows from the fact that // is symmetric and affine in every argument. 
The following example will clarify these concepts: 

Example: Consider a cubic B-spline 


8 


F(u) = '£d i -N?{u) 

i=l 


over the knot vector 

T = (0,0,0,0,1,2,4,5,6,6,6,6). 

After inserting the new knot t = 3, F has a unique representation 


9 


F(u) = '£<r i -N?(u) 
1=1 


over 

T* = (0,0,0,0,1,2,3,4,5,6,6,6,6) 

and we obtain 
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Figure 2: Inserting the new knot t = 3 into the given knotvector 

T = (0,0,0,0,1,2,4,5,6,6,6,6). 


<n = f 4 (0,0,0) = d 1 
<r 2 = / 4 (o,o,i) = d 2 

= /e(0,1,2) = d 3 

d\ = /e(l,2,3) 

= j-(3/ 6 (1,2,4) + / 6 (0,1,2)) 

= - • (3 • d 4 + d 3 ) 
d* s = f 6 ( 2,3,4) 

= i-(/ 6 (2,4,5) + / 6 (l,2,4)) 

— g ' (^ 5 + 

cT 6 = / e (3,4,5) 

= J-(/.(4,5,6) + 3./ e (2,4,5)) 

= ^(de + S-ds) 

<T 7 = /e(4,5,6) = d$ 

<% = / 8 (5,6,6) = d 7 

dl = / 8 (6,6,6) = d 8 . 
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These results are illustrated by Fig.2. 


3.2 Degree elevation 

Consider a B-spline curve 


F(u) = ^£d r Nf(u) 


of degree p over our standard knotvector 

T = ( £i>»»» 6> »«*> fo+i» - 

P+1 P+1 

= (f 1 j f m +p+l) 

with pi + ... + pk + i = m +p + 1. According to the above mentioned Curry-Schoenberg 
Theorem F has a unique representation 

m+fc 

F(u) = £ % ■ N? +1 (u) 

*= 1 

as a B-spline of degree (p + 1) over the knotvector 

= ^ ***) ^ti 6. ) 6r+l> 6;+lj 

P+2 P* + l P+2 

= (t*, ..., t m+ ^ +p+2 ) 

where the multiplicity of every knot & has been raised by 1. 

The problem to compute the new control points <*!>•••) <C+fc has independently been 
studied by [12] and [9]. Here we will consider it in the context of multiaffine maps. 

First we will use Theorem 2.4 to derive a formula that expresses the control points 
d- of the degenerate (p+ l)-ic spline curve F in terms of the p-blossoms of the 

restrictions F w+ ... +Mi of F to the segments [6,6+i)- (See also [13:p.ll0]). We shall then 
use this formula to compute the new control points d* in terms of the original control 
points 

Let l<J<m + fcbe given. Choose i E IN satisfying 

Pi + ... + Pi-i + i - 1 < / < pi + ...+//,* + i 
and define j := pi + ... + pi + i. Then 


*S = 6 < 6+i = *;+i and j - (p+ 1) < / < j. 


Theorem 2.4 yields 


— /;w+i,..^r+ P +i) 


i 

= pTjTl ' //*!+—+»*i(^(+ll ^1+l/J ■■■! <r +P+ l)- 


(15) 
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The last equality follows simply from the result that the (p + l)-blossom f* of a 
polynomial F of degree p (viewed as a degenerate polynomial of degree p + 1) may be 
expressed in terms of the p-blossom / of F as 

1 p+i 

/*(u!,u p+ i) = —— • £ /(«u •••» «p+i) (!6) 

P 1 I/=l 

where the notation u v indicates that u„ has to be omitted. This is a direct consequence 
of the fact that the right hand side of equation (16) is (p+ l)-affine and symmetric and 
that the (p + l)-blossom /* of F is unique. 

Now we wish to use equation (15) to express the new control points d* in terms 
of the original points d,% To keep things as simple as possible we shall carry out all 
computations in the context of the following example: 

Example: We consider a cubic B-spline curve 

F(u) = 'td i .N?(u) 

i=zl 

over the knotvector 

T — (0,0,0,0,1,2,3,4,5,5,5,5). 

If we view F as a degenerate quartic spline 

F(u) = fx-^(«) 

t=l 

over 

T* = (0,0,0,0,0,1,1,2,2,3,3,4,4,5,5,5,5,5) 

Theorem 2.4 and equation (15) yield: 


<*: = / 6 *(o, o,o,o) 

= |- 4 ./ 4 ( 0 , 0 , 0 ) 

= di 

<** 2 - / 5 *( 0 , 0 , 0 , 1 ) 

= l-(3./ 4 (0,0 1 l) + / 4 (0,0 > 0)) 

= ^(3 • d^ 4 - di) 

<5 = / s *( 0 , 0 , 1 , 1 ) 

= i(2/ 4 (0,l,l) + 2-/ 4 (0,0,l)) 

= \ ■ (/ 4 ( 0 , 0 , 1 ) + / 4 ( 0 , 1 , 2 ) + 2 • / 4 ( 0 , 0 , 1 )) 

— ^ • (<4 + 3 • d^) 
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/4 (0.1.2) 

i 2 2) /7( 1i!^3( 4 > 5 * 5 ’ 5 ) 

mvfi- --^• 1 - 2 ' 2 ) W^_, 8 (5,5,5) 

U(0£,l)7 s >\ /ll(4.4,5,5)' 

/s(0,p.0.1) /f(1,2, 2 ) 3 ^. y 4 (l ) 2%V^ 


/ 4 (0,0,0) /‘?(2.2.3,3) 



tfi(3,4.4,5) 

. . ^ 

M 2.3,4) /9*(3,3.4,4) / 6 (3,4,5) 




Figure 3: Degree raising of a cubic spline over the knotvector 

T= (0,0,0,0,1,2,3,4,5,5,5,5). 

*4 = /«*( 0,1,1,2) 

= \ • (/,(1,1,2) + 2 • / 4 (0,1,2) + / 4 (1,1,0)) 

= ^ • (2 • / 4 (1,2,3) + 19 • / 4 (0,1,2) + 3 • MO, 0,1)) 

= ~(2d 4 + 19-d 3 + 3-d 2 ) 
d; = /j(l, 1,2,2) 

= i.(2-/ 4 (l,2,2) + 2-/ 4 (l,l,2)) 

= |-(/ 4 (l,2,3) + / 4 (0,l,2)) 

dg = fj( 1,2,2,3) 

= i • (/s(2,2,3) + 2 - / 5 (1,2,3) + / a (0,1,2)) 

= -5 • (/s(2,3,4) + 10 • / 8 (1,2,3) + /*(0,1,2)) 

= jg ’ (^ s 1® 'd* ^ 3 ) 

dr = /t(2,2,3,3) 

= ^ • (2 • /s(2,3,3) + 2 • /s(2,2,3)) 
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= | *(/ s (2,3,4) + / s (l,2,3)) 

= !•(* + *) 
d' e = /s(2,3,3,4) 

= i • (/e(3,3,4) + 2 • / 6 (2,3,4) + / 6 (2,3,3)) 

= ^ • (/e(3,4,5) + 10 • / 6 (2,3,4) + / 6 (1,2,3)) 

= ^ • (^6 + 10 • </s + d,j) 

dl = / 9 *(3,3,4,4) 

= i-(2-/ 6 (3,4,4) + 2-/ 6 (3,3,4)) 

= i-(/ 6 (3,4,5) + / 5 (2,3,4)) 

= - • (<k + d s ) 

^0 = /it (3,4,4,5) 

= | • (/ t (4, 4,5) + 2 • / t (3, 4,5) + /,(3,4,4)) 

= ^ • (3 • /t(4, 5,5) + 19 • / 7 (3, 4,5) + 2 • f 7 ( 2,3,4)) 

= ~(3-d 7 + 19-d 6 + 2-<i s ) 

= — • (3 • d 7 + 19 • cfg + 2 • <fs) 
dli = /u(4,4,5,5) 

= ^ • (2 • / 7 (4,5,5) + 2 • / 7 (4,4,5)) 

= — • (3 • d 7 + d 6 ) 

d\ 7 = /r 3 (4,5,5,5) 

= i-(/ 8 (5,5,5) + 3-/ 8 (4,5,5)) 

= ^ • (dg + 3 • d 7 ) 
d^3 = /i* 3 (5,5,5,5) 

.= i -4 /8(5,5,5) 

= d s 

These results are depicted in Fig, 3. 

Note that during these computations we have solemly used the fact that every seg¬ 
ment blossom fj is symmetric and affine in each component. This allows e.g. to express 
/ 4 (1,1,2) = ^ • / 4 (1,2,3) + | • / 4 (0,1,2) as an affine combination and thus leads to the 
given results. 
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Inspection shows that the above algorithm is identical to the algorithm of [9] for 
raising the degree of a cubic spline from three to four. Of course the restriction to the 
case p = 3 and to the above knotvector T in our example is by no means essential. 
Instead, algorithms for the general case can be derived in exactly the same way. 


3.3 Oscillatory B-spline interpolation 

Consider a sequence < ... < of real numbers together with an array {c?|i = 
1,..., k + 1; q = 0, of points in R d . Given the knotvector 

T = ( 6, ■"? «»», 6, **•» Ch •••, 6+1 > ••• > 6+ i ) 

2r+2 r+1 2r+2 

the theorem of Curry and Schoenberg guarantees the existence of a unique B-spline 

(M-lMr+l) 

F(u) = £ 4 * N?+\u) 

t=i 

of degree p = 2r 4- 1 over T satisfying 

F M (b) = cl 

It remains to compute the control points i = 1, ...,(fc + 1) * (r 4* 1). To demonstrate 
the method and to keep things as simple as possible we restrict ourselves to the case 
r = 1, i.e. to cubic spline interpolation. Then Theorem 2.1 in connection with Theorem 

2.4 yields 


A 


= f(6) = /4(6,6,6) = d 1 


c\ = n 6 ) = 


6 - 6 ) 


6 - 6 ) 
(d» - di) 


(/ 4 ( 6 , 6 , 6 )-/.( 6 , 6 , 6 )) 


C ?+l = ^(6+1) — /2i+2(6+l, 6+1,6+l) 

_ 6+1 £ /j(6+i,6+i?6+2) + * /j(6,6+1,6+1) 


C J+1 


6+2 — 6 
6 + 1-6 
6+2 — 6 

n6+o 

3 

6 - 6+1 

3 

6+2 — 6 


6+2 — 6 

^2»+2 + (1 — 7^-7*) * 

Si+2 — Si 


(/2i+2(6+ii6+i>6) — /ai+2(6+i > 6+i>6+i)) 
(^2i+2 — ^2i+l) 


C Jfc+l — -^(6+l) — /2ib+2(6+l? 6+1,6+l) — 
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/io(3|4,4) 


/ 4 (0,1 ( 1) / 4(M.2) / 8 (3,3,4^ 




/ 4 (0,0,1) 


/4(1>2,2) 


/io(4,4,4) 


/ 6 (2,2,2), 


/4(0,0,0) / 6 (2,2,3) 


9/8(3.3,3) 


/8(2,3,3) 


Figure 4: Osculatory B-spline interpolation with a cubic spline over 

T = (0,0,0,0,1,1,2,2,3,3,4,4,4,4). 


4+1 = nu i) 

3 


6-6+i v 

and inverting this system we get 


(dm—1 d m ), 


d, = C° 

j _ _o , £2 £1 

"2 — H- g - 


£+1 £t 1 


S+1 3 C t+1 

0 , 6+2 ~ 6+1 1 

C t+1 ' 3 C t+1 


dm—1 — Cfc+i 

dm = Cl.i . 


6+1 - 6 1 


Example: Consider the knot vector 


T = (0,0,0,0,1,1,2,2,3,3,4,4,4,4). 


= / 4 (0,0,0) = d 1 
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c} = 3 • (/i(0,0,1) — / 4 (0,0,0)) 
c% = / 4 (1,1,1) 

= |.(/ 4 ( 1 , 1 , 2 ) + / 4 ( 0 , 1 , 1 )) 
= 2 ' + ds) 

cl = 3*(/ 4 (l,l,l)-/ 4 (0,1,1)) 

= g ‘ (d< ~ <4) 

c° = /,(:2,2,2) 

= i-(/«(2,2,3) + /*(l,2,2)) 

= - • (d 6 + d 5 ) 

c\ = 3 * (/«(2,2,2) - /«(1,2,2)) 

= §-(d.-d.) 
c° 4 = f a ( 3,3,3) 

= | - (/s(3,3,4) + / s (2,3,3)) 

= g ' (°^ 8 + ^ 7 ) 

c\ = 3-(/ 8 (3,3,3)-/ 8 (2,3,3)) 

= |-(da-dr) 

c? = /io( 4,4,4) = d 10 
cl = 3-(/ 10 (4,4,4)-/ 10 (3,4,4)) 
= 3 • (d\o — dg) 

and hence 

da = / 4 (0,0,0)=c° 
d 2 = / 4 (0,0,l) = c° + i-c} 

d 3 = / 4 (0,l,l) = c“-^cl 
d 4 = / 4 (l,l,2) = c“ + |cl 
ds = / 6 (l f 2,2) = c°-i.cl 
d 6 = / a (2,2,3 ) = c° + i-c> 
d 7 = / 8 (2,3,3) = c°-i-c} 
d 8 = /s(3,3,4) = c® + — • c\ 
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d* = /i 0 (3,4,4) = c°-i.c‘ 
dio = /io(4,4,4) = c°. 

These results are depicted in Fig.4. 

It should be mentioned that there are of course other methods to express the control 
points d{ in terms of the given points cj. A short and elegant approach to this problem 
using the de Boor-Fix dual functionals has recently been given by Mummy [11], 

4 Conclusion 

We have shown how to compute B-spline control points by evaluating a multiaffine map 
at a sequence of consecutive knots. Concrete examples have demonstrated the use of 
this method both for practical computations and as a tool for the derivation of efficient 
algorithms. Extensions of the approach to spline surfaces defined over triangular grids 
should be possible and are the topic for future research. 
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Abstract 

This paper discusses a solution to the problem of how to approximate an algebraic 
curve of any degree with piecewise parametric curves. The approximation can be per¬ 
formed using any differentiable parametric curve form. An implementation using rational 
cubic Bdzier curves results in a G 2 piecewise approximation which experiences better than 
0( h 1 ) convergence. If the algebraic curve happens to be a cubic curve of genus zero, a 
parametric curve can be found which exactly fits the given algebraic curve to within float¬ 
ing point precision. An error bound is developed which is much tighter than previously 
published bounds. 


1 INTRODUCTION 

A planar algebraic curve is the zero locus of an implicit polynomial equation f(x,y) = 0. 
Planar rational curves are those which can be expressed using parametric equations x = 

y = where f x (r ), / v (t) and f w (r) are polynomials. It is well known that all rational 
curves are algebraic, and that given the parametric equation of a rational curve, its implicit 
equation can be computed in closed form [Sederberg et al ’84]. 

Planar algebraic curves arise frequently in computer aided geometric design. For example, 
the plane section of a parametric surface patch is an algebraic curve whose implicit equation is 
easily expressed in the parameter space of the surface patch. In fact, the intersection curve of 
any two parametric surface patches can be expressed as a planar algebraic curve, although the 
degree may be impractically high. The projection of the intersection curve of any two algebraic 
surfaces can also be expressed as a planar algebraic curve. Also, algebraic curves can be used 
directly as free-form curve primitives [Sederberg ’84]. In addition, offsets of rational curves 
can, in theory, be expressed exactly as algebraic curves. 

It is well known that algebraic curves are not generally rational. Therefore, it is not generally 
possible to determine an exact parametric representation for a given algebraic curve. Increasing 
attention is being focused on the problem of finding an approximate parametrization of algebraic 
curves. 

This paper presents an approach to the problem of approximating a planar algebraic curve 
of any degree to within a specified tolerance using piecewise parametric curves. This approach 
is general enough to permit approximation using any differentiable parametric curves: explicit 
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curves, polynomial parametric curves, rational curves, or even curves defined using trigono¬ 
metric functions. A representative family of algorithms is presented: ALG3:1-1, ALG5:2-2, 
ALG7:3-3, ALGR2:2-1, ALGR3:2-2 and ALGR3:3-2. ALG i:j-k approximates using degree 
i piecewise explicit curves (of the form y = /( x) in some coordinate system) which match 
j derivatives on one end of the algebraic curve segment, and k derivatives at the other end. 
ALGRi :j-k does the same thing using rational degree i curves. The convergence rate for these 
algorithms is 0(/i ;+fc+2 ). Using ALGR3:3-2, if the algebraic curve is a cubic curve of genus 
zero, an exact parametrization can be obtained to within floating point accuracy. 

These algorithms require the algebraic curve to be expressed using polynomials in Bernstein 
form. This is reviewed in section 2. Section 3 overviews the general concepts behind the algo¬ 
rithms and discusses how to impose G k continuity between an algebraic curve and a parametric 
curve. Section 4 discusses the various algorithms. An error bound is explained in section 5, 
section 6 shows some examples and section 7 makes concluding statements. 

LI Related Work 

This paper builds on the work of [Waggenspack ’87] and [Waggenspack et al ’88], Waggenspack 
recognizes that any algebraic curve of degree one or two can be parametrized exactly using 
rational polynomials, as can some cubic algebraic curves. If the degree of the algebraic curve 
happens to be one or two, Waggenspack *s algorithm parametrizes it exactly. If the degree is 
three, the curve is analyzed to determine if its genus is zero and if so, it is parametrized exactly. 
If the degree is greater than three, or if it is cubic and its genus is one, then the curve is subdivided 
until it can be degree reduced. The end product is a piecewise parametrization involving G° 
segments of degree one, two or three. Waggenspack also discuss how to deal with singularities. 

The concept of geometric Hermite interpolation, central to our algorithm, originated in an 
unpublished technical report by Sabin [Sabin ’68]. Recently, de Boor, Hdllig and Sabin de¬ 
scribed an excellent curve interpolation algorithm based on geometric Hermite interpolation [de 
Booe et al ’87]. 

An algorithm for exact parametrization of a rational cubic curve is presented in [Abhyankar 
et al ’87a], and exact parametrization of rational algebraic curves of higher degree is discussed 
in [Abhyankar et al ’87b] 

[de Montaudouin et al ’86] examines the implementation of Newton’s method of local 
parametrization of algebraic curves using power series. Newton’s method produces a local 
parametrization of the form y = f(x) (or, x = g(y) if the curve is locally more vertical than 
horizontal). The approximating polynomial f(x) (or y(y)) can be of arbitrarily high degree. 
However, the parametrization is only valid for within a finite radius of convergence. If the radius 
of convergence is too small to engulf the region of interest, then a piecewise parametrization is 
called for. 

Prior work has also been performed on related problems such as determination of the topol¬ 
ogy of algebraic curves [Amon ’83], [Farouki ’86]. Tracing of algebraic curves (computing 
a sequence of points along the curve) has also been studied recendy in [Bajaj et al ’87], The 
reverse problem of approximate implicitization of a rational curve is examined in [Chuang et al 
’ 88 ]. 
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2 PIECEWISE ALGEBRAIC CURVES 


Algebraic curves are most commonly expressed using a bivariate power basis polynomial equa¬ 
tion: 

E = 0 • 

i+j£m 

There are many advantages to expressing algebraic curves instead using a bivariate Bernstein 
polynomial equation in terms of barycentric coordinates ( s, t, u): 

E Cy*( ™ )s'VV = 0, S + t + U=l. (1) 

i+;+k=m WV 

In the Bernstein formulation, the curve equation assumes some geometric meaning: The curve 
can be viewed as the intersection of the plane z = 0 with the triangular non-parametric Bezier 
surface patch 

where the projection of the onto the plane 2 = 0 lies in a triangular lattice. In other words, 

( Xijk 1 r (i^moo + ;a;omO + fcxoo TO )/m 

3 fijk | = I (*1^00 + JVOmO + Aj/00m)/m ' . 

*i/fc J { c iJk 

Algebraic curves defined in this manner have been termed piecewise algebraic curves or 
PACs [Sederberg ’84]. An example of a cubic PACis shown in Figure 1. The numbers adjacent 
to the lattice points are the ajk in equation 1. Remember that they can be interpreted as simply 
the z-coordinates of the control points (the P^ in equation 2) of a triangular Bezier surface 
patch. Thus, Figure 1 can be considered as an orthographic view of a triangular surface patch 
intersecting the plane 2 = 0, and the PAC is simply the curve of intersection. 


Cq30 = — 1 (0,1,0) 



The notation is unduly cluttered by using all three subscripts c*/* for the PAC coefficients. 
We shall henceforth use only the first two subscripts cy, since it is always understood that k = 
m — i — j> 
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Any algebraic curve can be expressed as a PAC. The triangle can be thought of as a window 
through which the algebraic curve is viewed. For example, Figure 2 shows a circle defined as 
a PAC within four different triangles. Note that the PAC coefficients change as the triangle is 
altered. The new coefficients can be found using the de Casteljau algorithm. Note, too, that 
the Cartesian coordinates of the triangle vertices need to be specified in order to totally define a 


PAC. 




Figure 2: A circle as a PAC 


2.0.1 Power to PAC conversion 

Any algebraic curve given in power form /(x, y) = £i+;£m a,*/xV = 0 can be expressed as a 
PAC within a triangle whose vertices are (xoo, yoo), (£oi,yoi), (£io,yio). For completeness, 
we present here an algorithm for power-to-PAC conversion which is based on Euler's law for 
homogeneous polynomials. The following algorithm is not the most efficient, but it is easily 
implemented and readily extends to deal with any polynomial basis. Furthermore, it is “high 
level” in that we do not look explicitly at coefficients, but rather at higher level operations such 
as polynomial multiplication. 

First, the power equation must be put in homogeneous form: 

F(X,Y,W) = £ a ij X i Y’W k 

i+j+k=m 

where x = X/W and y = Y/W . Note that the coefficients a» ; for the homogeneous polynomial 
are the same as for the non-homogeneous polynomial, and that f(x, y) = F(X, Y t 1). Euler’s 
law states that for a degree m homogeneous polynomial, 

F(X Y W) = X * Fx + Y xFy + Wx Fw 
' * m 

where Fx indicates partial differentiation. Recall that for i + j + fc = m, 

d m F 

dXidYidW* “ 

Then, f(x,y) = 0 can be expressed as a PAC g(s,t,u) = 0 with vertices (ioo,yoo).(ioi,l/o]), 
(®io, yio) using the following recursive algorithm: 

p(s,f,u) = C2B(0,0,0) 
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where the function C2B returns a polynomial in Bernstein form in variables s, t, u and is defined: 

FUNCTION C2B(»,;, k) 

Wi + j+k = m, THEN 
C2B = t!;'!fc!a <; 

ELSE 

C2B = »(M.n)xC2B(i+ljJQ+y(M,u)xC2B(i j+l,k)+C2B(i 1 i,lt+l) 
m-i-j-k 

ENDIF 
END C2B 


In C2B, ij y k indicate partial differentiation with respect to X, Y and W respectively. We do 
not explicitly perform the partial differentiation at each level of recursion; we simply note that 
after m levels of differentiation have been performed, the answer is i\j l May. 

The x operation indicates Bernstein polynomial multiplication. The functions x( s, t, u) and 
y(s,t , u ) return the Cartesian coordinates x,y given the barycentric coordinates s, t, u: 

x(Sjt y u) = x\os + xq\ t + xoou; y(s,t,u) = y\os + yoif + yooti- 


2.1 TPACs 

Our parametrization algorithm works on PACs which interpolate the two triangle comers ( a , t, u) = 
(0,0,1) and (s,t,u) = (1,0,0), and which are tangent to the triangle edges s = 0 andu = 0. 
These conditions are satisfied by setting coo = coi = c m o = = 0. We will refer to a PAC 

which satisfies these conditions as a TPAC (for Tangent PAC). Figure 3 shows a cubic TPAC. 



Figure 3: Cubic TPAC 

We require TPACs to consist of a single topological component We can guarantee that a 
TPAC intersects its triangle only at two comers by specifying that c,o > 0, that cot, c ro _ t| < < 0, 
and that the directional derivative of the PAC with respect to any direction a = otu be non-zero 
within the triangular domain. Sufficient conditions for this are that (1+a) c,-j—aq+ij < 
0 for all legal i and j [Sederberg ’84], The derivative condition assures that the TPAC is single 
valued with respect to any line s - otu = constant. 

We further require that TPACs be free of inflection points and singularities (except at the 
endpoints), and that they do not turn more than 90°. This is accomplished by locating the 
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critical points of the PAC, which for our purposes means the inflection points, singular points, 
points of horizontal and vertical tangency, and PAC endpoints (points where the PAC intersects 
its reference triangle). Various algorithms exist for computing these critical points, such as those 
presented in [Sederberg ’88], Once the critical points are located, the PAC is split into a set of 
TPACS which have critical points for endpoints. The proper connectivity (ie., matching up pairs 
of critical points to be TPAC endpoints) can be determined using the ideas discussed in [Arnon 
*83] (explained less abstractly in [Farouki ’86]). Figure 4 shows a PAC split into TPACs. 



Figure 4: PAC split into TPACs 


2X1 Subdividing a TPAC 

A TPAC can be split roughly in half by intersecting it with the line s = u and by finding two 
new triangles which are tangent to the curve as shown in Figure 5. 



Figure 5: Subdividing a TPAC 


2.1.2 Inflection Points 

Double points and inflection points are easily represented in TPACs. A TPAC with an inflection 
point at (a,t, u) =(0,0,1) has coo = coi = C 02 = 0 and c\q ^ 0. An algebraic curve which 




39 


has been split into two TPACs at an inflection point is shown in Figure 6. 



Figure 6: TPACs sharing an inflection point 


2.1.3 Double Points 

When an algebraic curve with a double point is split into TPACs, each branch of the curve is 
enclosed in a TPAC as shown in Figure 7. If the double point occurs at point ( 5 , t,u) = (0,0,1) 
on the TPAC, then coo = coi = C 02 = cio = 0. More complicated singularities can also be 



expressed using TPACs. A thorough treatment of this problem is the focus of continued study. 

3 HERMITE INTERPOLATION OF TPACS 

Our approximation algorithm proceeds as follows: 


0. Split the PAC into TPACs. 
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1. Given a TPAC, find a parametric curve which provides G J continuity with the TPAC at 
one endpoint and G k continuity at the other endpoint. This is illustrated in Figure 8 which 
shows a TPAC along with parametric curves which are respectively G°, G 1 , G 2 , and G 3 
continuous with the TPAC at both its endpoints. 

2. Determine how closely the parametric curve segment approximates the TPAC. 

3. If the error is too large, subdivide the TPAC and return to step 1. 

Figure 9 shows a TPAC approximated by a parametric curve which is G x with the TPAC at 
its endpoints. The distance between the two curves is deemed too large, and Figure 10 shows the 
TPAC split into two TPACs, each one of which is approximated by a parametric curve which 
is G 1 with the endpoints of it’s respective TPAC. Clearly, the two approximating curves in 



Figure 8: TPAC with approximating parametric curves 


Figure 10 are G l continuous. 



Figure 9: TPAC with G 1 approximating parametric curve 
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(s,t,u) = (OjijO) (*,y) = (o,o) 



Figure 11: Skew coordinate system 
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3.1 Skew Coordinates 

It is useful to introduce the skew (x, y) coordinate system shown in Figure 11. In this system* 
the relationships between the skew (x, y) coordinates and the barycentric coordinates (s,t,u) 
are: 

ti= x; s = y; t= 1 -x-y (3) 

Applying the directional derivative equations in [Farin ’86, p.93], the partial derivatives of 
/ with respect to x and y can be found using the following recursive formulae. If dj are the 
coefficients of a TPAC /, then denote by cfj the coefficients of the k ih partial with respect to x 
and the I th partial with respect to y. Then 

c ij = (m + l-k-Dic^j - <&’■'); k> 0 

or 

c « = ( m +1 - * - o (<£'rj - <#;/); i > o 

where c“ = cy. 

There are two points at which we need to evaluate the partials of / with respect to x and y: 
(x(0),y(0)) = (1,0) and (x( l),y( 1)) = (0,1). At the point (1,0), we have simply 

f x k v l( 1,0)= Co’ t O 


and at the point (0,1), 

The first several partials at ( x, y) = (1,0) are (recalling that for the TPAC, coo = coi = 0): 


fx = m(coo - coi) (4) 

/y = m(cio - coi) (5) 

fxx = m(m— l)(coo — 2coi + 0 ) 2 ) (6) 

/xy = m(m- l)(cio + C 02 -c n - coi) (7) 

/ yy = m(m- l)(c2o — 2cu + C 02 ) (8) 

/txx = m(m - 1)(m — 2)(coo - 3coi + 3co2 -C 03 ) (9) 

fxxy = m(m — 1 )(m — 2 )(cio — 2 cn + C12 — coi + 2 co 2 — C03) ( 10) 

fxyy = m(m— l)(m- 2 )(c 2 0 - 2 cn + C02 - c 2 ] + 2 ci 2 - C03) (11) 

fyyy = m(m — 1 ) ( T 71 — 2) (C30 — 3 c 2 i + 3 ci 2 — C03) ( 12) 

3.2 G k Continuity Between Algebraic and Parametric Curves 


We here consider the problem of how to force G k continuity between an algebraic curve and a 
parametric curve. Continuity conditions for two parametric curves are well known but do not 
apply directly if one of the curves is implicitly defined. The definition for G k continuity which 
we feel works best for this problem is that based on intersection multiplicity: An algebraic 
curve /(x,y) = 0 is G k continuous with a parametric curve x = x(r), y = y(r) at a point 
of intersection if that point is non-singular on both curves and if the two curves intersect with 
multiplicity k + 1 at that point. 
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To determine the multiplicity of an intersection point, form the composition 

F(T)=f{x(T) iV ( r)). 

Then (x( r), y ( r)) is an intersection point of multiplicity k + 1 if and only if 

F(t) = F'(r) = ... = ^(r) =0; F ( * +l) ^0. (13) 

To impose G* continuity, we need to compute the first k partial derivatives of F with respect to 
r. The first three partials are: 

F* = /„!/' + f%x* = 0 (14) 

F" = /,»" + Ux" + /„( j/) 2 + 2f xy x’y’ + /^(x') 2 =0 (15) 

F’" = f s y‘" + f z x‘" + 3 f vv y'y" + 3/„xY + f vvv (y') 3 (16) 

+3 f xvv x\y') 2 + 3 f xv x"y' + 3/„ v (x') V + 3/„x'x" + / IIX (x') 3 = 0 

Of course, higher derivatives can be obtained if desired. The subscripts of / (x and y) indicate 
partial differentiation with respect to x and y whereas x ' means differentiation of x with respect 
to r. The partials of / with respect to x and y at (x, y) = (0,0) are given in equations 4-12. 
Note that equation 14 can be solved linearly for x' and y ; ; equation 15 can be solved linearly for 
x" and y"; equation 16 can be solved linearly for x m and y w , etc. Any parametric curve which 
matches those derivative values (x^y'), (x",y")... (x (k \y (k) ) will experience G k continuity 
with the TPAC. 

4 IMPLEMENTATIONS 

In this section, we present solutions to equations 14-16 in which various Bezier curves are used 
to approximate a TPAC. The first case we consider uses a rational cubic Bezier curve as the 
approximating curve, matching two derivatives at each endpoint. This algorithm we will refer 
to as ALGR3:2-2. 

ALGR3:3-2 computes a rational cubic B6zier curve which matches three derivatives of the 
algebraic curve segment at one endpoint and two at the other endpoint. ALGR2:2-1 matches 
two derivatives at one endpoint and one at the other endpoint using rational quadratic curves. 
Finally, ALG3:1-1, ALG5:2-2, ALG7:3-3 etc. use non-rational curves of degree 2 fc+1 to match 
k derivatives at each endpoint. 

4.1 ALGR3:2-2 

If the control points and weights of the cubic rational Bdzier curve are expressed P, = ( x it y<, tt\-), 
in order for the approximating curve to be G 1 with the TPAC we must have 

Po = ( 1 , 0 , 1 ); Pj = (xi,0,«ii); P 2 = (0,y2,W2)i P 3 = (0, 1 , 1 ). 

as shown in Figure 12. Without loss of generality, we have set the end control point weights to 
one. Thus, we have four unknowns x \, w \, y 2 , W 2 with which to achieve G 2 continuity. 

Conditions for G 2 continuity are defined in equation 15. This equation must be satisfied 
at both endpoints of the curve segment. At point (x, y) = (1,0), the parameter value of the 
rational cubic curve is 0 and 


x'(0) = 2>w\(x\ — 1); y'(0) = 0 


(17) 
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Figure 12: Initial constraints on rational cubic approximating curve 


z"(0) = (w\ — 3w*)x\ + 6w\ — W 2 — w\\ y"( 0) = finite (18) 

Substituting equations 6, 7, 8, 17, and 18 into equation 15 and noting that coo = coi = 0, yields: 

F"(0) = 2c\oW2V2 + 3(m - l)c<)2U^(l - ®i) 2 =0. (19) 

By symmetry, the equation for G 2 continuity at the other endpoint is: 

F"(l) = 2c m _i,otyi!Ei + 3(m- l)c m _ 2 r 2 ^|(l — 1 / 2) 2 = 0. (20) 


Equations 19 and 20 can be solved simultaneously for w\ and wi as functions of x\ and y 2 : 


W\ 




3(m — 1) y cl 2 (\-x l y(\-y 2 ) 2 c m -i 


( 21 ) 


U>2 


3(m-l) \ 


c m—1,0 ^1 C 10 3/2 


t4-2,2(l “^l) 2 (l 1/2 ) 4 C 0 2 


( 22 ) 


Since xi > 0 and since c m _i f o and c m _ 2,2 always have different signs in a TPAC, w\ is always 
non-negative. Similarly, tu 2 is also non-negative. Thus, we can choose any x\ and yi 6 [0,1] 
and find positive weights w\ and W 2 which will provide G 2 continuity with the TPAC at both 
endpoints of the rational cubic Bezier curve. If cio = 0, c m _i,o = 0, C02 = 0 or c m _ 2,2 = 0, 
the TPAC has either a double point or an inflection point. These will be examined in subsequent 
sections. 

Since we can freely choose x\ and j /2 * a reasonable choice is x\ = yi = An example of 
a TPAC with its approximating rational Bezier curve is shown in Figure 13. The same TPAC 
is shown in Figure 14 split into two TPACS, each one approximated by a rational cubic Bezier 
curve. 


4.1.1 Inflection Points 

If there is an inflection point in the TPAC at (1,0), then C 02 = 0 as shown in Figure 6 and 
equations 19 and 20 have problems. This is easily remedied, and in fact makes it possible to 
always attain third order continuity at (1,0), Given 

Po = (l, 0 ,l), Pi = (cci,0, w\), P2 = ( 0 , 0 ,u/2), P3 = (011,1), 
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Figure 13: TPAC approximated by rational cubic Bezier curve 



Figure 14: TPAC approximated by two G 2 rational cubic Bezier curves 
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pick %\ 6 [0,1] and simultaneously solve the third order continuity conditions at (1,0) and 
second order continuity conditions at (0,0) to get 


W2 



2c m -i t oXiwi 

3(m - 1 )^- 2,2 


W\ 



_ 2 cio _ 

9(m-l)(m-2)co3(l -xi) 3 


4*1.2 Double Points 

The existence of a double point also invalidates equations 21 and 22. Consider, for example, 
the case of a double point at (s,t, tt) = (0,0,1). Recall from Figure 7 that C 02 = cio = 0. 
Thus, equation 19 is satisfied automatically. F n ( 0) = 0 means that the Bezier curve intersects 
the TPAC three times at (a,t, u) = (0,0,1). If (0,0,1) were a simple point on the TPAC, 
F"( 0) = 0 would provide G 2 continuity. However, when (0,0,1) is a double point we have 
only G x continuity. G 2 continuity requires us to also satisfy F"'( 0) = 0. Substituting equations 
4-12,17 and 18 into equation 16 yields 

F"\ 0) = -27m(m - \)[2w x w 2 y 2 cu{x y - 1) + (m - 2 ) Co3 u»i (*i - l) 3 ] (23) 

Any values of w \, W 2 , x \, 3/2 which satisfy equations 20 and 23 define a Bezier curve which is 
G 2 with the TPAC at both endpoints. 

4.2 ALGR3:3-2 

ALGR3:2-2 has two independent variables, x\ and j/ 2 * These can be constrained to provide third 
order continuity at one of the endpoints. To do this, we again set 

P 0 = (1,0,1), Pi = (&i,0,u/i), P 2 = (0,y 2 ,tu 2 ), P 3 =(0,1,1). 

Picking any value of x \, the following values of j/ 2 , ti/ 2 and w$ will satisfy third order continuity 
at r = 0 and second order continuity at r = 1: 

6±6(1 — xiWd 
v* 2 2(m — l)cioc m _2 t 2 


where 

b = 3co 2 [2c m _i t o(xi - Xj) - (m - l)c m _ 2 f2 ( 1 — x\) 2 ] 

d = Cm— 1 1 0 X 1 { Cq 2 Ctn— 1,0 — CloC TO _ 2r2 Co2 + 

(1 — xi)[(m — 1 )^ 2 , 2002(010 — On) -c4c TO _i f0 + (m - 2)ci 0 c ro _2 t 2(c 0 3/3 - C 02 )]} 
Then, 

_ 3(m - 1 )cq 2(1 -xi) 2 

2c\qW2 

3(m- 1)Cm—2,2u^2(1 - Vl) 2 
2c m -\ t ox\ 


and 
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Unlike ALGR3.2-2, there does not always exist a feasible solution for ALGR3:3-2 with vn , W 3 > 
0, and y 2 € [0,1]. In our experience, however, a feasible solution usually exists for TPACS 
which have undergone a few subdivisions. 

ALGR3:3-2 contains one independent variable, x\. We have seen significant improvements 
on the approximation accuracy by varying x\ and minimizing the approximation error. In fact, 
if the TPAC happens to be a cubic curve of genus zero, an exact parametrization can be obtained 
in this manner, to within floating point accuracy. 


4,3 ALGR2:2-1 

Using a rational quadratic Bezier curve to approximate the TPAC, it is possible to match two 
derivatives at one endpoint and one at the other. Setting 


P 0 = (1,0,1), P! 


(0,0,^), P 2 = (0,1,1), 


then 


W[ 



c to 

2(m - 1 )cq 2 


provides second order continuity at r = 0. For degree two TPACs, this algorithm provides an 
exact parametrization. 


4.4 ALG3:1-1, ALG5:2-2, ALG7:3-3 

Perhaps the simplest solution to the problem of obtaining a piecewise G k parametric approxi¬ 
mation to an algebraic curve is to approximate using curves of the form y = f(x). Curves of 
this type are known as explicit curves, or non-parametric curves. We use a different coordinate 
system here, as shown in Figure 15. 




Figure 15: Skew coordinates for non-parametric parametrization 

Our goal is to approximate the TPAC with a non-parametric Bezier curve of the form y = 
y(x), matching k derivatives at each endpoint. This requires the approximating curve to be 
degree n = 2 k + 1. The x coordinates for the Bezier control points are simply x,- = - [Boehm et 
at ’84]. The y coordinates y { are determined from equations 14-16 by setting x = r, y = y( r). 
Note that x* = 1 and x (l) = 0, £ = 2,3,.... 
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For each of the equations 14-16 for F (l) , the only unknown is a single linear occurrence of 
y (i) . Thus, we can solve 

J { = (24) 

Jy 

y" = /yy(l/) 2 + ^fxyV 1 + fxx ^25) 

fy 

ytn = 3 f vv y'y" + 3/ jy y" + f^iy’) 2 + 3/ xyy (y0 2 + 3/^y' + f m ^ 

fy 

y <4) = -HfyyV'y"' + 4/ xy y"' + 3/ y y(y") 2 + 6/ yyy (y') V + 12/ xyy yV + 6/ xxy y"+ (27) 

fyyyyiy ) + 4/xj/yy(y ) + 6/ X j yy (yi) + 4 fxxxyV *** fxxxx)/fy 

From the above values for y (l \ we can solve for the y coordinates y,- of the Bezier curve 
control points. We know that, at t = 0, the derivatives of the degree n non-parametric B6zier 
curve are 

V } = n(yi - yo) ( 28 > 

y" = ?i(n— l)(y 2 -2yi + yo) (29) 

y'" = n(n— l)(n- 2)(y 3 - 3y2 + 3yi - yo) (30) 

etc. Thus, we can solve for the y»* by rearranging equations 28-30 and setting yo = 0: 

l/i = — (31) 

n 

(32) 

n(n- 1) ?i 

y" ., v” . 

SI = M»-i)<»-2) » <33> 

Of course, we could continue and obtain as many derivatives as we like. 

From equations 31-33 we compute the y» coordinates of the control points, and the x,* coor¬ 
dinates are evenly spaced along the skew x axis: 

(z 0 ,yo) = (0,0); 

1 2 

(xi,yi) = (-, -) 
n n 

/ x ,2 8(m - l)co 2 „ 4 

(x 2i V 2 ) = (-, ~~7Z 7\ . + -) 

n n( n — 1) n 


(x 3 , y 3 ) = (—■ , ~( C 02 ( m - 1)(96co 2 - 48cn 

n cfo 

+48cio) + (m - 2 )cjo( 16co 3 — 48co2)) + —r- n + “) 

n(n—l)cio n 


The control points (x n , y n ), (x^i, y„^i), etc. can be found by symmetry. 
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5 ERROR BOUNDS 

We here consider the problem of determining how closely a parametric curve approximates a 
TPAC. An error bound is discussed in [Sederberg ’84] and in [Waggenspack ’87], which has 
proven to be conservative by several orders of magnitude when the error gets small. The fol¬ 
lowing error bound is much tighter. In the cases we have observed, the bound is rarely twice as 
large as the actual error. 

Figure 16 shows a top and side view of a TPAC surface. (The TPAC is the intersection of the 
TPAC surface with the plane z = 0). If {j&) LB is a lower bound on the slope of the TPAC surface 



Figure 16: Bounding the error 


in the direction V and if z max is the maximum vertical distance between the approximating curve 
and the TPAC surface, then the maximum distance e ma2 between the TPAC and its approximating 
curve in the direction V is bounded by 


^mox 





A lower bound for ^ is easily obtained by noting the directional derivative of the degree m 


TPAC surface in direction V is a bivariate Bernstein polynomial of degree m — 1 whose coeffi¬ 
cients are obtained as follows. On each subtriangle of the control polygon for the TPAC surface, 
draw a line in direction V, as shown in Figure 17. The slope ^ of each line is a coefficient of the 
directional derivative polynomial [Farin *86], Thus, a lower bound for ^ for the entire TPAC 
surface is the minimum slope of all those lines. 

An upper bound on z max is found by composing the parametric curve (x(r) i y(r)) with 
the TPAC surface z = f(x, y) [DeRose’88], resulting in a Bernstein polynomial z = /(r) of 
degree mn. The algorithm for performing this composition is a generalization of the de Casteljau 
algorithm for triangular surface patches. Recall that the z coordinate of a point on a 

PAC surface 


2(s,t,u) 


E 

»+/+ k=m 




can be found using the de Casteljau algorithm: 


c ij ~ c »; > 


t + j < m 
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Figure 17: Directional derivative 
c i; = + tcjji, + uc;- 1 t + ; < m - l 

Then, z(s,t,u) = Cqq. 

The de Casteljau algorithm is easily modified to perform polynomial composition. To com¬ 
pose the TPAC surface z = f(s,t,u) with the curve x = x(r),y = y(r), first convert the curve 
to barycentric coordinates: 


s = y; t = x; u = 1 - x - y 

which yields s = s(r), t = t(r), u = u(r). Then z = /(r) = f(s(r) >t(r) ,u(r)) is obtained 
from the modified de Casteljau algorithm: 

c?/( r) = dj\ i + j <m 

c->( T ) = s( t) * c{7,‘ j( t ) + t(r) * c|"i, ( r) + u( r) * cj" 1 (r) i +j <m-l 

where the operations * and + are Bernstein polynomial multiplies and additions [Farouki et al 
’88]. Then, z = /(r) = Cqo(t) is the desired composition. It is a Bernstein polynomial of 
degree m The magnitude of its largest coefficient bounds z mox . In practice, a tighter bound is 
found by subdividing /(r) and taking the largest of all the subdivided coefficients. 

6 PERFORMANCE 

It is known from approximation theory that an approximating function which interpolates k 
points on the approximated function will experience 0( h k ) convergence [Davis *75 p.67]. Thus, 
ALGRi:j-k experiences 0( h )+k + 2 ) convergence. For example, ALGR3:2-2 experiences 0( h 6 ) 
convergence. This means that, in the limit, each time a TPAC is split in half, the maximum error 
in each of the subdivided TPACs is 1 /2 6 = 1 /64 of the original error. These convergence rates 
were verified in practice. 

Empirical testing of the convergence rate of ALGR3:3-2 yielded wildly varying results. Re¬ 
call that this algorithm allows us to iterate on x\ and minimize the error bound while providing 
G 3 continuity on one endpoint and G 2 on the other. Due to this optimization procedure, the 
error improvement has been observed to range between a factor of 50 (not even 0(h 6 )) and 
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five orders of magnitude. On the average, ALGR3:3-2 appears to provide at least 0(h 7 ), or at 
least two orders of magnitude error improvement per subdivision. 

Figure 18 shows a TPAC approximated by 1, 2, 4, and 8 rational quadratic B6zier curves 
using ALGR2:2-1, along with the resulting error bounds. 



Figure 18: ALGR2:2-1 Example 

Figure 19 shows a TPAC approximated by 1,2,4, and 8 rational cubic Bezier curves using 
ALGR3:3-2, along with the resulting error bounds. 



Figure 19: ALGR3:3-2 Example 

It is difficult to make a fair comparison between these convergence rates with the conver¬ 
gence rate of the [Waggenspack ’87] algorithm, although by any comparison our rates are su¬ 
perior. The convergence of the Waggenspack algorithm is tied to the convergence rate of the 
degree reduction process for triangular B6zier surface patches. Thus, we must ask how much 
more closely a degree m PAC can be approximated by a degree m — 1 PAC after a subdivide. 
Using the degree reduction algorithm in [Farin ’86], the answer is that the new error is no better 
than r 2 of the old error where r is the ratio of the area of the subdivided triangle to its parent 
(see [Watkins et al ’88]). 

The cubic curve in Figure 20 was approximated using ALGR2:2-1 with eight G 1 rational 
quadratic B6zier curves to a tolerance of 0.008. This error is the absolute error, where the width 
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Figure 20: /(sc, y) = x 3 — 6x 2 + llx — 6 — y 3 = 0 using ALGR2:2-1 


of the Figure is roughly 10 units. For the same curve, the Waggenspack algorithm produced 29 
G° quadratic rational Bezier curves to satisfy an error bound tolerance of 0.1 (the actual error is 
probably at least an order of magnitude smaller than that, because the error bound Waggenspack 
uses is rather loose). 

The same curve was approximated using ALGR3:3-2 with eight G 2 rational cubic Bezier 
curves to a tolerance of 0.00025, as shown in Figure 21. 



Figure 21: Example using ALGR3:3-2 


7 CONCLUSIONS 

We have presented several algorithms for approximating an algebraic curve with piecewise para¬ 
metric curves, and also a procedure for obtaining a fairly tight error bound. The algorithms us¬ 
ing rational B6zier curves are generally superior to those using so-called non-parametric curves. 
The non-parametric approximation might be of use in applications which prefer non-parametric 
curves, such as some area filling algorithms. 

ALGR2:2-1 has the appeal that it is simple to compute, yet it still provides G 1 continuity 
and 0(h 5 ) convergence. ALGR3:2-2 uses rational cubic curves, which requires storage of 
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three scalar constants more than ALGR2:2-1, and it provides 0(/i 6 ) convergence, which is 
only marginally better than the 0( h 5 ) of ALGR2:2-1. However, ALGR3:2-2 does provide G 2 
continuity. 

To fully benefit from ALGR3:3-2, an expensive optimization operation is called for. In 
practice, we have simply selected, say, 50 values of x\ and computed the resulting error bound. 
The error in ALGR3:3-2 can be significantly less than that in ALGR3:2-2, but it does not come 
cheaply. The resulting approximation is only G 2 . Furthermore, it may happen that there is not a 
feasible solution for ALGR3:3-2, whereas ALGR2:2-1 and ALGR3:2-2 always have a feasible 
solution for validTPACS. Thus, although ALGR3:3-2 gives the smallest error, and can generally 
attain a specified error tolerance using fewer curve segments, the other algorithms are probably 
superior if speed is more important than precision. 
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Geometric Modeling of Smooth Surfaces 
using Triangular Patches 

by 

Prof. Dr. Hans Hagen 
Universitat Kaiserslautern 


Abstract: 

Surfaces designed in a Computer graphics environment have many ap¬ 
plications, including the design of cars, airplains , shipbodies and modeling 
robots . The generation of smooth surfaces from a set of three-dimensional 
data points is a key problem in the field of Computer Aided Geometric 
Design . An overview of fundamental triangular concepts is given and new 
results are presented . 

Introduction: The methods of Computer Aided Geometric Design have arisen from 
the need of efficient computer representation of practical curves and surfaces used in en¬ 
gineering design. The choice of the surface form depends upon the application. Triangular 
surface-patches are extremely flexible und therefore appropriate for complicated topologi¬ 
cal situations. The purpose of this paper is to give an overview focusing on the practical 
aspects and to present some new results. 

A necessary tool for the construction of triangular patches over triangular parameter 
domains is the concept of barycentric coordinates. Using barycentric coordinates we can 
define generalized Bernstein polynomials over triangles, which can be used as blending 
functions for triangular Bezier-patches (see [Earin, 79]). 

The first results of blending functions interpolation on triangles were presented by Barn¬ 
hill, Birkhoff and Gordon (see [Barnhill et al., 73]), where rational interpolation functions 
are derived from Boolean sum combinations. To remove the incompatibility of the cross 
partial derivatives we can use Gregory’s square (see [Barnhill, 74] and [Barnhill-Gregory, 
75a]). Rational blending functions can be replaced by polynomial blending functions (see 
[Barnhill-Gregory, 75b]). 

Convex combination schemes were introduced in geometric modeling by Gregory (see 
[Gregory, 74] and [Gregory, 78]) and generalized by Gregory and Charrot (see [Gregory- 
Charrot, 80] and [Gregory, 83]). Using convex combination schemes with rational Hermite 
projectors there are no twist problems. The methods mentioned above are based upon the 
combination of interpolation operators consisting of univariate interpolation along lines 
parallel to the sides of a triangle. 

this research was supported by a NATO Collaborative Research Grant under contract 
number 0097/88 
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Nielson presented a side vertex method for interpolation in triangles, where the fun¬ 
damental operators consist of univariate interpolation along lines joining a vertex and his 
opposing side (see [Nielson, 79]), Hagen presented 1986 a convex combination scheme for 
interpolating function values, derivatives and curvature values on the boundary of arbitrary 
triangles (see [Hagen, 86 ]). This method is based upon a geometric Hermit e-operator and 
is a generalization of Nielson’s side vertex method. Just recently these results have been 
generalized to triangular surface-patches with first order geometric continuity (see [Nielson, 
87]) and second order geometric continuity (see [Hagen-Pottmann, 88 ]). These new surface 
patchtypes can be used for modeling open and closed surfaces with first and second order 
geometric continuity. 

(1) Triangular Bezier Patches: Let T be a triangle with vertices Vi, Vh, Vs 
(see figure -1-). If P is an arbitrary point in T, then the barycentric coordinates P relative 
to T are ( 61 , 62 , 63 ) where 61 = A\jA . A\ is the area of the subtriangle PV%Vz and A is 
the area of triangle T . 62 and 63 are analogously defined. 


v, 



FI9. 1. Barycentric coordinates 


A triangular Bezier patch is defined by 

X(u,w) H^. ffc (r(w,u;),s(tt,ti;),f(tt,u;)) (1.1) 

1 

where r,s,< are local barycentric coordinates of the triangular parameter domain and “J” 
denotes summation over all i, y, k > 0, i -t-j + fc = n. The are generalized Bernstein 
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polynomials of degree n given by: 

== t 7 jfjj-jr W 


These Bernstein polynomials have properties very much like the univariate ones. Therefore 
they are appropriate blending functions (see [Farin, 79]). 



Figure 2. Triangular Bezier-patch 


(1*2) Triangular-Bezier-patch-algorithm (de Casteljau) 

Input: M = order of the surface; m := M — 1 

(m +1) • (m + 2)/2 control points {&* j,*} 
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FOR l := 1 TO m DO 


BEGIN 

FOR j := 0 TO m - l DO 
BEGIN 

FOR i := 0 TO m-l-j DO 
BEGIN 



Figure 3. Triangular BezIer-patch-algorIthm 


(2) Triangular Interpolation schemes with parallel projectors: The 

first results of blending functions interpolation on triangles were presented by Barnhill, 
Birkhoff and Gordon in 1973 (see [Barnhill et al., 73]). To remove the incompatibility of 
the cross partial derivatives we can use Gregory’s square (see [Barnhill, 74] and [Barnhill- 
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Gregory, 75a]). A compatibly corrected BBG-scheme is given by (see [Barnhill, 83]): 

X(u,w) := [P 3 © (Pi © ft )]X (2.1) 

where 

p ‘ x - =H ° (rrj?) JC < p *> + ' ffl (iTh) x < p ‘> 

- + (rrir) 0 - s ^l7< p "> + (i#h) < l - *■>-!£<*> > 

Po := &i Vi + (1 - 6i)Vj; Pi := &i Vi + (1 - 6i)Vj; and Ho, Hi, Ho, Hi are the cubic 
Hermite basis functions. 

P%X and PjX are analogously defined. 


V, 



Fig. 4. Parallel projectors 

Convex combination schemes were introduced in geometric modeling by Gregory (see 
[Gregory, 74]). We present a generalized version which is compatible with rectangular 
Gordon-Coons-patches (see [Gregory-Charrot, 80]). This scheme assumes that the bound¬ 
ary curves F(S,) and the (“inner”) cross boundary tangendes Fm(Si) are specified on the 
three sides of the triangle T. The following interpolation functions are defined on T : 

Pi(V) :=F(Sj) + bjF n .(Sj) + P(Sj[) + b k F nh (Sl) 

- F(Vi) - bjF nj (Vi) - b„Fn h (Vi) - bjbkF ninh {Vi) 
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where (i,j,fc) = (1,2,3), (2,3,1) or (3,1,2) and 

S J h = (1 - b k )Vi + b k V k and SI = (1 - + b^Vj 

The vector valued blending function interpolant is now defined by the following linear 
combination, or blend, of the P», namely 

3 

POO = £<*.-00 *00 ( 2 . 2 ) 


where a<(y) := b ](3 — 26* + 66,6*.). 

The methods mentioned above are based upon the combination of interpolation ope¬ 
rators consisting of univariate interpolation along lines parallel to the sides of a triangle. 

(3) Side-vertex methods: Nielson presented a side vertex method for interpola¬ 
tion in triangles, where the fundamental operators consist of univariate interpolation along 
lines joining a vertex and his opposing side (see [Nielson, 79]). 


V, 



Fig. 5. Side vertex method 
If we denote the point opposite the vertex Vi by 



-bi ) ' 


i = 1,2,3 
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the basic C°-side-vert ex method takes the handy form: 

MF] = E[(1- bi)F(Si) - biF(V i)] (3.1) 

1=1 

Nielson extended his method to include interpolation to first order derivatives on the 
boundaries of arbitrary triangles. 

__ Applying the Hermite operator JT[^](t) := lf(t)< 7 (l) + F(t)p'(l) + If(l — *)$(0)+ 
H( 1 — i)£ f (0) to the radial operator Ri(t) := F(tSi + (1 — t)VJ); i = 1,2,3 we can define: 

Di[F] = H{ 1 - bi)F(Si) + H{ 1 - 60^(1) + H(bi)F(Vi)^ - H{b i )R' i (0) 


Using convex combinations, we get the interpolation operator 


D(F) := 


b\ bj Di[F] + b\ 63 Di[F) + b\ b\ Dj[F}^ 

^b 2 2 bl + b\bl + blbl 


(3.2) 


Hagen’s approach is based upon operators similar to Nielson’s method, in that they consist 
of univariate interpolation along line segments joining a vertex and its opposite edge. The 
operator GH defined by (Y : [0,1] —► IE 3 is a space curve): 


GH(Y) := £ J4OT) + ^Wl r 'W + -’G i W[[r(t),y"(i)],l r '(i)] 

*= 0,1 


is called geometric Hermite-operator ( [, ] is the cross product) with 

£o(<) := f 0 (*)/2||r(0)||; G,(<) := ffi(i)/ 2 ||r(l)||; H 0 (t), Fi(<), ¥ 0 (<), ffi(<), %(t), 

Ri{t) are the quintic Hermite-basis functions. 

Using the Frenet-frame technique (see [Hagen, 85]) it is easy to see that 

[r(<),y"(<)],y , (<)] = ||r'(<)ll 4 -*-c2 

where k is the curvature of the space curve F(t) and ei is the principal normal vector. It 
is a well known fact in differential geometry that we can represent the “curvature vector” 
k* e 2 of a surface curve in the following way: 

[[F\ Y"],r'] = ||Y'|| 4 (*w • N + k g • [N,Y')) 

(Ajjv is the normal section curvature, k g the geodesic curvature and N is the surface normal 
vector) Combining the geometric Hermite-operator with the radial operator 

Ri(i) = F(tSi + (1 - i)Fi) ; t = 1,2 ,3 

and using convex combinations we get the interpolation operator: 

pm ._ jjLgi[jl±MW+M^h 

1 h ^blbl + blbl + blbl 


(3.3) 
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where 

W :=H 0 ( 1 - bi)F(Vi) + JT,(1 - bi)F(Si)^ + H 0 {1 - bi)R'( 0)- + F,(l - 4 f )il<(l) 

- + <?„(! - 40 [[JJj(O), itf(0)], -J$(0)]- + Gi(l - 40 [[^(1), *?(!)], -*S(1)] 


and 


[[^(0),^'(o)] (J r;( 0)] =^||i?' < (0)|| 4 (fc JV (F0JV(V<) + ->fc a (F0[7V(V0,B|(0)]) 
[[^'i(l),-R"(l)].-R<(l)] =HW(i)ll 4 (M* W<) + -*,(S<)[W<), JS(1)]) 

Using (3.3) as a blending function scheme the user has the opportunities to supply N> kw 
and k g along each side and these data are reproduced exactly. Therefore this patch fits 
curvature continuous in rectangular patchworks (for more details see [Hagen, 86]). 

(4) Triangular Patches with first and second order geometic con¬ 
tinuity: Nielson presented just recently a G^surface patch, which interpolates sur¬ 
face normals rather than partial derivatives on the boundaries (see [Nielson, 87]). These 
surface-patch scheme is based upon on the following operator: 


^[v 0 ,vi,iVo,iVi](f) :=tf 0 (t)Fo + H 1 (t)v 1 + «jar 0 (<) 


[NoM-VcNil-* 

||Noj V\ — Vo,iVi|| 




[NuK-V^Nx]-* 

pri.Vi-Vo.JVill 


which has the properties: g(i) = V%\ < g\i) y Ni >= 0; i = 0,1. 

<,> is the scalarproduct and Hi(t ); Hi(i); i = 0,1 are the cubic Hermite basis function; 
a,/? can be used as tension parameters to affect the shape of the surface. 

Combining this operator with the radial operator we can define 


Gi[FK4 1 > 4 2 > 4 3 ) = g 



(1 - 4i)->- , -> 


using convex combinations we get the interpolation operator: 


G[F] = W\Gi[F] + W 2 G 2 [F] + W Z G S [F] (4.1) 


where 

b)b\ 

w. __ L-i _ 

• b\bi+bibi + b 2 s b\ 

This interpolation scheme satisfies the interpolation conditions: 

G[.F](0T) = F(dT) , JV[G[F]](ar) = N[F](dT) 
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A common approach for discretization of such transfinite patches is to take the fun¬ 
ction values along an edge as cubic Hermite interpolants and the derivatives as linear 
interpolants, Linearly varying surface normals however do not work. Therefore Nielson 
uses lineary varying cross-boundary derivatives (for more details see [Nielson, 87]). 

This G 1 -patch was recently generalized by Hagen and Pottmann. Essential for the 
development of this G 2 -surface patch is again a geometric extension of the quintic Hermite- 
operator. The quintic Hermite-operator has the representation: 

Hi [Vo, Vi , V{,V{, V„", = Him o + H\mi + H!(t)V"+ 

+ Him i" + H\ml + Hl(t)Vi . i e [0,1] 

with the quintic Hermite-basis functions J5r®(f); i = 0,. ..,5. V- and V" are now replaced 
by (see [Hagen-Pottmann, 88 ]): 

Vi = AoTo V 0 " = XlKo + ftoTa Ao,Ai > 

V{ = X\T\ V" — Ajifi + piTi Ao,Ai,/i 0 ,Mi £ JR. -1 "’ 

To, T\ are the unit tangent vectors and the “curvature vectors” Kq, Ki are defined by 

K 0 = «o * -^(Vo) 

Ki^Ki-EtiVi) 

The values A,-, fii, i = 0,1 can be used like tension parameters to affect the shape of the 
surface. 

Considering these facts we can define: 


9[Vo,Vi,Co,Ci]{t) := HilVo^XoTo'XiTi^lKo+fioTo^lKi + txiTiW) 

The symbol Co, C\ denote the “curvature elements” at Vo and Vj, which include the 
corresponding surface normals No and Ni. 

Applying this operator to the radial operator we get: 


PWl,ft 2 ,& 3 )=<? 




6 * Ffc ) ,C7[P](V0,- 



Vj + bkVh 

1-bi 


( 1 -M » 


Using convex combinations we get the interpolation operator: 


P[F) = WiPi[F] + W 2 P 2 [F] + (4.2) 


Wi = 


j u k 


61b* + ^263 + bjb \ 


where 
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This surface patehtype is apropriate for modeling open and closed surfaces with second 
order geometric continuity. 

The discretization of this transfinite patch is somewhat more complicated (see [Hagen- 
Pottmann, 88]). 
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THE GENERATION OF SHIP HULLS WITH GIVEN DESIGN 
PARAMETERS USING TENSOR PRODUCT SURFACES 

Nelson Bianco Standerski* 


ABSTRACT 

This paper proposes a method to generate the initial 
configuration of the control vertices of a global 
tensor product surface which describes a symmetrical 
ship hull and meets a set of given design parameters. 
The generation strategy is formulated as a variational 
problem and is intended to be used during the early 
stages of ship hull design. 


1. INTRODUCTION 

Recently a great number of applications of tensor product surfaces 
to the design of ship hulls has been reported (see e.g. 1 * 2 # 3 ). 
There are basically two different approaches of modeling ship 
hulls using tensor product surfaces 2 : local and global. By the 
local approach 1 the surface is divided into quadrilateral 
patches bounded by section lines and waterlines. The patches 
can be treated separately but some geometrical constraints must 
be imposed in order to achieve a desired continuity between the 
patches. Global tensor product surfaces are treated as a whole 
by manipulating only one network of control points. The global 
approach offers the advantage 3 that no inner geometrical 
constraints are required what makes the interactive design of 
the surface more intuitive. On the other hand the control of a 
particular region of a global surface is more difficult to 
perform because is not possible to predict exactly where the 
surface will change by the manipulation of the control points. 

The global and the local approaches of surface modeling have 
different but complementing characteristics. The global 
approach is particularly appropriate during the initial phases 
of ship hull design, when the designer is more interested in 
working with global characteristics such as volume and center 
of buoyancy of the whole ship body. After a first approximation 
of the surface is generated, topological operations can be 
applied to the surface in order to divide it into patches what 
will enable to detail the surface description. As only small 
changes are intended to be performed during the local design of 
the surface, it is quite important that the first approximation 
of the surface already meets the desired global parameters of 
the ship hull. 


*formerly doctoral student at TU Berlin, FRG, and presently at 
IPT, Sao Paulo, Brazil. 
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The generation of ship hulls using mathematical representations 
with given design parameters and criteria has been studied for 
a long time and some important results were obtained. 
Buczkowski 4 e.g. has formulated the problem of generating a 
ship hull as a variational problem where the surface is unknown, 
the constraints are geometrial parameters and the figure of 
merit is the fairness of the surface. Although this 
formulation of the problem and other classical ones are a 
powerful approach to generate ship hull surfaces, they have met 
little application to practical ship hull design. A reason for 
this lies in the mathematical formulations used which are based 
on algebraic parameters that make the interactive design 
difficult. 

The main objective of this work is to couple the interactive 
capabilities of the tensor product surfaces with the 
variational approach for the generation of ship hulls. In this 
way it will be possible to provide the designer with 
quantitative information about the design performance of the 
ship hull surface without losing the interactive capabilities 
of the mathematical representation. 


2. SURFACE REPRESENTATION 

Tensor product surfaces are usually represented in the following 
vectorial form 2 ' 3 : 


P(u,v) = £ Pu Bt(u) C* <v) 

1J 


Where Pij (Xij, Yij f Z£j) are the control vertices, and Bi(u) 
and Cj (v) are the basis functions (.usually B-splines) . The 
parameters u and v and the summation indices are defined in the 
following intervals: 


Li*m $ u $ UftftK and v«m $ v i v«*x 
1 = and j = 


Figure 1 shows the symmetrical ship hull and its coordinate 
axes. The network of control points is shown in Figure 3. 



Figure 1. The symmetrical ship hull and its coordinate system 
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In order to achieve an easier control of the surface it will be 
assumed that only the control vertices are independent 
variables. Other parameters such as the knot vector and the 
polynom grade make the interactive manipulation more difficult 
and they will be fixed a priori.. In this way the number of 
variables will be reduced and the problem simplified. 


3. GENERATION STRATEGY 

The proposed strategy for the generation of a tensor product 
surface to describe a ship hull with given design parameters is 
divided into three main steps and it is described esquematically 
in Figure 2. 


GENERATION 

PROCEDURE 


INTERACTIVE 
MANIPULATION 
OF THE SURFACE 


4- 


DISTORTION 

PROCEDURE 


Figure 2. The generation strategy 

The generation procedure is based on a simplified surface model 
and is used to obtain just a first approximation to a surface 
that meets given design parameters (volume, center of buoyancy, 
sectional areas and initial stability). The second step makes 
use of the interactive capabilites of the tensor product 
surfaces in order to correct manually the regions of the ship 
hull where the simplified surface model has led to undesired 
forms. The interactive manipulation of the surface does not 
guarantee that the given design parameters will be maintained 
and some changes can occur. The distortion procedure is then 
applied in order to correct automatically the values of the 
three-dimensional design parameters (volume and center of 
buoyancy). 
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4. RECTANGULAR SURFACE MODEL 
4.1. Concept 

Two surface models with different distributions of the control 
vertices are studied: one model with free distribution of the 
control vertices ("free surface model”) and another one which 
projection on the plane (x,z) gives an uniform rectangular mesh 
("rectangular surface model”, see Figure 3). 



The free surface model is able to represent more complicated 
ship hulls but in general only three-dimensional parameters 
(volume, center of buoyancy) can be analytically developed. The 
rectangular surface model has more restricted modeling 
capabilities but on the other hand the analytical representation 
of sections (x or z = const.) are easier to develop, and 
sectional areas and the initial stability can also be 
analytically studied. 

A simple way to approximate the first values of the coordinates 
Xij and Zij is to distribute them on an uniform rectagular mesh 
along the length and the draught of the ship in the (k,z)- 
plane. The orthogonality of the mesh can be guaranteed by 
setting the coordinates Xij and Zfj of the control vertices as 
follows: 


Xu = Xt and Zu - Zj 


Another desired characteristic of the mesh in the (x,z)-plane 
is that the rectangles should not overlap. This can be 
achieved by distributing X£ and Zj monotone increasing (or 
decreasing): 


> Xi and Z,*i > Z* 


or 


Xt«i < Xt and 


Z i+i { Zj 
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A tensor product surface with rectangular mesh in the (x,z)- 
plane will have the following control vertices: 

Pu = (Xi ,Yu ,Zj) 


4.2. Sectional cuts 

Introducing the above coordinates Xi and Zj in the corresponding 
parametric components of the tensor product surface the result 
is the following: 


x<u,v> = £ Xt Bi<u) Cj(v) 
a 


z(u»v> = H Zi Bi(u) Cj (v) 
a 


From the convex hull property of the B-spline basis functions 5 
we obtain: 

x(u,v) = Z Xi Bi Cu) Cj<v> " Z Xi Bi Cu) 
u 1 

zCu>v) = Z Zj Bi (u) Cj (v) ~ S Z, C,<v> 
u * 


This means that the parametric representations of the 
coordinates x(u,v) and z(u,v) depend only on the parameter u 
and v, respectively. 

As for a monotone distribution of the control vertices the 
parametric curve is also monotone 5 , it follows that to one 
value of x (or z) corresponds only one value of u (or v), and 
the corresponding function can be inverted. As the coordinates 
Xi and Zj, are know a priori it is possible to determine the 
values of u (or v) by numerical methods. 

In this way given the longitudinal position of the main 
section (x = length/2) it is possible to obtain the respective 
value u . Substituting u in the other components of the 
tensor product surface we obtain: 
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y (u M ,v) = E Yu Bi<u")Ci(v) = E Y"j Cj (v> 

i i i 


z<v> = Z Zi Cj (v> 

t 


with Y"j = Z Yu Bi <u M ) 

i 

The control points of the parametric curve that describes the 
main section of the ship hull are as following: 

P"* = (Y"j,Z,> 

The same procedure can be applied in order to obtain the 
analytical representation of the design waterline. Setting z 
equal to H (draught) it is possible to obtain the corresponding 
value of v (v w ). By introducing v w in the other components of 
the surface it follows: 


x(u) = E Xi Bt<u> 

t 


y(u,v“) = £ Yu B,(u) C 4 <v“> = £ Y u » Bi(u> 

tj 1 


with Y u t = Z Yu C 4 (v«) 

i 

The control points of the parametric curve that describes the 
design waterline are as following: 

F» t = (Xt,Y w i> 

5. THE ANALYTICAL REPRESENTATION OF SOME DESIGN PARAMETERS AND CRITERIA 

In order to apply the variational approach it is necessary to 
develop analytical expressions of the design parameters as 
functions of the control vertices. It was shown 6 that the 
analytical representations of some design parameters and 
criteria can be developed with tensor product surfaces by using 
the theorems of Green and Gauss. For the development of the 
expressions a symmetrical and closed ship hull formed by three 
surfaces was used: the lateral surface, half design waterline 
(z=draught) and the symmetrical plane (Y=0) (see Figure 1). It 
was assumed that each of the surfaces is not multivalued and 
that its normal vector varies continuously. .As a result the 
integral parameters will depend only on the integrals of the 
basis functions. 

5.1. Notation for integrals of basis functions 

In this section a notation for the integrals of derivatives of 
the basis functions with respect to u or v will be introduced. 
These integrals can be computed numerically with the method of 
the Gaussian quadratur 5 , and they will be represented using 
the symbols I and J with the following indices: 

q,r,s,t — 0,1,2,... i,k,m,o = l,...,Nu j,l,n,p = l,...,Nv 
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• integrals of basis functions Bi <u): 


X 


Ik “ 


U M «* 



d q Bi <u>/du q d r B* (u)/du r du 


= I d q Bi<u)/du q d r Bk <u)/du r d*B*<u)/du* du 

Uftin 


::= } 
u. 

' l‘ 


Xik r :; = J d q Bi (u>/du q d r Bk Cu>/du r d*B«(u)/du* d^oCuVdu 1 du 

Unln 


• integrals of basis functions Cj (v); 


VltftK 

= J d q Cj <v)/dv q d r Ci (v)/dv r dv 


■/* 

V«in 


■J lIn 


Vk«k 

r d q Cj 

Vain 


d q Cj <v)/dv q d r Ci Cv)/dv r d-CnCvJ/dV dv 


l i 

V.ln 


d"C J <v)/dv < ’ d r Ci (v)/dv r d*C„<v)/dv» d t C P <v)/dv t dv 


5.2. Rectangular surface model 

In this section are presented the analytical representations 
of the parameters volume (A), longitudinal center of buoyancy 
(LCB), vertical center of buoyancy (KB), area of the main 
section (A M ), area of the design waterplane (AW), breadth (B), 
metacentric height (GMo) and of the fairness criterion (F) 
which were developed in 6 . 

A = 2 E Xi Ykl (Zn-H> IuJrfn 

Ik In 

LCB = E Xi Yki <Z„-H> X» I*u<> J*in / A 

ik mo 

KB = E X. Y*> <Z„ Z P - H*> III Jl“ / A 

Iklnp 
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A" = 2 Z Ym B.(u"> (Z„ - H> J?n 

kin 


A“ = 2 Z Xi YkMv Xtl 

Ik 


GKo = -2 Z X, Yit»» Y.»- Yon- ll?« /(3 A) + KB - KG 

IfcMO 


B - 2 £ Yittv Bi <u M ) 

i 

Where H is the draught and KG is the vertical position of the 
center of gravity of the ship. 

As fairness criterion Pilcher’s functional "elastic skin" 7 was 
chosen. This fairness criterion is a weighted sum of two terms: 
one is related to the variation diminishing property of the 
surface and the second to the area of the surface. The fairness 
functional is: 


F 


Z Ii4 Yki < IS Jf! + a 2 Cl\l J?? + Iff Ji!) > 

ljkl 


where a is a given weighting factor. 


5.3. Free surface model 

The design parameters which are going to be used with the 
distortion procedure are the volume (A) , and the statical 
moments about the planes x=0 (Mx) and z=0 (Mz). It results 
from 6 that the analytical expressions of these parameters are: 


• volume (A): 


1km 

A = 2 Z XiJ Ykt (Zmn-H> Viln 

Uk 

l«n 


-,-eto 
JL lkm 


I 


eei 

lkm 


lkm 

Vnn = 


T oie T eel 
J Jin J Jin 


where 
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• statical moment about the plane x=0 <Mx): 


Mx = S Xi, Yu (Z*n-H) Xo P Mjilp 

ijkl 

•nop 


where 


Ikmo 
M 4 Inp 


_oioo -p©oie 

1 Ikmo tkoo 


-pOtOO -pOOlO 

J j lnp J Jlnp 


• statical moment about the plane z=0 (Hz): 


Ik no 

Hz = H Xi4 Ykl <Zn„ Zop - H 2 ) ISTjlnp 

t Jk 1 
•nop 


where 


lkao 
N 4 lnp 


X 


1000 
lk no 


T @100 
JL Ik AO 


-pi 000 ^0100 

J Inp J lnp 


One simple way to measure the similarity between two tensor 
product surfaces with the same number of control vertices and 
the same basis functions is to calculate the quadratic error 
between the coordinates of their control vectors. The 
similarity function can be expressed as follows: 


E = £ ( <= 2 u + p 2 u + T- 2 ij ) 

IJkt 


where 


(& tj ,pij t'r n) “ < X + ij-Xii ,Z 4 iJ-Z14 ) 


is the displacement vector which is the difference between the 
control vectors (X + ij, Y+ij, Z + £j) and (Xij , Yij, Zij) of the 
of the two surfaces. 
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6. THE GENERATION PROCEDURE 
6.1. Problem formulation 

The generation procedure is formulated using the rectangular 
surface model. This surface model is appropriate to be used 
with the generation procedure because the components Xij and 
Zij of the control vertices are prefixed in a rectangular mesh 
and only the components Yij are unknown. Therefore the number 
of independent variables of the problem and the computing time 
are reduced. The objective function is the fairness criterion 
"elastic skin" and the constraints are the given parameters A, 
LCB, KB, A m , A w , B and GMo. The variational problem is 
analytically formulated by using the expressions presented in 
5.2 but employing new coefficients (a,b,c,...) to represent the 
invariable terms with respect to Yij. The formulation of the 
generation problem is as follows: 


Minimize F - E Yu Y k i au*i (fairness criterion) 

IJkl 

with the following constraints: 


A 

- 

E 

i J 

Y u bu 

LCB 

= 

E 

w 

Yu cu 

KB 

= 

E 

u 

Yu du 

A" 


E 

u 

Yu eu 

A u 

= 

E 

i 

YlNv fl 

B 

= 

E 

YINv gl 


GMo = £ Yjnv YkKv YkHv hlka 

ikn 


(volume) 


J (center of buoyancy) 


J (sectional areas) 
(breadth) 

+ KB - KG (stability) 


The problem is solved by using the method of the Lagrangian 
multipliers in two steps. Firstly only the linear constraints 
are considered and the resulting quadratic problem is solved by 
matrix inversion. The convexity of the objective function is 
verified using Sylvester's method 8 . Secondly the solution of 
the quadratic problem is used as the initial solution to the 
complete problem which is solved with help from the search 
method by Pierre and Lowe 8 which makes use of the Lagrangian 
function. 
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6.2. Example of an application 

The generation problem was implemented using B-spline basis 
functions of the 4th order, integer spacing between the knots 
and multiple knots at the end of the knot vector. The number 
of control vertices was 108 (12x9), some of them were fixed in 
order to generate a hull already with a transom stern and a 
plane bottom. It follows that only 30 coordinates Yij were 
unknown. The given value of the weighting factor a (see 5.2) 
was four. Figure 4 shows the results of the generation of a 
ship hull with given design parameters. Some small oscillations 
on the main section of the surface were corrected interactively. 
The following values of the design parameters were given: 

L = 141.0 m B = 22.3 m H = 6.0 m A = 10000 m 3 
LCB = 69.2 m KB = 3.36 m = 123 m 2 = 2230 m 2 GPfc = 0.78 m 



stem perspective view 



side view 



waterlines 



section lines 

Figure 4. The automatic generation of a ship hull with given parameters. 
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7. THE INTERACTIVE PROCEDURE 

Although the generation procedure can give a good approximation 
to the control vertices of a surface which meets the desired 
values of some design parameters, the assumption of a 
rectangular mesh can lead to unusual forms in some regions of 
the ship hull (see side view of Figure 4). This can be 
corrected by changing interactively all three coordinates of 
the control vertices. Figure 5 shows the new side view obtained 
after the interactive manipulation of the surface. The other 
views remained almost the same as in Figure 4. 



side view 


Figure 5. Interactive correction of the surface 

However the interactive manipulation of the surface can impair 
the initial assumption of a rectangular distribution on the 
projection of the control vertices in the (x,z) plane. 
Furthermore it is not always possible to maintain the given 
design parameters and some changes may occur. The resulting 
values of the three-dimensional design parameters are: 

A = 9903 m 3 LCB = 69.4 m KB = 3.38 m 
8. THE DISTORTION PROCEDURE 

The automatic correction of the three-dimensional design 
parameters (.volume and center of buoyancy) is achieved by the 
distortion procedure by which a surface should be changed as 
little as possible but performing some desired changes in the 
values of the design parameters. 

8.1. Linearization of the design parameters expressions 

The difficulty in solving the distortion procedure is that the 
analytical expressions of the design parameters for the free 
surface model consume an excessive computing time. As only 
small changes of the parameters are intended to be performed 
the last difficulty can be bypassed by linearization of the 
analytical expressions of the design parameters with respect 
to the control vertices. This can be achieved with the help of 
Taylor's expression, The linearization was applied to the 
parameters A, Mx and Mz (see 5.3) and the results are shown in 
the next section. As these expressions are polynomials there 
is no difficulty in obtaining their derivatives. 

8.2. Formulation of the problem 

The distortion procedure is formulated as a variational 
problem using the free surface model. The assumed objective 
function measures the quadratic error between the control 
vertices of the given and the distorted surfaces. The unknown 
variables are the displacement vector tsee 5.3) and the 
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constraints are the desired changes in the values of the 
three-dimensional design parameters. The analytical 
formulation of the distortion problem is as following: 


Xinimize E = £ i c 2 u + p 2 u + t 2 », > (similarity function) 


with the constraints: 

• volume: 

A* = HZ OA/dXu eu + BA/BYi, pu + dLfdZi j t-ij> 

14 

• longitudinal center of buoyancy: 

LCB* A* = LCB A + H {9Kx/BXt4 er*, + 3Xx/dYu pu + BXx/dZu *Tw> 

ii 


• vertical center of buoyancy: 

KB* a* = KB A + E OMz/aXu ert* + 3Kz/SYu p 14 + &Mz/8Zi4 *Ti 4 > 

lj 


Where A, LBC and KB are the present values of the design 
parameters and A + , LCB + und KB + are the desired ones. The last 
problem is a typical one of quadratic programming and it can 
be solved accurately and quickly. 

8.3. Example of an application 

The distortion procedure was implemented and applied to the 
ship hull which resulted from the interactive procedure (see 
7). Some of the control vertices were fixed in order to 
maintain unchanged some regions of the surface ttransom stern, 
design waterplane, bow and bottom). The results are shown in 
Figure 6. As by the free surface model section lines and 
waterlines do not necessary correspond to constant values of 
the parameters u and v, the lines showed in Figure 6 are not 
necessary planar. The following values of the design 
parameters were used: 

present values: 

A = 9903 m 3 LCB = 69.4 m KB 3.38 m 

desired values: 

A + = 10000 m 3 LCB + = 69.2 m KB+ = 3.36 m 
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side view 




sten and stern views 


A (a 3 ) LCB <n> KB <m) 

_ 9903 69.4 3.38 

- 10000 69.2 3.36 

Figure 6. Automatic correction of the design parameters 
9. CONCLUSIONS 

This paper has shown that tensor product surfaces can also be 
used to generate ship hulls with given design parameters. The 
generation strategy was developed using classical mathematical 
formulations which made it easier to be implemented and worked 
with so that the designer can concentrate on the design itself. 
The generation and distortion procedures give fast answers and 
the rendering of the surface on the screen permits the designer 
to check the results and, if necessary, to run the procedures 
with new inputs. The proposed generation strategy considers 
only the control vertices of the tensor product surfaces as 
independent variables. Although this approach is appropriate to 
the early stages of ship hull design when one looks for just a 
first approximation of the surface, new insights into the 
surface can be gained by exploring its parameterization 9 or by 
dividing it into patches 1 . The interactive and modeling 
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capabilities of the tensor product surfaces permit that the 
first approximation of the control vertices obtained with the 
proposed generation strategy can serve as a basis for a more 
detailed analysis of a ship hull that already meets some given 
global design parameters. 
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Filling Polygonal Holes with Rectangular Patches 
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Abstract 

The geometric modelling of surfaces in parametric form encounters polygonal 
holes occuring within a framework of rectangular patches. A technique is pre¬ 
sented to fill an n -sided hole (for arbitrary n ;> 3 ) with n rectangular patches 
meeting at a common vertex and subsequently joining with geometric continuity 
of arbitrary order. 

1 Introduction 

The geometric modelling of surfaces usually builds on a complex of rectangular pat¬ 
ches joining with parametric continuity. In dealing with arbitrary surface topologies 
the problem of filling a polygonal hole surrounded by rectangular patches occurs 
frequently. 

One way of handling with this situation are polygonal patches, cf. Gregory and 
Charrot [4] , Charrot and Gregory [2] and Gregory and Hahn [6] . However, it is 
felt that polygonal patches have some drawbacks; for example most interrogation 
software and NC machine tooling is immediately applicable only to rectangular pat¬ 
ches. 



An alternative is to allow for an arbitrary number of patches meeting at a vertex. 
This approach proved successful in the case where an odd number of patches meet, 
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cf. Bezier [1] , van Wijk [13] and Sarraga [12] for patches joining with first order 
of continuity, and Jones [11] for second order continuity. 

Making use of the theory of geometric continuity at a vertex developed in Hahn 
[8] , this approach can be applied to the general case. A technique is presented to 
fill an n -sided hole (for arbitrary n>3) with n rectangular patches meeting at a 
common vertex and subsequently joining with geometric continuity of arbitrary order. 


2 Filling an n -sided hole 


Let patches f { , i = 1,..., n surround an n -sided hole, see fig. 1. More precisely, it is 
assumed that each f is defined on the unit sqare, mapping the segment 
(0,5), 0 <, s < 1 to the i A boundary segment of the hole and that subsequent patches 
join with C* parametric continuity, i.e. the composite maps 


[/;<«,V) , for (u,v) e [0,1 ] x [0,1 ] 

L//_i(-v,«+ 1) , for (u,v) e [ —1,0] x [ —1,0] 


( 2 . 1 ) 


are (parametrically) C k -continuous. Here, and throughout this paper, the index i will 
run from 1 to n and will be interpreted mod n . 

To allow for Boolean sum interpolation techniques, it is assumed, in addition, that 
the composite maps are C M continuous, i.e. that the partial derivatives 


ih +J2 F/ 
dl/'dv 12 


( 2 . 2 ) 


of the composite map (2.1) exist for ji,j 2 <,k , are continuous and independent of 
order of differentiation. 



The hole will be filled by patches p,: [0,1 ] 2 -»(R 3 , i = 1,..., n in the following way, 
see fig. 2: 
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1 s 

• The sides (1 , 5 ) and ( 5 , 1 ) (0 ^ s <. 1) of patch p t match the segments (0, —^—) °f 

1 _ s 

patch and (0, —-—) of patch f , respectively, with C k parametric continuity 

(up to scaling by -j-). 

• Subsequent patches p t join with GC k geometric continuity. 

The condition of GC k geometric continuity between patches p t and p t _ x means that 
there exists a coordinate change (' connecting diffeomorphism') , cf. fig. 3, map¬ 

ping edge (5,0) to (0,5) and transforming the interior of the unit sqare into its exterior, 
such that the derivatives up to order k of patch p t and of the composed map 
Pi-\0<f> ( _ u coincide along edge (5,0), i.e. 

d QjPi( s >°) = d oj °) > for J = 0, - , k , 5 6 [0,1] (2.3) 

This condition means that the union of the patches p ( , p ( _ x is a C k -manifold in the 
sense of differential topology. This has been studied in the last century as 'contact 
of order k'. The subject has gained new interest in the context of CAGD, see DeRose 
[3] , Herron [9] , Hollig [10] , Gregory and Hahn [5] , and Hahn [8] . 



The patches p t will be obtained as transfinite interpolants. The major step in the 
construction is to determine cross boundary derivatives that are consistent at the 
vertex (0,0). This will be done in the next section. 

3 Consistency at the vertex 

Suppose that patches p t join GC k subsequently with a common vertex Q = p,(0,0). 
The derivatives of one patch at the vertex can be written in terms of derivatives of the 
next patch via the GC k condition (2.3). Then, marching around the vertex and sub¬ 
sequently replacing derivatives by derivatives of the next patch, one must end up with 
the same derivatives as started: 

^ol(o,o) = ^(Po o ^o,i°0i t 2° ••• °0 n -i,o)l(o,o) > for/ = 1,..., k (3.1) 
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This 'vertex consistency condition', is clearly satisfied, if 

— °0n—i,o)l ( 0 , 0 ) = & |(o,o) » fory = 1,..., k (3.2) 

and this condition is also necessary, see Hahn [8] . Given <£ 0>1 , </> u , ... , > 

a connecting diffeomorphism can be constructed, such that (3.2) holds, cf. Hahn 
[ 7 ]- 



The 1" derivatives of the connecting diffeomorphisms at the vertex can be given 
more explicitely: The partial derivative vectors V f : = 5,, 0 /?,(0,0) = d 0il /?,_,(0,0) form 
a star in the tangent plane TP Q at Q , cf. fig. 4. Note that 50,._ u | (0i0) is the matrix of 
the coordinate change from basis (V t > V M ) to basis (V,_,, V) , thus some linear al¬ 
gebra yields 


where 


A,- = 


^±1 

n 


^ cos Qj + cos 0,_, 


sin 8 { \ 

sin 0,-i J 


and Mi = 


n+i sin 8j 
r i-i sin 0 f-1 


(3.4) 


with r, = || V,\\ and 6, is the angle between V { and V M . v. Wijk [13] has given a 

symmetric solution, all r, equal and 0 t = . 

Special solutions of (3.2) for higher order continuity can be obtained, if the 1" de¬ 
rivatives are chosen according to (3.3) - (3.4) and the higher order derivatives are set 
to zero. 


4 Computing the connecting diffeomorphisms 

The construction of the patches p ( in section 5 will make use of Boolean sum inter¬ 
polation techniques, which require derivatives of higher order at the corners. In 
particular, twists dj, aJi p t (0,0), for j u j 2 <,k<j l + j 2 need to be specified. So far it is 
not guaranteed, that these can be defined consistently. The easiest cure to this flaw 
is to generate derivative data for p t at (0,0) up to order 2k (instead of k). Thus the 
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derivatives of at (0,0) are required to vanish up to order 2k and the derivatives 
of patch p 0 at (0,0) must be chosen up to order 2k : 


&4>i-u 1 (ojo) = 0 » for / = 2,... ,2k 

(4.1) 

Then all derivatives up to order 2k of all patches p, at (0,0) can be derived recursively 
from (2.3) via the chain rule. 

At the corner (1,0) a similar consideration as in section 3 yields 

1(1.0) - q 1 )’ 

(4.2) 

and consistency of the twists of p t ,p t _ , is guaranteed, if only 


°) = 0 > for J\>h ^ k . h +h > 1 > 

(4.3) 

All these requirements for the connecting diffeomorpisms are met by the following 
blend of the affine maps X-* d<f> t _ u \ m {X) and (0,1) + d<j>,_ u \ m {X- (1,0)) : 

0 = ((/i/ + -t, s + Xa{s)t ), 

(4.4) 

where X,, p t are as in (3.4) and a is a C 2 * -1 function satisfying 


a(0) = 1, a(l) = 0, a($) ^ 0 , for s e [0,1] , 

(4.5) 

3 

(I 

II 

R 

g 

p l - 

3 

T 

o 

(4.6) 

o 

II 

5 s 

a 

II 

II 

(4.7) 


Conveniently, a will be the polynomial of degree 3 k that satisfies (4.5) - (4.7). 


5 Construction of the patches p { 

The patches p, can now be constructed, cf. fig. 5, which shows building up a control 
net, which is used to symbolize the data derived by each step, similar as a Bezier net. 

Step 1 : Along edges (l,j) and (s,l) the cross boundary derivatives of p t are given by 
the surrounding patches: 

SjflPAl,s) = 0,-4^), (5.1) 

\jPi(s> 1) = (y y^o^CO, ), j — 0,..., k. (5.2) 

Differentiating with respect to s gives the twists at the corners (1,0), (0,1) and (1,1): 

<W.< 1.0) - (yy ,+A %.^-,(0,|), (5.3) 
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Z h , h P(.^) - 

- A.hsk 

Step 2 : Choose a central vertex Q and star vectors V if i=l,...,n, generating the 
tangent plane at Q. 

A possible choice is : For n even, compute curve segments that interpolate the 
midpoints ( and cross boundary derivatives ) of opposite boundary segments, and for 
n odd, compute segments that connect the midpoints with opposite corners of the 
hole. Choose Q as an average of the midpoints of these segments. Connect Q with 
the midpoints of the boundary segments and compute the tangent vectors at Q of 
these curves. Choose an approximating plane and take F, as the projection of the 
tangent vector pointing to f t _ x . 

In any case, the vertex and the star vectors should be given as a handle to the de¬ 
signer to control the shape of the patches />,. A sensible choice here is essential for the 
whole construction. 

Step 3 : Define derivatives at (0,0) of one patch, say p 0 . Set 

/>o(0,0) = Q , d hoPo {0,0) = F 0 , a 0 ,,/> 0 (0,0) = V lt (5.6) 

and choose derivatives up to order 2k : 

h’h p o( 0, °) f° r 1 <-A + J2 ^ 2k - (5-7) 

A possible choice is: Take the derivatives of a bicubic patch that interpolates C u 
derivative data at the corners ( a twist vector at the vertex can be chosen appropria¬ 
tely ). 

Step 4 : The derivatives at (0,0) of all other patches p K are to be determined. This can 
be done either recursively via (2.3) or, for reasons of numerical stability, rather from 
the formula 


(5.4) 

(5.5) 


d j u hPi(°’°) = 3 jW 2 (Po°<M(°> 0) , j\ +j 2 <, 2k (5.8) 

where (f> 0ti = <j> 0i iO<t> ii2 o ... o<f> ( _ u is the composition of the connecting diffeomorphisms. 
Observing that d<f> 0ti \ m is the matrix of the coordinate change from basis (K ( , 
to basis (F 0 , F,), a short calculation yields 

(5 - 9) 


where 
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Step 7 


Step 8,9 


Fig. 5b 



P\J = 


89 


r j g 0 J 
r \ ^O.l 


(5.10) 


0- ff U 

r 0 ff 0,l 


and p 0J = - ■ 


with r t = || K,j| and o- fi/ = sin %(V h F ; ) , and, evidently, the higher order derivatives 
of <p 0J at (0,0) vanish. Thus the derivatives at the corner (0,0) can be computed as: 


< Wi(°>°) = Yj Z 

/, =0 / 2 =0 



<j\ 

l \J 


Ih 

>4. 


- /i .a 


P + w, +h - i x -i 2 Po(0, 0) (5.11) 


Step 5 : The boundary curve p,(0, j) is fixed as the univariate polynomial of degree 
3 k + 1 that interpolates the end point data 

d o jA( 0 . 0 ) , for/ = 0,..., 2k and d 0J p,{ 0,1) , for; = 0,... ,k (5.12) 

Step 6 : The cross boundary derivative d jfl p,(0, s) , for j = 1,... ,k is fixed as the 
univariate polynomial of degree 3 k — j + 1 that interpolates the end point data 

djjPii 0.0) . for / = 0,... ,2k-j and djjp^ 0,1) , for / = 0,..., A: (5.13) 

Step 7 : The boundary data along (j, 0) are determined by the conditions of geometric 
continuity. The boundary curve is simply 

P.(r.O) = A-i(O.-r) (5.14) 

and the cross boundary derivatives 

/><{■*. 0) , for / = 1. k (5.15) 

are computed from (2.3) and (4.4) by repeated application of the chain rule, e.g. for 
* = 1 : 


5 o.i Pfa 0) = (-t 2 (2j - 3) + p ( {\ - s) 2 (2s + l))d lt oP/_i(0, s) 


(5.16) 


Step 8 : Now the patch p t is taken as the Boolean sum Hermite interpolant ( Coon's 
patch ) that matches these boundary data: 
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k 

/>.<«> V) = ^ HQ j(u)djQ Pj(0, v) + Hfj(u)djQ p,(I, v) 
y=o 

k 

+ X // o,/v)a 0 .yA(».0) + //f,y(v)a 0 , yPi («, 1) 

7=0 (5.17) 

A: k 

- Z Z // o k .y I W<y 2 ( v ) 5 ;W2^ 0 ’°) + < yi M^f,y 2 (vH W2 A(°. 0 

y'i = 0 / 2=0 

+ H\ j x {u)Hq j£y)dj x j 2 Pi{\, 0) + //f J| ( M )//f j2 (v)5 / . j2A .(U) 

Here //* ; , j = 0,..., k , x = 0,1 are the cardinal basis polynomials of degree 2/: + 1 
for Hermite interpolation, determined by (//£y) (0 (y) = S^Sj, 

Step 9 : Finally, the patch p, can be modified by a function that vanishes up to order 
k + 1 along the edges: In (5.17) a term of the form 

(uv(l - t/)(l - v))* +1 2,(«,v) (5.18) 

may be added to control the shape of p t in the interior. 
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Abstract 

A method for constructing a GC^ surface from a set of discrete data points 
distributed in a regular mesh arrangement is presented. The set of mesh lines 
is built up by fairing the given data points on the basis of a minimal strain 
energy criterion applied to the potential energy of the curves as well as of the 
elastic springs attached to the data points. A GC1 surface is then interpolated 
through the mesh lines. The resulting surface is a smooth approximation of 
the original data points. The generation of a ship surface is given as an 
example. 

1 Introduction 

In Computer Aided Geometric Design the problem of generating a tangent plane 
continuous surface by approximating and fairing a given set of discrete data points is of 
important practical interest. In many applications such data points are lifted off drawings 
or scale models and are subject to design or measurement errors. Hence the quality of 
the data must be improved by a fairing process by gentle correction and with sufficient 
faithfulness to the intended shape. 

Numerous methods are known for fairing individual curves, e.g., more recently also 
by Kjellander [1], Bjorkenstam et al. [2], and Farin et al. [3]. But only few methods have 
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been proposed for constructing fair surfaces from data points. One of the more 
promising approaches proceeds in two steps by first building up a mesh of lines, usually a 
regular mesh of two "orthogonal” sets of curves, and then fitting a smooth surface 
through these lines. The idea of mesh fairing was apparently first proposed by Hosaka 
[4], who introduced a fairness criterion based on the elastic strain energy contained in 
the curves as well as in a set of springs attached to the data points. This criterion 
combined with an accuracy measure provides a variational problem formulation for 
fairing the mesh. It is not known to the authors whether Hosaka published any practical 
computational experiences with this method. The method is also described in detail in 
recent textbooks by Chinese authors, viz.. Ding Qiulin [5] and Su Buchin with Liu 
Dingyuan [6]. Furthermore it has come to our attention recently that Kakishita has 
implemented a simplified, linearized version of Hosaka’s method in 1970 (unpublished) 
and that Goult [7] has reexamined this work, extended it somewhat and has described 
his own experiences with it, mainly with regard to curves. Certain ideas along the same 
lines apparently have also influenced the APT IV and CAM-I sculptured surface 
software packages, but not to the extent that a complete mesh fairing system was 
implemented. 

Kjellander [8] also describes a somewhat different mesh fairing method for bicubic 
parametric surfaces, which is based on interactive adjustments of mesh nodes such that 
the strain energy will be reduced in their local vicinity. 

The current paper is based on Hosaka’s problem formulation for a curve mesh and 
develops an implementation derived from Liu’s work [6], which differs somewhat from 
other published solutions with regard to the methods of linearization and 
parametrization and some other details. The influence of spring stiffnesses and 
boundary conditions is investigated in particular. 

The major practical goal of this paper is to obtain a smooth surface approximating 
the original data points and meeting certain boundary conditions. This is achieved by 
fitting a GC* surface through the lines of the faired curve mesh. Several GC^ surface 
construction methods are known, e.g. by Sarraga [9], who uses adjoining Bezier patches 
of bicubic and bisextic degrees, respectively. The current paper adopts a new GC* 
surface interpolation scheme by Liu and Hoschek [10] based on necessary and sufficient 
conditions for geometric first order continuity and adopting a combination of bicubic 
B6zier and biquartic Bdzier-Gregory patches. 

To illustrate the experiences gained with this new mesh fairing and surface 
generation method a comprehensive example will be presented, namely the construction 
of a set of ship lines and of a ship surface. 
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2 Curve mesh fairing 

Given a set of discrete data points Qy (i=l,...,n; j = l,...,m) in a regular mesh 
arrangement (Fig. 1). It is the purpose of this step to find a fair set of mesh lines 
approximating these data points such that a modified, "faired" set of points Py is 
obtained which forms the knots of the mesh and will serve to replace the original points. 

This fairing process is based on an accuracy criterion and a strain energy fairness 
criterion which are combined into one functional to be minimized according to a 
variational problem formulation. Appropriate end conditions must be applied to each 
curve in the mesh. 

Hosaka [4] has proposed a mechanical analogy to this mesh fairing problem. He 
attaches elastic springs of stiffness o(y (dimension: force divided by length) to the data 
points (Fig. 1) such that the spring is stretched as the distance between Qy and Py 
increases. 



Fig. 1 Mechanical model of curve mesh, 
mesh lines Cj and Dj 

Simultaneously the mesh curves are modelled by elastic beams of (constant!) 
stiffness El. The elastic strain energy contained in the entire system due to spring 
extension and beams deflection is thus expressed by the functional 

U= T§ | -WV+ iEKZJkVvZjk'd^ (i) 

where Cj(u) and Dj(v) are sets of "orthogonal" mesh curves, k denotes line curvature, 
and s u , Sy are length curve parameters. 

This functional physically represents the potential energy (or elastic strain energy), 
which will be minimized thus aiming at a good compromise between small errors and 
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small, controlled curvatures as desired in fair curves. This compromise is governed by 
the relative magnitude of the first and second terms in (1), hence by suitable choice of 

It is convenient and practical to parametrize the curves, which are passing through 
a set of Pjj, by cumulative chord length. For example, for a curve in the u-direction the 
parameter values assigned to the knots at Py are 

u tJ = 0 

1 ( 2 ) 
u ,J = SI p *j - 1 for l=a -' n 


A cubic Hermite spline is chosen to construct the curve. A segment of the curve in 
the u-direction in the interval uj. ^ j < u<uy is represented by 


Cj(u) = [ F/u) Fj(u) G 0 <U> G.oo] 


R-i j 

P.j 

l U rrt U 
l U m u 

l,jin 


'J J 


(3) 


in terms of the cubic Hermite basis functions F Q , F^, G Q , Gj with: 


l U = |P - P 

>■ ij I r u 'i-ij 


(3a) 


Further we define the tangent vectors and second derivative vectors at the segment 
boundaries 


dC/u) 
n 1J= - 


d u 


u=u 


ij 


kJ u _ d CjCu) 


U=u 


IJ 


( 4 ) 


For many applications it is reasonable to linearize the functional (1) by letting: 

ds u =«du j ds v =»dvj 


k 2 - cdfCj^cdfCj^, k 2 _ <dfDjs 2 _ .dfD, 
ku " dsr du* ; } kv “ dsr dv 2 


) c 
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This yields 



T, T, VRj-Qcy + 


1=1 J= 1 




( 5 ) 


Minimizing this functional requires 


3U--0, 

3 Rj 

for 1 = 1,, 


1^= 0) 

an,“ 

n > J = 1, 


au 

a nr, 


= o 


( 6 ) 


From this one obtains the following set of equations, using the existing relation between 
the first and second derivative vectors as well as integration by parts [6], which holds at 
each of the interior knots of the mesh: 


Pq= Qq- + A X> 

ty+lHi,j)M,j+C, (J M 1 * 1 ^6A 2 j;/3 ijA u M,j)= 
= 6A 2 u Q tJ 


(7.1) 


(7.2) 


1«Kh + 2< WM 1 >i; jtl M l(J , l +6A 2 v c8 IJ A 8 v M^= 
= 6 a 8 v Q m 


(7.3) 


where 


is 


ij = EI/ct 


ij 


8 f 1*1 — fl _ f i ~ fi-| 

L « 1 'l l w | u 

Vi 

/N 2 

= second difference for r and similarly for A v 


( 8 ) 


( 9 ) 
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The end knots of the mesh curves require special treatment and are subject to end 
conditions. Various possible end conditions have been explored. A simple case would 
result by fixing the end points and specifying free ends (zero end moments, natural 
spline). This tends to produce rather flat, low curvature curve endings, which may 
deviate much from the desired end curvature. It has been found more suitable in many 
cases to specify finite end moments or second derivatives. These may be derived from 
the given data set in various ways. One method used here was to fit an approximating 
quadratic polynomical with a least squares error criterion and using its second 
derivatives as end conditions. Alternatively one may rely on second divided differences 
of the data points as an indication of the intended end curvatures; however, these cannot 
be evaluated symmetrically at the end knots themselves. In practice it has also proven 
advantageous to constrain the second derivatives at the last two knots at each end, 
rather than just the end knot, because this results in more gradual transition into the end 
condition and avoids abrupt curvature changes in the final segment. 

An important factor for the accuracy and fairness of the resulting curve mesh is the 
choice of the spring stiffness coefficients ot y relative to the beam stiffness El, hence the 
choice of the weighting factors or stiffness ratios By. Small values of these weighting 
factors correspond to strong spring constants and tend to produce high accuracy, low 
error, softly corrected curves with a resemblance to interpolation and with little fairing. 
Great values of these weights create the opposite tendencies. 

The question arises what magnitude of By to choose in order to arrive at a 
reasonable compromise between accuracy and fairness to start with. For orientation, a 
comparison was made with the discrete curvature curve fairing method in [6]. In this 
method a series of circular arcs is fitted through each set of three successive data points 
resulting in a sequence of discrete curvature values. These curvature values are then 
corrected to create more gradual transitions in curvature. The resulting required change 
in curvature, or in second derivative when linearizing, can be compared with the one 
realized in the current method by stiffness control. Assuming reasonably equidistant 
placement of data points and small deflections in each curve segment it can be shown 
that the spring stiffness ratio or weighting factor equivalent to the corrections produced 
by the discrete curvature fairing method is of the form 

3,j = Sl,j' V 3 ( l,j' V to be -taken for u- or v- curve) (10) 

where S is a dimensionless coefficient. To match the magnitude of the corrections made 
by the discrete curvature method would require S-l/6. Experience has shown that in the 
current mesh fairing scheme much milder corrections are desired to produce fair and 
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sufficiently accurate results. As illustrated by Figs. 2a-2c, successful curve fairing results 
were achieved when was in the range of 

0.01 < 8 < 0.03 


3 Surface interpolation 

Several methods exist for constructing a GC* continuous, i.e., tangent plane continuous, 
surface, interpolating through a given regular, rectangular wire frame mesh of curves. 
The scheme can be developed in two steps, by first connecting two adjoining rectangular 
patches and then treating the more general case of four patches surrounding one mesh 
knot. 

For the GC^ connection of two adjoining B6zier patches methods are known by 
B6zier [11], Hosaka and Kimura [12], Faux and Pratt [13], and Farin [14] among others. 
Most of these methods furnish sufficient conditions for surface construction or at least 
for some special cases. By contrast, Liu and Hoschek [10] have derived the necessary 
and sufficient conditions for solving this problem. This paper is based on a special 
application of the same approach. 

The basic idea behind the sufficient condition for GC^ continuity between two 
adjoining patches is that one of them must be elevated in degree by one relative to the 
other. Let two neighbouring rectangular BSzier patches of degrees (s,m) and (s ,1) have 
the representations 


R<u,v) = Zi: R u B‘<u>B;<v) 

1*0 J*0 1 J 

R*(u v) = £ Z R" B*(u ) B, l ( v ) (11) 

1*0 j*0 IJ g 

for 0 S u / V * 1 

Then, according to the sufficient conditions, for degrees s*=n, s=n-l, and with the 
following notation (Fig. 3) 

a i ~ R,i“ Rio 

01 = Ri+i, o R io 

^ « __ * _ * 

“ Rij R io 

we have the general rule (i=o,. v s*) 


1=0,...,s 
1=0,...,s* 
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Fig. 2a Cubic spline interpolation of 

distorted dataset, free end Fig. 2b Cubic spline fairing, 8=0.01 

conditions 


Y 



Fig. 2c Cubic spline fairing, S=0.02 


a, 



Fig. 3 Connection of two Bezier patches, 
GC* continuity, with degree 
elevation from (n-1) to n 



Fig. 4 Subdivision of ship surface into 3x3 B6zier patches 
(label 1) and 4x4 Gregory-B6zier patches (label 0) 
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a ;=-L-^drt+< 1- -} r >K 0 a 1 +7 r ^ie l -i+< l- 


( 12 ) 


and in particular for the end tangent vectors 

Qo = ^o^o+^o e o 

. (13) 

a n = 

In our scheme the four free coefficients 7\ 0 , h x * JJ. t are determined from the 
conditions (13) provided that the end tangent vectors 

lao/eo.ojl 
l / d n } 

which have been derived from mesh curve fairing are coplanar, respectively. 

Since the boundary curves for the rectangular patches in our mesh are cubic spline 
segments it is sufficient for us to use bicubic B6zier patches bordering on biquartic, 
degree elevated patches. This is simpler than a similar scheme by Sarraga [9] who uses 
3x3 and adjoining 6x6 degree B6zier patches. Fig. 4 shows a ship surface subdivided into 
a regular mesh in such a way that 3x3 degree and 4x4 degree patches alternate in the 
style of a chessboard pattern. 

The surface is thus constructed in two steps: First the bicubic Bfeier patches are 
interpolated through their boundary curves. In this step the interior B6zier points can be 
chosen arbitrarily and may be modified later by the user. Then the holes are filled with 
biquartic patches. For this purpose so-called "modified Gregory-BSzier patches" are 
used. These patches are introduced to meet independently the continuity conditions 
across the two boundaries meeting at each corner point knot. 

Gregory [15] first proposed a twist compatible rectangular patch, Gregory’s square, 
i.e., a patch whose cross boundary derivatives were properly interpolated in a surface 
fashion. Chiyokuro and Kimura [16] later represented this patch in B6zier form. This 
modified Gregory-B6zier patch possesses variable interior control points ("twist 
vectors"), each made up of two independent sub-control points which are merged 
together by variable weights. The representation of this patch is 



( 14 ) 
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with 


b n = 


b J,r*-l — 


bn-1,1 = 


Ub‘n+ Vbn 


U + V 

ub 1 i.»-i + (l-v)b l ,»-i 

u +< l-v> 

<l-u )b H-1.1+ Vbn-1,1 

a-u)+v 


b n-l, n-l 


_ ( 1 ~U )|Qn-i. n-l (1 V 


a-u)+< i-v) 


The interior control points of this patch next to the corners are thus split up into two 
separate parts (Fig. 5) so that each component can be matched up independently with its 
continuity requirements from the adjacent boundary. 



Fig. 5 Modified Gregoiy-BSzier patch (degree nxm), 

GC 1 connected to neighboring B6zier patches 
(degree (n-l)x(m-l)) 

This method of surface construction was applied to a ship surface. Fig. 6 shows a 
first example for eight patches in the bow section of a vessel. 
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4 Examples 

As an illustration of the mesh fairing GC 1 surface generation scheme a ship surface was 
constructed from given data points scaled from the drawing of a ship lines plan. 

Figs. 7 and 8 show the effects of individual curve fairing applied to the stern profile 
(longitudinal section in ship centerplane) and to the base line of a ship. In both cases it 
can be observed that the distribution of curvature has become much smoother. The 
maximum change of data offset is less than 0.025 m, which is well within practical 
tolerances for ships. These boundary curves of the ship surface are individually faired 
first to comply with boundary conditions and then kept constant throughout the mesh 
fairing process. 

In order to test the mesh fairing procedure a deliberate distortion was introduced 
in the afterbody of the ship lines (Fig. 9). Fig. 10 shows the result after one mesh fairing 
cycle, taking planar intersections through the once faired mesh. The dent has not 
completely disappeared, but has been alleviated. The fairing cycle can be replated 
interactively by taking new data from the faired mesh and so on. Fig. 11 shows the 
results after four cycles of fairing. Fig. 12 presents the whole ship lines plan after 
completing the fairing process. The improvements in fairness are considerable. 

The example has demonstrated the general feasibility of the mesh fairing GC* 
surface construction scheme. However, many practical details of the method remain to 
be examined. The current paper is only an intermediate report, some more work is still 
in progress. However, at the present stage the authors feel already encouraged to 
believe that a combination of mesh fairing and surface interpolation methods holds 
promise to become a practical CAD surface design tool. 



Fig. 6a Patch subdivision in ship bow, Fig. 6b Planar section horizontal and 


2x4 patches transverse, in ship bow panels 



Fig. 7a Stern profile (ship centerplane) Fig. 7b Stem profile after fairing 
before fairing 



0 10 20 30 40 SO 60 70 80 90 1 00 110 1 20 1 30 1 40 


Fig. 8a Ship base line (flat of bottom) before fairing 



30 40 50 60 70 80 SO 100 110 120 130 140 


Fig. 8b Ship base line after fairing 
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Figs. lOa/b Body plan and waterline plan, after fairing once 



Figs, lla/b Body plan and waterline plan, after fairing four times 
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Fig. 12a Body plan, entire hull, after fairing 
four times, scale in meters 



Fig. 12b Waterline plan after fairing four times 



Fig. 12c Perspective view of faired hull 
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Bernstein-Bezier Representation of Solid 

Models 

Dieter Lasser 

Fachbereich Mathematik, AG3 
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West Germany 


We present an approach of how to generalize the free-form modeling techniques of curve 
and surface representations known from CAGD to get a free-form solid modeling repre¬ 
sentation defining a true solid with every point in its interior as well as on its boundary 
uniquely specified. By this internal location-dependent properties can be described . 


The two most popular methods of representing solids are the Constructive Solid Geome¬ 
try CSG and the Boundary Representation BR (see e.g. [Casale 85]). CSG represents 
a solid as a combination of solid primitives such as blocks, cones, and spheres through Boo¬ 
lean operators. BR represents a solid by the description of the bounding surface elements of 
the solid, the edges bordering adjacent surface elements and the vertices where such edges 
meet. Each of the two methods has advantages and shortcomings. Two disadvantages might 
be that the design, the free-form character of both methods is not very rich and that they 
assume internal homogeneity. But sometimes there is the need for a free-form modeling me¬ 
thod and sometimes we are interested not only in the surface of a solid but also in his interior 
structure, and even if interior information is not desired the solid definition can serve as a 
useful tool in many geometric operations. Therefore there is a wide variety of volume, i.e. 
trivariate representation applications, e.g. the temperature, the pressure, the gravitational 
or the electromagnatic field, etc. as a function of the three spatial variables, the motion of 
a (changing) surface, e.g. the diffusion of the surface of a chemical reaction, the description 
of inhomogeneous material, surface generation by geometric operations or as contours of tri- 
variate hypersurfaces [Sederberg 85, 86] and modification [Casale 85], [Farouki 85], [Sederberg 
86], etc. (for details and more examples see the literature listed in the references). 

In this article the Bezier representation of volumes is used. Basic aspects and techniques 
like degree elevation and reduction, point and derivative evaluation, segmentation and com¬ 
bination of volumes are discussed for three differnt kinds of volumes: volumes defined with 
respect to a cube, a tetrahedra and a pentahedra. 


1. TPB volumes 

A tensor product Bezier volume - briefly TPB volume - of degree (/, m, n) is defined 
by [Bizter 74] 


B(«) = E £ E b* *!(«) B?(v) B n h (w) 


t=0;=0A=0 


(i) 



110 


where u = (u, v, w) and with the ordinary Bernstein polynomials 

= (j) (2) 

s € J = [0, 1], as basis functions (see e.g. [Farou&i 87, 88\), The coefficients b^* € R 3 are 
called Bezier points. They form in the ordering given by their subscripts a spatial polygonal 
net which is called Bdzier grid (Figure 1). 



Figure 1: Triquadratic TPB voluir.*, defining B4iier points and grid, on the left the domain. 
The boundary surfaces and some parameter surfaces of constant v*value (v = 0, J, 1) are 
shown. 


Beside the vector valued parametric representation (1) where b#* € R 3 a function valued 
non-parametric representation 


B( u) = LEE b ijk B-(u) B?(v) bum (3) 

*=0 j=0 k—0 

with bijk € R can be discussed (see e.g. [Sederberg 86]), The bijk have to be carried 
up now as ordinates over the abscissae (p £* £) € J 3 The Bezier points are given by 
= (j, b^k) € R 4 forming a Bdzier grid in R 4 . The function values given by 
(3) over the abscissae (u, v, w) E I 3 define a hypersurface of R 4 , called tensor product 
Bezier polynomial - briefly TPB polynomial. Properties of TPB polynomials follow 
directly from those for TPB volumes. 

By the tensor product definition (1) properties of a TPB volume can easily be deduced from 
properties of the underlying Bezier curve scheme (see e.g. [Bohm 84]), resp. commute a lot 
of constructions in different parameter directions like the degree raising or the de Casteljau 
construction. We list some of the properties: 

• Affine invariance : The relationship between the TPB volume and its Bezier grid 
is affinely invariant. 

• Convex hull property : The TPB volume lies completely within the convex hull 
of its Bezier points. 

• Parameter surfaces : Parameter surfaces of constant u are TPB surfaces of 
degree (m,n) and analogously for the parameter surfaces of constant v resp. w. 
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• Parameter lines : Lines u, v = const so-called u>-parameter lines are Bezier 
curves of degree u and analogously for the parameter surfaces of constant v reap. w. 

• Boundary surfaces : The boundary surfaces of a TPB volume are TPB surfaces 
whose Bezier points are the corresponding boundary points of the Bezier grid. 

• Boundary curves : The boundary curves of a TPB volume are Bezier curves 
whose Bezier points are the corresponding boundary points of the Bezier grid. 

• Corner points : The eight corner points of a TPB volume are given by the eight 
corresponding corner points of the Bezier grid, 

• Derivatives : The partial derivative of order (p, q, r) of a TPB volume of degree 
(/, m, n) is given by 


d f, + q+r 

du p dv q dw r U 


where 

A 000 b^ = 
A^b** = 


t=0 j=0 k=0 

(4) 

A p00 [ A 0,0 ( A 00r byik) ] 

A P-100 [ A 0»0 ( A 00r b . +li(k )] _ A P—1 00 [ A 0*0 (A 00. byfc )] 

A pOO [ A 0,-10 (A 00, bij . +1|> ) _ A «,-10 ( A 00r b „ A )J 
A p00 [ A 0?0 ( A 00r-! b{mj _ A 00r-1 byJ ,)] 


• Degree raising : Any TPB volume of degree (i, m, n) can be written as one of 
degree (1, m + fi, n) with Bezier points byj given by 


J = 0,... ,m + n : 


A 


b; 


iJk 


J-fi 

= 


i=J 



m+p-J \ 
m-j ) 



(5) 


and analogously for the degree raising in u and in w. Due to definition (1) degree raising 
in different parameter directions commutes. The sequence of Bezier grids resulting from 
a repeated degree raising converges for lim| m , n _ 00 to the TPB volume (cf. with [Cohen 
8S\). 


• Degree lowering : Let B(u) be a TPB volume of degree (/, m, n) where m = 
B(u) can be written as a TPB volume of degree (/, m, n) if and only if 


j = m + l,.. M ro: j = 0,... ,m - g : f\ A a « o b^ fc = 0 

and analogously for a degree lowering in u and w (cf. with [Fanra 79]). If the above 
statement is valid the degree lowering can be done by the conversion of (5), i.e. we have 
e.g. 

Let B(u) be a TPB volume of degree (i, m, n) fulfilling A»,* A^b^* = 0 whose degree 
in i> can be lowered therefore to m — 1. The Bezier points b #J ** of the representation 
of degree (/, m — 1, n) are given by 
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j 0,..., m 1 : by* — . (m b^* — j b* *) . (6) 

i,k rn- j 

• de Casteljau and derivative scheme : A volume point B(u) can be con¬ 
structed by repeated de Casteljau steps, for example in the u direction using the recur¬ 
sion formula 


b; +1 j'*V) = (i-u)bjj*+ U b£j‘ 


and analogously for v and w where by* = b y* and B(u) = [Lasser 84], 

By reason of the tensor product structure, de Casteljau steps in different directions 
commute. The derivative of order (p, q, r) in u can also be constructed by the same 
de Casteljau scheme as used for the point B(u) and is given by 


£p+«+r 

dv? dv* dxv r 


i! m! n! 
(i-p)!(ro-*)!(n-r)! 


b l 0 ^- q r r 


( 7 ) 


since difference steps and de Casteljau steps commute. Here the forward differences 
A 1 * 91, are defined as in (4), but now applying to both indices, to subscripts as well as to 
superscripts [Lasser 84 ]. 


• Subdivision : A TPB volume of degree (/, m, n ) can be subdivided along the 
parameter surface u = tio by performing the de Casteljau algorithm for u = uo on all 
columns i = const, of the Bezier grid. 

The Bezier points bj^ and bj^J of the two subsegments of B(u) can be quoted 
from the de Casteljau scheme. The transformation u = — for u E [0, u 0 ] resp. 
u = for w E [u 0 , 1] relates the two subsegments to the unit interval I. The 

situation is similar for subdividing in v resp. w direction and definition (1) again 
ensures the commutativety of sudivision steps in different parameter directions. The 
grids generated by suitable repetition of the subdividing process converge to the TPB 
volume [Prautzsch 88), [Cohen #5], [Dahmen 86), 


2. TB volumes 


A tetrahedra Bezier volume - briefly TB volume - of degree n is defined by 

B (u) = E b I B? (u) 


|i|=n 


( 8 ) 


where £|i| =n has the meaning of summation over all i = (i, j , fc, /), with |i| = t-f j -bfc-H = n 
and t, J, k, l > 0 and using the generalized Berstein polynomials 


u) = : 


n\ 




u* wf* t* 


as basis funtions where u = (u, v, w, t) with |u| = u + u-hw + t = l and u, v, to, t > 0 
are barycentric coordinates of JR 3 , defined with respect to a non-degenerated tetrahedra 
T of the domain space [Mobius 1821 ], [Farin tf£). The coefficients bj 6 M z are called Bezier 
points. They form the Bezier grid (Figure 2). 
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b 0002 



Figure 2: TB volume of degree 2 with Bezier points and grid, on the left the domain. The 
boundary surfaces and some parameter surfaces of constant t value (t = 0, |) are shown. 

A function valued non-parametric representation 

B{ u) = Bf(u) (9) 

• |l|=» 

with b\ £ IR can be studied too (see e.g. [Sederberg 8$\). The ordinates are carried 
up over the abscissae - £ T, so that the Bezier points Bj £ JR? now have coordinates 
(£, b\) defining a Bezier grid in JR 4 . (u,B(u)) defines a hypersurface of JR 1 which is called 
tetrahedra Bezier polynomial - briefly TB polynomial. All the following properties 
listed for TB volumes can be carried over easily to TB polynomials. 

Relations between Bezier grid and TB volume are similar to those between Bezier net and 
triangle Bezier surface (see e.g. [Bohm 84 ], [Farm 79, 8ti\, see also [de Boor 87\). As in part 
1 we have the affine invariance and the convex hull property, the parameter surface, lines, 
boundary surface, curves and the corner point relation. Furthermore we list: 

• Derivatives : Because of the linear dependency of the barycentric coordinates, par¬ 
tial derivatives of a TB volume do not have a direct geometric meaning in the sense that 
the partial derivative with respect to u for example is not identical with the derivative 
along the u parameter line. Therefore we have to deal with direction derivatives. 

If a is the local parameter of a straight line u(cr) in domain space, then u = ^u(a) 
defines a direction in domain space, and the derivative of order a with respect to u of 
a TB volume B(u) is given by 

BgB(u) = [AjDuj + /iDi, + vDu P ] a B(u) 

= T^TT £ [AA* x + ^A», + ^A4 , b 1 Br“(u) 

* ' ’ |i|=n —a 


( 10 ) 
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where u = Au* + [iii M with three linear independent special directions 

u*, u tii u u defined by the edges of T and 1 

A?b, = b, 

AJbj = A° _1 [ib i+e , + v b| +e , + w b, +ej + t b i+e ,] . 


• Degree raising : A TB volume of degree n can be written as a TB volume of 
degree n + v with Bezier points bf. The bj" are determined by 


Bf - £ b, 


(llilKlliil 

(T) 


( 11 ) 


For a repeated degree raising, the Bezier grids converge to the volume B(u). 

• Degree lowering : Let B(u) a TB volume of degree n where n = n + t/. B(u) 
can be written as a volume of degree n if and only if 


Q = n + l,...,n: /\ /\ A^A^A^ b| = 0 . 

|i|=n-a 0+'y+6=a 


where u*, u^, \i v are three linear independent special directions. 

If the above criterion is fulfilled, the degree lowering can be done by the conversion of 
( 11 ), i.e. we have e.g. 

Let B(u) a TB volume of degree n for which A^AJ^A^ bo = 0 with /? + 7 + 8 = n 
yields, and whose degree can be lowered therefore to n — 1 . The Bezier points bj of 
the representation of degree n — 1 are obtained by 

A b,_ ei = Tbi - jb,_e, - yb,_ e , - ^b^ . (12) 

|l|= n 

t^O 


• de Casteljau and derivative scheme : A volume point B(u) can be eva¬ 
luated by applying the recursion formula (de Casteljau construction) 


A b “ +1 = Uj b“ +ej + Vj bf +ej + Wj bf +6j + tj bf +e< 

|i|=n— a —1 


where bj* = bj and B(u) = bj (cf. with [Farin 86)). 

Since difference and de Casteljau steps commute, the de Casteljau construction also 
provides the derivatives: The derivative of order a with respect to u of a TB volume 
B(u) is given by 

DZ B(u) = [A A* a + m Au m + v A*J“ bj, (13) 

where u = A u* + /i + u u v , with three linear independent special directions 

ux, and with 


l Let ei = (l, 0,0,0), ej = (0,1,0,0), etc. 
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A?bp = bp 

A S bp = Ar 1 [uK + ~ e \ + vbp + - e ; + wb \£ + ih? + -[} . 

• Taylor expansion : The Taylor expansion of a TB volume at Uo is given by (cf. 
with [Ckang 84]) 

B(u) = E f " ) E br m (u.)Bp( u -u 0 ). 

m=0 \ Jn / |l|=m 

• Subdivision : A TB volume of degTee n can be subdivided in any subtetrahedra 
by combining several de Casteljau algorithms as in case of the triangle subdivision (see 
e.g. [Goldmann 55]). Each subsegment can be written again as a TB volume of degree 
n, its Bezier points are obtained from the de Casteljau algorithms, More precise: 

Let Uk € T y h < 3, and a = (a 0 , ai, a 2 , 03 )? o = |a| = a 0 + ai 4- cl 2 + < 23 * The 
segmentation is done by applying the de Casteljau recursion formulas 


j =0,...,k bf +e/ = Uj bf +Sl + Vj bf +ej + Wj bf +ej + tj bf +e< (14) 

where |i| = n — a — 1, bf = bj , and the construction does not depend on the 
ordering of the different de Casteljau steps. Every subsegment can be described again 
with respect to T by a linear transformation u u (cf. with [Kahmann 55], [Chang 
84])* For example the subsegments B(u) of B(u) with u 0 = (1,0,0,0), Ui, u 2l u 3 
arbitrary have the representation 


B(u) = E E bf noo aj (u), 

|a|=a 

»=n—a 


that means the Bezier points of B(u) are given by bf^ with a = (0,ai,a 2 ,a 3 ), 
i -H ai + a 2 + a 3 = n, and the parameter transformation is given by 

f 1 Ui U 2 ^ 

0 Ui V 2 t> 3 _ 

u — n * u , 

0 Wi w 2 Wz 

^ 0 <1 t 2 tz ) 

and the subsegments defined by general, arbitrary chosen u* € T (k = 1,... ,3) have 
Bezier points bJ^Q with a = (a 0 >Oi,a 2 , a 3 ), a = n, and the parameter transformation 
is given by 


f Uq tti u 2 u 3 } 

Vo Vi V 2 Vz 

Wo Wi W 2 Wz 

V *0 *1 t 2 tz j 
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Figure 3c shows - for_ the. example n = 2 - the construction of the Bezier points 
of the subsegment B(u) of B(u) defined by uo = (1,0,0,0), Ui, u 2 , u 3 arbitrary, 
by the above algorithm. The Bezier grid of B(u) is indicated by a tetrahedra and also 
the sequence of Bezier grids constructed by the algorithm. Only the Bezier points 
defining the subsegment B(u) are marked, these are the points of the left corner of the 
individual Bezier grids (B(l, 0,0,0) is the corner point, common to B and B). 
Figure 3b shows the subtetrahedra of T defined by the u* which is mapped by the 
affine transformation (14) on every standing subtetrahedra of a Bezier grid and thus 
creating the next Bezier grid of the sequence of Bezier grids. 


Figure 3c shows the subsegment B(u) of B(u). 
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Figure 4 shows - also for the example n = 2 - the construction of the Bezier points 
koooo the subsegments B(u) of B(u) defined by arbitrary chosen u* E T, the 
subtetrahedra of T defined by the u* and the subsegment B(u) of B(u). 

For a repeated subdivision suitable chosen Ufc involve the convergence of the sequence 
of Bezier grids to the TB volume. 


3. PB volumes 


A pentahedra Bezier volume - briefly PB volume - of degree (m; n) is defined by 

B(u;<) = £ jrh hl B?{u)B?{t) (15) 

jl|=m 1=0 

where i = (t, j, fc) and £|ii=m means summation over ail i , j, k > 0, but |i| = i+j + k = m, 
and with the generalized Bernstein polynomials 


Br(u) = TiTTib! 


where u = (u, and u, v ) w > 0, but |u| = u -f v + w = 1 are the barycentric 

coordinates of JR 2 , and with the ordinary Bernstein polynomials £{*(*) defined by 
(2) for the third parameter space direction of the (non-degenerated) pentahedra V of the 
domain space, as basis functions. Connecting the Bezier points bj ; / £ JR 3 in the ordering 
given by their subscripts creates the Bezier grid (Figure 5), 



Figure 5: PB volume of degree (2; 2), Bezier points and grid, on the left the domain. The 
boundary surfaces and some parameter surfaces of constant t value (t = 0, J, l)are shown. 


£(u;i) = E E^^ m (u)5|*(<) ( 16 ) 

|i|=m 1=0 


defines a function valued non-parametric representation. The ordinates E JR erected over 
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the abscissae (£; £) e V form the set of Bezier points B|^ = (~; b{ ; i) £ R 4 defin¬ 

ing a Bezier grid in R 4 . The values B(u;<) given by (16) carried up over the abscissae 
(u;t) £ V define a hypersurface of R 4 which is called pentahedra Bezier polynomial - 
briefly PB polynomial. All listed properties for PB volumes can be carried over easily to 
PB polynomials. 

In analogy to part 1 we get affine invariance and convex hull property, the statement about the 
parameter surfaces, lines, the boundary surfaces, curves and the corner points. Furthermore 
we have: 

• Derivatives : (15) implies the necessarity of using directional derivatives. If a 
denotes the local parameter of a straight line g(a), thus, g = ^g(a) a direction in 
domain space, then the derivative of order a with respect to g = (u; i) of a PB volume 
of degree (m;n) is given by 


Z)|B(g) = [A Di> + fiD ir + uD iv ] a B(g) 


(17) 


where g = Ag* + -f ug uy with three linear independent special directions 
gA, g**> g* defined by the edges of V , and with 

D|B(g) = —^ £ £aT*BT(u) *?-(<) 

^ ~ a >' |l|=m 1=0 


for the special direction g = (0; 1) and 

m! 


^B(g) = 


("-«)!,I,--a/s; 


E E A Sbi ;l Sr“(u) B?(t) 


for a special direction t = const. A a operates on I and is defined like in (3), AJ 
operates on i and is defined like in (9). 


• Degree raising : By the tensor product definition (15) degree raising in t and in 
u can be done independently of each other. 

A PB volume of degree (m; n) can be written as a PB volume of degree (m + /i; n) with 
Bezier points bj!* given by (cf. with [Farin 86)) 


l = 0 ,... ,n : 


b I;J 


= E 

|l|=ni 


b| 


uimm 

(T) 


(18) 


A PB volume of degree (m; n) can be written as a PB volume of degree (m; n + v) with 
Bezier points bj + given by 


A 

H|=m 




= E hi 


l=L 




( n r 

; £ ) 

( 

f n+v > 

< n ) 

i 


(19) 


The sequence of Bezier grids resulting from a repeated degree raising converges for 
increasing m and n to the PB volume. 
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• Degree lowering : Let B(u; *) be a PB volume of degree (m; n) where n = n v. 
B(u;t) can be written as a volume of degree (m;n) if and only if 

a = n,..., n : l = 0 ,..., n — a : f\ A a bi ; f = 0 . 

|i|=m 

Let B(u;i) be a PB volume of degree (m;n) where m = m + /i. B(u;t) can be 
written as a volume of degree (m; n) if and only if 

a = m + l,...,m: /\ /\ b 1; , = 0. 

|i|=m—a /?+7=a 


where g p , are two linear independent special directions t = const. 

If a degree lowering can be done, the conversion of (18) resp. (19) (compare with (12) 
resp. with ( 6 )) can be applied. 

• de Casteljau and derivative scheme: A volume point B(u;<) can be 
computed by applying de Casteljau algorithms with respect to u and t, i.e. by the 
recursion formulas 

bj?** - (i-«)btf + iq*« 

where bj. : / = bi ; < and B(u;t) = b^jj*. Due to definition (15) de Casteljau steps in u 
and in t commute. 

Again, derivatives can also be derived from the de Casteljau scheme, we get for the 
special direction g = ( 0 ; 1 ) 

z>?b(m) = ^-^A“bs;r>;*), (20) 

and for a special direction t = const. 

m l 

®|B(nO - ASbSrtnO . (21) 

Here A° is defined like in (7) and A? like in (13). 

Thus, according to (17), using (20) and ( 21 ), the derivative of order a with respect to 
an arbitrary, non-special direction g can be calculated by de Casteljau. 

• Subdivision : A PB volume can be segmented in t direction by performing the de 
Casteljau algorithm related with the t parameter (cf. with part 1 ) and a segmentation 
in u can be done by the algorithm related with the u parameter (cf. with part 2 , 
see also [Goldmann &J]). In doing so the tensor product structure (15) implies the 
commutativety of the steps of the two different algorithms. 

For suitable chosen repeated segmentation the sequence of the Bezier grids converges 
in the limit to the PB volume. 
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4. Continuity construction 

It is possible to build up complex volumes from a number of Bezier volume segments. The 
continuity conditions of adjacent volume segments can be derived by generalizing those for 
curves and surfaces (see e.g. [Bohm 84 ], [Farin 79, 86], [Stark 78]). 

Two volume segments B and B are C T -continuous in a common boundary surface Bo = Bo 
if and only if they are in every point of Bo = Bo C T -continuous with respect to a common 
cross boundary direction x, i.e. 


Q — 1 } ... : Z??Bo = Z)£Bo . (22) 

One typically considers x as direction normal to the common boundary surface. First, it 
is more convenient because it yields to a common description for all segments, and second, 
sometimes it might even be necessary, e.g. to get a local scheme, for which the cross direction 
x has to be chosen identically on adjacent volumes without knowledge of the geometric 
configuration of neighbouring volumes. 

x can be given in terms of the special directions X* and x a defined by the edges of the 
parameter space volume, 

x = Ax* 4- 4- vx v , x = 4- ?Xn 4- , 

with (possibly function valued) shape factors A, /x, 1 7, A, /x, v defined by the parameter space 
volumes, and especially can be given in local coordinates. 

Now, the direction derivative operator is a linear operator, thus, the ^-continuity condition 
( 22 ) is equivalent to 

[XD^+JlD^+VDiJ'Ba = [A D* x + p D±„ + v Z>x„] 9 B 0 , 
which can be rewritten again in 

A 9 Di x Bo = [A D iy + a Di'+p D± J* B„ . (23) 

That is because B 0 = B 0 , i.e. the direction vectors x^ and x M are identical and the same 
holds for x„ and x„. 

The C r -continuity condition simplifies very often: For example in case of two TPB volumes 
B(x) with x e [x 0 , a? e ], V € [y a , y 0 ], * G [z a , z e ] and B(x) with x 6 [x OJ x e ], y 6 [y 0 , ye], 
z € [z a , z e ] connected in y direction to each other, we get 


q = l,...,r: 


1 Qq 1 d ° 

(A y e )* dv* " (A y a y dv* BW, ~ l 


with A y a = Vo - y a > A y t = y e - y 0 , where u = (u, v, w), u,v,w 6 [0,1] resp. 
u = (iZ, t>, to), u, v, uT £ [ 0 , 1 ] are local coordinates according to definition ( 1 ), and in case 
of two TB volumes B and B defined with respect to regular tetrahedra we get 

A . = f-Duj, + 2 -D K + ^JV 0 , 

U=U 0 O J 

where the local (barycentric) coordinates have been introduced such that the common bo¬ 
undary surface is given by u = u = 0 . 

For practical applications the C r -continuity conditions have to be expressed in terms of the 
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Bezier points of the two volume segments. To do this the Bezier representations have to be 
inserted into the C T -continuity conditions. In case of the two TPB volumes of example one 
we get e.g. 

B and B are C 1 -continuous, if and only if 2 


A 


bn* = 



m A y € 
m Ay a 


b ir 


-l k 


B and B are C 2 -continuous, if and only if in addition 


A 




m(m—l) 
m(m— 1 ) 


(tt* 


21 

tn Aye 


u- 0 21 ^ 4- 1 
^ m Ay* + 1 u 

-bnfc 


+ 1 


m A y t j 

_ A Uj 

m Ay 


where 


dtJc = 
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Figure 6: C^continuity of (triquadratic) TPB volumes (defined with respect to unit cubes) 


and in case of the two TB volumes of example two we get 
B and B are C 1 -continuous, if and only if 3 

A hi#* = 2 s ojki - b a ju , 

i+fc+J=n-l 


B und B are C 2 -continuous, if and only if in addition 

A b 2 jw = 2 s ljW - djki , 

j+k+l=n—2 


where 


djki = 2sijki - b 2jki 1 


with 

2 The continuity condition B 0 = B 0 yields to: i b i0i = bi mk . 

3 The continuity condition B 0 = B 0 yields to: f\j+k+i=n hoy ki = b 0 yjfci . 
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and s ijki analogously. 


Sijkl — 


b» j+i a t + b< j fc + i i 4- j k j+i 

3 


Generally parameter surfaces, lines, boundary surfaces and curves of two C r -continuous 
volumes are not C r -continuous by themselves (see Figure 7), and - in case of fixed domain 
ranges - there are no design possibilities, because the unknown Bezier points which are effected 
by the C r -continuity condition are determined uniquely by them. 



These two shortcomings can be managed on principle by a more general kind of continuity 
condition which proceeds from the requirement of the equality of the first r terms of the 
Taylor expansions in every point of the common boundary surface (cf. with [Gewe 62]). 
Thus, generalizing (23), so-called geometric C 1 -continuity - briefly GC 1 -continuity - is 
defined by 


^ ^ + a + 0 Dx„] Bo (24) 

where the coefficients A, A, a, 0 are not fixed any longer in the sense of the C 1 -continuity 
condition (23), but can be chosen freely, therefore now having more the character of design 
rather than shape parameters. 


To make full use of (24) by comparing of coefficients the design parameters have - because of 
the polynomial nature of Bezier volumes - to be initiated possibly as polynomials. Doing the 
differentiation, using identities like 


(l-.)»Jf(«) = 


v*BJ- 





ts$ i+t( 

\j+e) 


which can be proofed by applying the definition of the binomial coefficients and of the (gene¬ 
ralized) Bernstein polynomials, index transformations, and finally comparing of coefficients 
provides the construction of the unknown Bezier points. 
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In case of the two TB volumes of example two we get e.g. 

A_ Ai a B|^ 0 = [ A Du x 4- oi 4- /? Du.,] B|„ =0 

U—u 

where A, a, £ € iR, A > 0. Thus, the conditions for the determination of the biare 


bijAi = (1 + A)s 0 j« — A bijki 

where 

SoiW = ( J ~ TTx ~ ITa) bo ' +1 *' + TTx boik+u + TTA bo ^' +1 ' 

are barycentric centers. 

Choosing the design parameters in a suitable way we can realize that certain parameter 
surfaces, lines, boundary surfaces or curves join C 1 - or C?C 1 -continuously. Figure 8 gives an 
example. 

booo2 = b 000 2 



*2000 


Figure 8: <?C^continuity with a = A = l,/? = 0 


Starks statement about the relationship between de Casteljau and continuity construction 
[Stark 76], (Farm 83, 86] can be generalized to Bezier volumes, that means the Bezier points 
determined by the continuity conditions can also be found by de Casteljau extrapolation, i.e. 
for points u £ T. 


Remark : A more detailed treatement of trivariate Bezier representations has been given 
with the authors dissertation: Bernstein-Be zier-Darsiellung irivariater Splines , Darmstadt 
1987. 

Acknowledgement : I would like to thank the organizer Professor W. Strafier for the 
invitation to attend the conference on Theory and Practice of Geometric Modeling and to 
make this contribution. 
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Abstract 

A new method for incorporating sculptured surfaces into a Constructive Solid 
Geometry (CSG) environment is described. As a preliminary, an overview of a general 
scheme for computations on CSG represented solids is given. The system, known as 
Inner Set Outer Set (ISOS), involves inner and outer bounding polyhedral 
approximations to the primitive solids and is detailed in [Beac89]. A method for 
simultaneous creation of both sculptured primitives and approximating geometry, by 
sweeping B-spline curves, appears in [Saia88]. This paper is concerned with expanding 
and adapting these methods to shapes of a less constrained nature, bounded by B-spline 
surfaces. The task encompasses theoretical groundwork in finding inner-bounding 
polyhedra and a reformulation of the underlying method. 


1. Introduction 

Various approaches to the challenge of ffeeform-solid modelling have been advanced [Peng83, 
Sarr84, Jare84, Thom84, Kimu84, Sede87, Casa87, Tum88] and an overview of the problems 
involved may be gained from [Mill86] or [Saia86]. This contribution assumes a Constructive Solid 
Geometry (CSG) context, where solids are described using a binary tree structure; non-leaf nodes 
are regularised boolean operators, and leaf nodes are "primitive" solids bounded by B-spline 
surfaces. The general strategy followed is based on the Inner Set Outer Set (ISOS) method, first 
documented in [Beac83], which relies upon inner and outer bounding polyhedral approximations to 
primitives, and utilises the basic divide-and-conquer philosophy which underpins CSG. 
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The paper is organised as follows: A summary of the Inner Set Outer Set method is given, 
describing the essential features common to ISOS evaluation processes. Next a method for creating 
auxiliary polyhedra for solids enclosed by B-spline surfaces is suggested. However, the method 
highlights generic difficulties in generating inner-polyhedra, particular to sculptured surface bound 
solids. Internal polyhedra are found, following which the ISOS criteria are revised in order that 
geometric evaluations with the new entities remain practicable. A method for extending the domain 
of this scheme is discussed, and experimental software is described. 

2. The ISOS method 

2.1. The general idea 

The ISOS method [Beac89] was devised as a means of analysing and operating on solids 
represented using CSG. This section contains an overview of the system as originally formulated, 
though the terminology employed has been modified as a result of further research. To incorporate 
a new primitive, two routines must be designed. The first creates an auxiliary structure called a 
decomposition (or a segmentation) of the primitive, defining some planar approximating geometry. 
The second routine provides a utility for adaptively refining this approximation. 

The approximating geometry consists of two polyhedra : an inner solid which is internal to 
the primitive and an outer solid which contains the primitive. The set theoretic difference of the 
inner solid from the outer solid will contain the boundary of the primitive, and so is termed the 
boundary solid . To enable adaptive techniques, these sets are defined as unions of smaller sets, 
called segments (figure 1). Each segment owns a chunk of the solid, together with portions of the 
inner, outer and boundary solids, known as the inner, outer and boundary sets respectively. To 
refine the approximation in an area of interest, the relevant segments may be divided into a number 
of sub-segments which together approximate the chunk of solid more closely (figure 2). 



Figure 1. An ISOS decomposition 
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Figure 2. Segment creation and subdivision for a 2D disc primitive 
2.2. ISOS evaluation processes 

ISOS is perceived as a general method for evaluating CSG trees. Algorithms for PMC, 
volume calculations and interference detection are known; however the main features of the method 
are well illustrated by describing a particular application: boundary evaluation. Key operations are 
performed at primitive level using the decompositions, then results for primitives are combined to 
give an overall result for the tree. 

A prerequisite for the boundary evaluation procedure is a patch/primitive classification 
function. This is provided via a function which classifies the boundary set associated with the patch 
against the decomposition of the primitive. If the candidate boundary set originates from the 
reference decomposition, the patch is flagged as lying on the primitive without recourse to further 
calculations. Otherwise, if the boundary set is inside the inner solid, then the patch is inside the 
primitive, and conversely if it is outside the outer solid, the patch lies outside the primitive. If none 
of these situations pertains, giving rise to an "indefinite" classification, both the patch and the 
relevant segments of the decomposition may be subdivided, and each sub-patch classified in a 
recursive manner. The classification for a CSG solid is inferred from the classifications with 
respect to the primitives. 

The process identifies a list of patches guaranteed to lie on the boundary of the solid and 
iterates towards the edges of the solid. Another list, consisting of patches classified as "indefinite", 
may be processed further to produce these edges if desired. Hence the boundary evaluation 
algorithm resembles the Lane-Riesenfeld method of B-spline surface-surface intersection [Lane80], 
however the use of the decomposition enables the system to recognise "inside" and "outside" 
regions. 

With regard to boundary evaluation, there is also a resemblance to the algorithm described by 
Turner [Tum88] in which the boundaries of solids are enclosed by inner and outer approximating 
polyhedra which are required to be topologically similar to the solids. Boolean operations are 
performed on the approximations and the results are used to provide starting points for Newton- 
Raphson iteration to improve accuracy. Several points are significant in this context Firstly, ISOS 
evaluations are driven purely by subdivision and boxing. Secondly, it is unclear how Turner's 
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algorithm would apply to sculptured surface bound solids, in particular no indication is given of 
how internal polyhedra for such solids might be found. Thirdly, the creation of additional ISOS 
geometry is seen as a means of supporting various computations in a CSG environment, including 
any future algorithms which may be designed which utilise the segments. Fourthly, ISOS polyhedra 
are maintained as unions of more simple, convex polyhedra to facilitate computations. 

2.3. The ISOS specification 

To clarify subsequent discussion, it will be useful to formalise the terms and rules introduced 
above. A decomposition is defined as a collection of segments {£/) where each S{ owns three sets 
of points, the inner set (, i-set), the outer set {o-set) and the boundary set (b-set). These are known 
as the segment components , and must obey : 

A. Constraints on segment components 

A1 i-set = o-set - b-set for each S t 
A2 o-set contains a portion of the primitive 
A3 b-set contains a portion of the primitive’s boundary 
A4 i-set is inside the primitive 

It must be possible to recursively subdivide each S t such that: 

B. Constraints on segment subdivision 

B1 The offspring segments satisfy the above constraints 

B2 The resulting b-sets give tighter bounds on the surface than did the parent b-sets 
B3 {j( o-sets ) and i-sets ) converge to the primitive after repeated subdivision 

When segments are subdivided, a tree structure results, and the leaf nodes of this tree together 
define a refined decomposition. Any such decomposition must satisfy the following : 

C. Constraints on decompositions 

Cl {j( o-sets ) contains the primitive (the outer solid) 

C2 \^j( b-sets ) contains the boundary of the primitive (the boundary solid) 

C3 i-sets ) is inside the primitive (the inner solid) 

The addition of a new primitive type, then, requires algorithms for (a) initial segmentation and (b) 
segment subdivision, which satisfy the prescribed conditions. 

2.4. Common segment form 

All processing is conducted using segments. If we restrict the shape of the segments, 
geometric operations may be simplified and accelerated [Howe85a], A ''truncated pyramid" shape 
offers a good compromise between flexibility in constructing decompositions and efficiency for 
geometric operations [Howe85b]. More precisely, segments will be constructed using the following 
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planar half-spaces (figure 3). 

• a set of planes called "segment walls" or "delimiting bounds" 

• a plane called the "inner bound" 

• a plane called the "outer bound" 

• a plane called the "internal bound" which may degenerate to a line or a point. 

The segment components must be convex, and are defined as follows 

• the b-set is the region bounded by the segment walls and the inner and outer bounds 

• the o-set is the region bounded by the segment walls and the internal and outer bounds 

• the i-set is the region bounded by the segment walls and the inner and internal bounds 

The spline primitive decompositions have point-degenerate internal bounds, giving rise to "pyramid" 
rather than "truncated pyramid" shaped segments, and so internal bounds will be omitted from the 
description which follows. 



Figure 3. Truncated pyramid and pyramid shaped segments 
3. Segmentation of spline primitives 

In this section, a method for creating segment geometry for B-spline surfaces is outlined 
which uses some of the principles involved in 2D B-spline primitive creation and segmentation 
[Saia88], Segment walls radiate from a point internal to the primitive (the phrase radial 
decomposition will be used). First, some assumptions must be made as to the nature of the surfaces, 
though methods for testing such assumptions are known [Dunn89a]. 

3.1. Boundary determinism conditions 

The spline primitive is defined as a set of patches and a point, called the centre , enclosed by 
these patches. The boundary of the solid is assumed to be composed of the patches. Hence the 
patches must enclose a volume, no patch may be self-penetrating and no pair of patches may 
intersect. These properties, subsequently referred to as boundary determinism conditions , are 
desirable in any modelling scheme in which solids are described using surface patches. 
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3.2. Radial visibility condition 

The inside of the primitive is assumed to be all the points which lie on a ray between the 
centre and the patches. Hence the boundary of the primitive should be single-valued with rays 
emanating from the centre (that is, any line passing through the centre should intersea a patch at 
most once). If this is not the case, then portions of an i-set may stray outside the primitive, as 
illustrated by figure 4. This condition will be referred to as the radial visibility condition , and is a 
requirement of radial decompositions. An important step in the development of the spline primitive 
has been the formulation of a test for radial visibility of a B-spline surface [Dunn89b]. 



3.3. Construction and subdivision methods 

For patches which satisfy the above conditions, a decomposition may be constructed as 
follows (figure 5). Let P be a particular patch and M be the associated control net. Define normal 
as the vector formed by taking the cross product of the two vectors between diagonally opposite 
mesh comers, pointing away from the centre. The points inner and outer are the mesh points 
nearest to, and farthest from the centre, in the direction of normal (respectively). Now let PM be 
the projection of M through the centre onto the plane defined by inner and normal , and let H be the 
defining points of the 2D convex hull of PM, Then : 

• The inner bound is the plane through inner orthogonal to normal 

• The outer bound is the plane through outer orthogonal to normal 

• The segment walls are the set of planes through consecutive points of H and the centre 

Finally, segments are constructed from these bounds as in Section 2.4. (For convenience, all 
entities relating to segment will be subscripted, so that patch S{ is the patch used to form S it i-set S{ 

is the inner set of and so on). Segments are subdivided by first subdividing the associated patch, 

then repeating the construaion process for each sub-patch. 

The validity of this construction method has not yet been considered. In fact, only a limited 
class of spline primitives may be directly supported in this way. The remainder of Section 3 
explains this phenomenon, and a solution is proposed in Section 4. 
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Figure 5. Segment construction : (a) inner and outer bounds, 

(b) segment walls, (c) finished segment 

3.4. The spline primitive as a collection of subsolids 

Let us examine the decomposition more closely, to gain some insight into the relationship 
between a spline primitive and the associated approximating geometry. A primitive satisfying the 
boundary determinism and radial visibility conditions may be seen as the union of a number of 
subsolids, each consisting of all points lying on rays between the centre and a particular patch 
(figure 6). (In fact this constitutes a parameterisation of the primitive). The subsolids resemble 
deformed four sided pyramids, and fit together like a jigsaw to make the spline primitive. Note that 
if one of the patches is subdivided and replaced by the offspring patches, the resulting set also 
satisfies boundary determinism and radial visibility. 
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3.5. Spline primitives related to the ISOS specification 

Suppose Si is a segment constructed for the primitive SP according to the given method, and 
consider the criteria for a valid decomposition (see Section 2.3). The construction of S s ensures A1 
(that is i-set = o-set - b-set). It is a simple matter to show that o-set Si contains subsolid Sj , and that 
b-set Sl contains patch s ., hence constraints A2 and A3 are satisfied. Moreover, since 
SP = tj( subsolid Si ) and Boundary ( SP) = {j( patch s .) this means that Cl and C2 are satisfied 
automatically. 

As the subdivision level increases, the patches generated become flatter, so that the normal at 
any point tends to the vector normal defined earlier, and the distance between the inner and outer 
bounds tends to zero. In addition, the boundary curves and their control polygons tend to straight 
lines so that the patch tends to PM, also defined earlier. Hence o—set s . and i—sets. converge to 
subsolid s . and b-set Si converges to patchy Thus B2 and B3 are satisfied. Since Al, A2 and A3 hold 
assuming boundary determinism and radial visibility, and since these properties are inherited by 
refined decompositions, B1 holds subject to establishing A4. C3 is trivially dependent on A4 . The 
above discussion shows that all constraints will be satisfied, provided i-set s . is inside SP. 



Figure 6. Subsolids composing a spline primitive 


3.6. The inner set problem 

Figure 7a shows a subsolid together with the corresponding i-set. Note that there are regions 
of the i-set which poke outside the subsolid, since the subsolid walls do not stretch to the segment 
walls. Although this would pose no problem were the i-set nevertheless contained in the primitive, 
this cannot be guaranteed. A counter example is shown in figure 7b, in which a loaf-shaped spline 
primitive is shown along with the inner set of an end patch. Such '’inner sets” will be known as 
difference sets (d-sets), since they are defined by the set theoretic difference of the b-set from the 
o-set and have no other direct geometrical significance. 

The problem stems from the fact that the subsolid walls do not reach the segment walls. The 
reason for this may be traced to the non-planarity of the curves which bound the patch. Thus an 
easy and general solution to the problem cannot be found (whilst conforming to the given ISOS 
constraints), unless the shape of supported spline primitives is severely restricted. 
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Figure 7. Invalid i-sets (a) i-set poking outside a subsolid, 
(b) i-set poking outside a primitive 


4. Internal polyhedra 

The first part of this section defines a "well behaved" set of patches, then an internal set for a 
primitive composed of such patches will be found. The restrictions are considerably weaker than 
would be necessary to force the planarity of boundary curves. The section concludes by 
summarising the impact of these constraints for geometric evaluations, and a method for extending 
the class appears in Section 5. 

4.1. Well behaved B-spline patches 

For any set A e E 3 and point p, let Project A, p ) denote the set of points lying on all semi¬ 
infinite rays which stait at p and pass through an element of A (A is called the "generating set"). 
Let denote the four boundary curves of patch Sj . With each segment S it we associate 

some subregions of E 3 

CurveJSurround B{j = Project^ Hull(B { j), centres.) 

Patch_Surround s . = Project ( Hull(patch s ), centre S{ ) 

Patch_Region s . = Project(patchy centre s .) 

Surrourtd s , = ^j( Surround B{j ) 

Core s . = PatchJSurrounds. - Surrounds , 
where Hull( A ) is the convex hull of the control points of A (figure 8). 
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Generating set for 
Curve_Surround 



Generating set for 
Patch_Surround 



Generating set for Generating set for 

Patch_Region Core 


Figure 8. Generating sets for segment regions 
Let 

BP t = Patch_Region s . n inner-bound s . 
and let PP { be the bounding lines of the 2D region 
Patch_Surround s . n inner-bound s . 

Note that BP t is a planar surface patch, and PP { is a convex polygon. A well behaved patch is 
defined as one for which 

□ BPt is one-to-one with the parametric range 

□ BP, is enclosed by the nominal boundary curves Bq 

□ the vertices of flP, lie on the polygon PP t 

□ PPi between successive vertices of BP t consists only of lines from the convex 
hull of the boundary curve which joins these two vertices 

□ the convex hulls of the boundary curves of BPt are quasi-disjoint 

For segmentations where each patch is well behaved, the following can be proved [Dunn89a] : 
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Propositions 

1. Core s . c Patch_Region s . 

2. If Patch s . and Patch Sk have a shared boundary curve B { j (= B k j) then 

Surround Sl n Surround Sk c Patch_Region s . U Patch_Region Sl 

By "shared" it is intended that the curves be represented identically and therefore defined on the 
same control polygon. The first two conditions for a well behaved patch are satisfied automatically 
if the patch is single valued with rays through the centre. The remaining conditions are introduced 
for the sake of proof and may be unnecessary (though do not seem over-restrictive) in the context 
of the general "inner set theory". A class of patches which satisfy these constraints is given in 
[Dunn89a]. 

4.2. Valid interior sets 
Inner Set Theorem 

Suppose S = {Si} is a segmentation constructed as in Section 3.3 for which each patch is well 
behaved. Suppose further that S obeys the shared curve condition , that is, each boundary curve (and 
associated control polygon) of each defining patch is shared by a neighbouring patch. Let 

o-sets ^ o~set s . for all S, e S 
b-set s s \^j b-set s . for all S, e S 

Then it is claimed that d-set s s o-set s - b-set s is inside the primitive. 

The proof requires three Lemmas which may be deduced using the propositions: 

Lemmas 

1. If p g Cores ( and pe d-set Sl then pe subsolid S[ . 

2. Suppose segments S,* and S k and point p are such that S,- and S k have a shared boundary 

curve Bij = B k{ ; p e= d-set S( ; p e d-set Sk and p e Surround B} ,. Then 

p g subsolid s . u subsolid Sk . 

3. Suppose segments S, and S k and point p are such that the segments have a shared 

boundary curve By = B ki ; p e d-set S} and p e Surround Bij . Then p e o-set Sk 

Proof of the Inner Set Theorem 

p e d-sets implies there exists S { such that p e o-set S{ but p b-set s ., so that 
p e d-set S{ . Either p e Cores, or p e Surrounds .. If the former, then p is inside the primitive 
by Lemma 1, and if the latter suppose, without loss of generality, that p e Surround BiJ . The 
statement of the theorem asserts the existence of S k such that By = B k{ , then Lemma 3 gives the 
relation p e o-set Sl . Since p e d-set s it follows that p g b-set Sk and so pe d-set Sk . Hence 
p lies within the primitive by Lemma 2. 

In summary: if {5,*} is a segmentation of a spline primitive for which each patch is well 
behaved. Then if each boundary curve of a patch is shared by a neighbouring patch, an inner set is 
given by 


d-sets = u( °~ set Sf ) “ U( b-set St ) 
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It follows that "inner set" information should be derived using outer and boundary sets, wherever 
possible, to avoid the costly computation of an explicit inner set. 


4.3. Local inner solids 

The shared curve condition appears, at first sight, to be somewhat restrictive. For if a 
decomposition has a segment which has been subdivided to a high level, this suggests that a similar 
level of subdivision must be be propagated throughout the entire decomposition. In fact we can 
avoid this scenario by careful book-keeping due to the following: 


Local Inner Set Theorem 

Let S = {$} be a decomposition of a spline primitive, and let SL and SL' be mutually disjoint 
subsets of segments from S. (Note that the regions of E 3 covered by the two sets SL and SL' need 
not be disjoint). Then 

(o-set SL - b-set sl ) - o-set SL <= d-set s 

Proof 


d-set s = {o-set SL yj o-set SL ) - ( b-set SL \j b-set SL 0 

= {(o-set SL - b-set S i} - b-set sv ) yj (( o-set su - b-set SL ) - b-set SL ) 

3 0 o-set SL - b-set si ) - b-set su 
3 (o-set SL - b-setsi) - o-set su 

This shows that a "local" inner solid may be defined on a subset of segments. Moreover, suppose 
S( e SL and Sj e SL’ are such that o-set s . n o-set s • =0 for all S,* in SL. Then if Sj is removed 
from SL', the theorem still holds. Now it can be shown that for any two segments from S, if the 
segments are disjoint, so are the two regions of E 3 occupied by their children. Hence Sj is redundant 
and can be ignored completely when refining the local inner solid, and so the adaptive nature of the 
system may be preserved. 


4.4. The impact of spline primitives 

A robust method of producing planar bound internal sets for a class of solids bounded by 
sculptured surfaces has been detailed. The computational costs of the method are comparable to 
pure surface boxing. The sets are suitable for Inner Set Outer Set methods provided 

(a) The sculptured patches are suitably behaved (Section 4.1) 

(b) Segments are constructed according to the radial decomposition method described (Section 3.3) 

(c) The evaluation algorithms are adjusted as suggested (Sections 4.2 and 4.3) 


5. Generating spline primitives 
5.1. Extending the domain 

The class of spline primitives with which the revised system can cope is restricted by the 
radial visibility condition. Primitives which satisfy the condition may be characterised as radially 
deformed spheres, and objects with different topologies are outside the scope of the scheme. While 
the class of such objects is large, it is worthwhile considering ways of expanding the domain. 
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Any solid may be broken down into regions having boundaries which are visible from their 
own "centre" points. Since these regions are chunks of solid the resulting scheme may be described 
as "solid subdivision" (figure 9). Subdividing a solid will produce new internal faces, which bound 
the resulting subsolids, and each internal face will be shared by two subsolids. Although this 
suggests problems within the ISOS environment, due to the handling of coincident surfaces by the 
system [Beac89], the problems may, in fact, be circumvented by flagging the coincidence 
information so that it may be accessed by evaluation routines. 



Figure 9. Solid subdivision into point-visible components 

5.2. Generating spline primitives from trivariate B-splines 

The cartesian product formulation for a B-spline surface may be generalised to three variables 
to define a B-spline hyperpatch or "Bivariate" B-spline solid [Saia86, Casa85]. Sculp_Sol, a testbed 
system described in [Saia86] for creation and display of trivariate B-splines, produces data files 
used in a program which generates spline primitives. These are subsequently utilised in an 
experimental system which evaluates the boundary of CSG solids using the algorithm described 
earlier (figure 10). 

The basic idea is to extract the bounding faces from the trivariate definition, then to generate 
points within the trivariate solid as candidates for the "centre". Failure to satisfy the derived 
constraints results in subdivision of the solid into two subsolids [Saia88], the parametric direction 
for subdivision being chosen as a function of the trivariate control block. This process is recursively 
applied to the two subsolids, so that the successful conclusion of the algorithm produces a binary 
tree with subsolids at leaf nodes and non-leaf nodes indicating the occurrence of subdivision. 
Internal faces resulting from subdivision are tagged as they are generated and this information may 
be accessed by the boundary evaluation system. 

Note that this method of solid generation confines the primitive to a six faced topology. 
However the confinement is a consequence of using the trivariate solid as a primitive generator, 
more sophisticated methods could generate valid n-faced topologies. 
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Figure 10. Output from the boundary evaluation system (a) scan-line shading, 
(b) faceted output with final intersection calculations 


6. Conclusions 

Inner and outer planar-bound sets for a large class of solids enclosed by B-spline surfaces 
have been found. To avoid computing the inner set directly, it is usually possible to deduce internal 
information using the outer set and boundary boxes. Such computations are both robust and 
efficient. 

It has been shown how Inner Set Outer Set methods may be adapted to provide a framework 
for geometric evaluations of CSG represented solids, incorporating B-spline surface bound 
primitives. Experimental systems for generating suitably constrained primitives, and performing 
boundary evaluation have been described. 
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Abstract 

The mesh-subdivision scheme, a uniform scheme for the representation of objects used in 
freeform geometric modelling, is discussed. The scheme has two parts: a mesh representing the 
topological structure and approximating the geometric structure, and a recursive subdivision 
method, using parameters to control the shape of the object. It is shown that the problem of self- 
intersection in known recursive subdivision methods can be solved, and it is indicated how freeform 
solid modelling methods can be integrated in the scheme. 


1 Introduction 

For the representation of objects in freeform geometric modelling, a number of schemes have 
been developed. A review for curves and surfaces can be found in [4] and for solids in [23]. 
Solids are mostly bounded by planar and quadric surfaces, because the use of surfaces of 
higher order in solid modelling gives rise to problems such as the computation of intersection 
curves, and the representation of trimmed surfaces [18]. Solutions can be found by combining 
implicit and parametric representations of intersecting surfaces in order to get the intersection 
curves [18], and restricting the parameter domain of a parametric equation to represent a 
trimmed surface [8]. The first solution gives an exact representation of the intersection curve, 
but there is such a wide variety of surface and curve shapes, that a uniform scheme for the exact 
representation of all of these is impossible. 

An example of giving up the exact representation of objects can be found in [21], where 
solids are represented by combining surface patches (exact), and the intersection curves 
between surfaces are computed by first subdividing surface patches until they are planar within 
a certain tolerance, and then approximating the intersection curve by the intersection curve of 
these “planar'* patches. Other developments in this direction of approximating representations 
can be found in [10], [13], [29], [20], [1] and [7]. These representations consist of a mesh of 
points that defines patches and approximates a surface, and a recursive subdivision method, 
sometimes combined with shape parameters for refinement of the approximation. The recursive 
subdivision method computes a new mesh of points defining the patches that are generated by 
subdivision of the original patches. This approach gives rise to a number of problems: first and 
second order continuity can be lost when the points are not arranged in a rectangular grid, self¬ 
intersection of the surface can be introduced, and, after one or more subdivision steps, the 
control polyhedron can contain non-planar faces, even when the starting polyhedron consists of 
planar faces only. 
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This result suggests dropping the relation with patches and developing a new recursive 
subdivision method based on topological and geometric considerations. The method discussed 
below, together with shape parameters and a special kind of control point-mesh it works on , is 
called the mesh-subdivision scheme. It offers a uniform representation for curve, surface and 
solid modelling with an extensive geometric coverage; existing representations (such as 
polyhedron, CSG, b-rep), shape operations, visualization algorithms and other applications can 
be accommodated, new applications can be brought within reach, and a finite element mesh is 
an intrinsic part of the representation. 

This paper is organized as follows. First a classification of the objects in freeform geometric 
modelling is given, together with a review of topological and geometric characteristics. It is 
followed by the definition of a mesh, and its topological and geometric characteristics. Then the 
recursive subdivision is defined, and the topological and geometric consequences for the 
meshes it is applied to are discussed. Furthermore, some remarks are made on the integration of 
freeform solid modelling methods in the proposed scheme. Finally, some conclusions, 
prospects and subjects for further research are given. 

Notational conventions 


x vector product 

P point in space 

v vector 

o null vector 

PQ vector from P to Q 

lnl length of n 

P + v endpoint of v, if P is beginpoint of v 

IAABQ area of triangle ABC 

SM the boundary of manifold M 

the interior of manifold M 
L-M difference of the sets L and M 


2 Objects in freeform geometric modelling 

In this chapter two aspects of freeform geometric modelling are discussed: topology and 
geometry. In 3D-Euclidian space, four types of objects can be distinguished: point, curve, 
surface and solid. These objects can be described in terms of n-manifolds with or without 
boundary [17]. An exact definition, a further classification, and topological characteristics will 
be given by means of concepts and results of algebraic topology. The most interesting objects 
are surfaces that can be characterized completely by at most two numbers. Also a short review 
of concepts and results of differential geometry concerning curves and surfaces is given. 

2.1 Topology 

2.1.1 Classification of objects 

A point is a 0-manifold and the simplest entity we can have: it has no internal structure at all. 
A curve is a 1-manifold: a connected, bounded and closed set, each of its points having a 
neighborhood homeomoiphic to an open or half open interval on the real line. If every point of 
the curve has an open interval neighborhood, it is a closed curve, otherwise it has two 
endpoints and is an open curve . A surface is a 2-manifold: a connected, bounded and closed 
set, each of its points having a neighborhood homeomoiphic to an open set of either a plane or a 
closed half-plane. When the first case applies to each point of the surface, we have a closed 
surface. If not, the surface has one or more closed curves as boundary (and so one or more 
holes) and is called an open surface. An open surface arises from a closed surface by making a 
number of holes in it. As far as surfaces are concerned, one restriction has still to be imposed: 
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they have to be orientable. This means that, if at an arbitrary point of the surface a direction of 
rotation has been chosen, this direction will be preserved when a closed curve on the surface is 
traversed. This condition excludes phenomena like the Mobius strip, and makes it possible to 
distinguish two different sides of a surface: inside and outside when we have a closed surface, 

A solid is a 3-manifold: a connected, bounded and closed set, each of its points having a 
neighborhood that is homeomorphic to either an open set in 3D-space or an open set in a closed 
3D-halfspace. Because we are working in 3D-space, a solid must have points to which the 
second case applies, which reflects the simple fact that a solid always has a boundary. This 
boundary consists of one or more closed surfaces, and, if more than one, the solid has one or 
more internal holes. 



figure 2.1 relations between objects 

Because a solid is a bounded set, it turns out to be completely determined by the closed 
surface(s) forming its boundary. Algebraic topology provides the complete classification of 
surfaces (we only consider orientable surfaces): a closed surface is homeomorphic to a sphere 
or a connected sum of tori (a sphere with one or more handles), and an open surface is 
homeomorphic to a sphere with a number of holes or a connected sum of tori with a number of 
holes [16]. If a solid has internal holes, it will be called a hollow solid , otherwise a massive 
solid. The relations between the different types of objects are shown in fig. 2.1. There are two 
types of relations in this figure [3]: object a is an attribute of object 6, indicated by a line 
connecting the top of a to the bottom of b , and object a is a specialization of object b, indicated 
by a line connecting a lower comer of a to an upper comer of b. 

2.1.2 Characteristics 

In the previous section, objects are described in words, but now they will be characterized 
by numbers. This characterization is based on the following theorems: 

• every 2-manifold is triangulable [22] 

• every 3-manifold is triangulable [19]. 

The exact definition of triangulability can be found in [17]. Loosely speaking, we can say 
that every 2-manifold consists of a set of (deformed) triangles connected at their edges, and 
every 3-manifold consists of a set of (deformed) tetrahedra connected at their triangular faces. 
This implies the triangulation of the boundary surface(s) of every solid. The triangulation of a 
1-manifold is evident. 

The orientability of a surface can be described in terms of the vertices, edges and triangles of 
its triangulation as follows. An orientation of an edge is an ordering of its vertices, and an 
orientation of a triangle is an ordering of its edges (E|). An orientation of a triangle induces an 
orientation on each of its edges in the following way: if Ei has vertices P and Q, then (P,Q) is 
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the induced orientation on Ej if P = Em n Ej and Q = Ei n Ei+i. A surface is orientable if 
for any triangulation, to each of its triangles an orientation can be assigned in such a way that 
every two triangles with a common edge, induce opposite orientations on that edge. The 
orientations of the triangles with this property establish an orientation of the surface. This 
means also that for an orientable surface there are two possible orientations. 

With a triangulation of a manifold, we can distinguish vertices, edges, triangles and 
tetrahedra, the numbers of which we denote as ao, aj, CX 2 and 0 C 3 . It turns out that the Euler- 
Poincard characteristic 
3 

X = XX-iyai (2.1) 

1=0 

is independent of the way we cut the manifold into pieces [11]. Moreover, closed surfaces are 

fully determined by % and their orientability, and open surfaces by %, their orientability, and the 
number of holes or boundaiy curves. 

For a surface 

X = 2 - 2 n - k ( 2 . 2 ) 

where n is the number of handles attached to the sphere and k is the number of holes [16]. A 
solid can be characterized by means of its boundary surfaces. For massive solids without 
handles we have x = 1 (take a tetrahedron); a massive solid with one handle has x = 1 - (3 * 
3 + 1) = 0 (join two non-adjacent triangles into one triangle at the boundary surface of a 
triangulated sphere: three vertices, three edges and one triangle disappear), thus a massive solid 
with n handles has 

X = 1 - n. (2.3) 

For a massive solid M with n handles, the boundary surface S has n handles and zero holes, 
thus, by combining (2.2) and (2.3), the contribution of the interior M-S of M to x(M) is n-1. 
An internal hole "with n handles" of a solid can be seen as the interior of a massive solid with n 
handles. This means that for a hollow solid H, made from a massive solid M by creating an 
internal hole "with n handles", we have x(H) = x(M)-(n-l). It follows that for a solid bounded 
by m closed surfaces with n\ handles at the i* surface 

m 

x = XCl-nO, (2.4) 

i=0 

which can be seen as a measure for the complexity of the solid. 

Trivial cases are x = 0 for a closed curve, x = 1 for an open curve, and x = 1 for a point. 

2.2 Geometry 

Some relevant concepts and results from differential geometry of curves and surfaces are 
reviewed [27] in preparation for the introduction of the geometric characteristics of 1- and 2- 
meshes. 

22.1 Curves 

We consider smooth curves, i.e. curves represented by a function x : I—>E^ of at least class 
C 2 , where I is a closed interval on the real line. If s is the arclength parameter, then 
t(s) = d*(s)/ds is a unit tangent vector. The curvature k is defined by k(s) = ld/(s)/dsl. 

If k * 0, the principal normal n is defined by kw =df/ds. Then t Ln and \n\ = 1. The 
curvature is a measure for the deviation of the curve from a straight line, because 

lim A0/As = k (2.5) 

As-*0 

where A0 is the angle between t( s) and /(s+As). If k * 0, the binormal b is defined by 
b = / x n. Then I b\ = 1 and (t,n,b) is a right-hand-oriented vector triple known as the Frenet 
frame. It turns out that d/i/ds + k/ is a multiple of b , and the multiplication factor is called the 
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torsion x: xb = d/i/ds + k t Now x is positive when the curve penetrates the plane through 
jc(s) spanned by t and n , in the direction of b. The torsion is a measure for the deviation of the 
curve from a planar one, because 

lim Aq/As = Ixl (2-6) 

As-»0 

where Arj is the angle between b(s) and b(s+ As). 

The curvature circle at a point of the curve, the circle with closest contact to the curve at that 
point, has radius 1/k and center 

x + (l/K)n (2.7) 

The osculating sphere at a point of the curve, the sphere with closest contact to the curve at 
that point, has center 

x + 1/k n + 1/x d(l/K)/ds b (2.8) 

A smooth curve is, except its position, completely determined by K and x. 

222 Surfaces 

We consider smooth surfaces, i.e. surfaces represented by a function x: U—»E 3 of at least 
class C 2 , where U is a square in E 2 If u = (ui,U 2 ) is the parameter then the two vectors 
dl* = (3x/3ui) and 82 * = ( 3 x/ 3 u 2 ) are assumed to be independent for every weU. The 
tangent plane of the surface at a point x(u) is the plane containing that point spanned by the 
vectors 3ix and 82 *. The normal at x(w) is n = d\x * 82 *. 

If C is a curve on the surface with Frenet frame (tc>nc>bc) and curvature K, the geodetic 
curvature Kg and the normal curvature K n are defined by Kg = k sina and K n = k cosa, a 
being the angle between rtc and n. A curve with K g = 0 everywhere is called a geodesic of the 
surface. Considering all geodesics through a fixed point of the surface, there are two orthogonal 
directions at which the geodesics have a maximum and a minimum curvature. The product of 
these two curvatures is called the Gaussian curvature K. 



The Gauss-Bonnet theorem shows the relation between topological and geometric 
characteristics of a smooth surface. Let S be a smooth surface with a boundary formed by the 
piecewise-smooth closed curves Q (i=l,...,n), parametrized by arc length and with interior 
angles rj m (m=l,..„p) and let A be the area of S. Then [12] 

.2 / Kg ds + JlCdA + I (Jt-T| m ) = 2tix(S). (2.9) 

i=l Cj s m=l 

See also fig. 2.2. For a surface S homeomorphic to a triangle and bounded by a number of 
geodesics, formula (2.9) reduces to 

/KdA + i (7t-T| m ) = 2n. 
s m=l 

The total curvature of S is 


( 2 . 10 ) 
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K s = 2w - Z Ot-TIm) 

m=l 

and the curvature of S is 


( 2 . 11 ) 


K s =K?/A. 


( 2 . 12 ) 


If S shrinks down to a point, (2.10) gives 


K = lim K s . 

A-*0 


(2.13) 


3 Meshes 

As discussed in section 2.1, curves, surfaces and solids can be considered as a composition 
of line segments, triangles and tetrahedra from the point of view of topology. In this chapter, 
triangles and tetrahedra are replaced by the wider concepts of 2-cells and 3-cells, and their 
composition to surfaces and solids is called 2-mesh and 3-mesh. This is done in order to 
approximate the geometry of surfaces and solids in a more flexible way, and to simplify the task 
of defining a surface or a solid, by reducing the number of building-bricks to be handled and 
defined. The concept of a mesh is an extension of the concept of a pseudomanifold [11], Cells 
and meshes are defined, and concepts of topology and geometry are applied to meshes. 

3.1 Definitions 

A planar face is bounded by a closed curve of edges. Polyhedra can be defined by closed 
surfaces consisting of planar faces. We define a 2-cell as a surface that is a generalization of the 
convex planar face: the boundary curve does not have to be planar.A 3-cell is defined as a solid 
that is a generalization of the convex polyhedron: the boundary surface consists of 2-scells 
instead of planar faces. Meshes are defined as complexes of cells. 

3.1.1 Cells 

A 0-cell is a vertex. Two 0-cells together with the connecting line segment form a point set 
called a 1-cell or edge. 



figure 3.1 2-cell 

A 2-cell F is defined as follows: the starting point is a finite set of 1-cells forming a closed 
curve. Let Pi (i=l,...,N) be the endpoints of these 1-cells, and Cp the center of gravity of Pp 
Then the points of all the ACpPiPj+i (where P^+i has to be interpreted as Pi) form the surface 
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F (fig. 3.1). Let in/ = C F Pi*PiP M . Then m/ is a normal vector of AC F PjPi + i with 

lrn/1 a 2IAC F PiPi+ll. 

Let wi/r be the sum of all the m,* and let a F be the plane with normal mp through C F . The 
orthogonal projection of Pj on a F is P'i. F is weak convex and called a 2-cell if the following 
conditions are satisfied: 

• F is homeomorphic to a triangle 

• ntp is not the null vector 

• all Fi are different 

• the polygon {P'i} is convex 

• the edges P'iFi+i have no common interior points. 

The last condition is necessary to avoid the situation that an edge P'iFi+1 is totally contained 
in the edge Fi+iP'i+2- 



figure 3.2 3-cell 

A 3-cell is defined as follows: the starting point is a finite set of 2-cells forming a closed 
surface such that two 2-cells have at most one 1-cell in common. This closed surface and its 
interior form a solid B with center of gravity Cb- Let P be a 0-cell of B with 1-cells Ei 
(i=l,...,Np) containing P. Besides P, each Ei has another 0-cell Pi, and the Ei are arranged 
(counterclockwise around P seen from outside B (fig 3.2). B is weak convex and called a 5- 
cell if the following conditions are satisfied: 

♦ B is homeomorphic to a tetrahedron 

• B is local weak convex: for each 0-cell P, the internal angle between each APPjPi+i and 
APPi+iPj+2 is less then or equal to 7t 

• B is global weak convex: for each pair of 2-cells Fi, F 2 with a common edge, it holds 

that C F j lies in the closed halfspace determined by a Fi and -m/?; for (i,i) =(1,2) and 
(ij) = (2,i) J 7 

* for each 2-cell F with 0-cells (Pi) (i=l,...,N F ), the tetrahedron PiP i+ iC F C B is 
contained in B for each i. 

Note that an i-cell is an i-manifold with boundary. 

3.1.2 Mesh definition 

Now we are in the position to define a mesh. A 0-mesh is a 0-cell. A 1-mesh is a finite set of 1- 
cells forming a curve. This means that each 0-cell belongs to one or two 1-cells, the 1-cells have 
no interior point in common, and form a 1-manifold. 

A 2-mesh is a finite set of 2-cells forming a surface such that two 2-cells have at most one 1- 
cell in common. This means that each 0-cell belongs to at least three 1-cells, each 1-cell belongs 
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to one or two 2-cells, the 2-cells have no interior point in common, and the 2-cells form an 
orientable 2-manifold. 

A 3-mesh is a finite set of 3-cells forming a solid such that two 3-cells have at most one 2- 
cell in common. This means that each 0-cell belongs to at least three 1-cells, each 2-cell belongs 
to one or two 3-cells, the 3-cells have no interior point in common, and the boundary 2-cells 
form closed surfaces. An i-mesh will be denoted by M* (i = 0,1,2,3). 

Although a solid can be represented by its boundary surfaces, thus by 2-meshes, it can be 
represented by a 3-mesh as a unit when it is a hollow solid. This also has other advantages: the 
introduction of self-intersection during subdivision can be avoided (chapter 4), and the solid 
consists of a finite number of 3-cells. Although this subdivision is solely based on the geometry 
of the solid and not on its functionality, it can be a starting point for finite element analysis. 

3.2 Relations 

In the sequel, we will consider objects defined as 0-meshes, 1-meshes, 2-meshes and 3- 
meshes instead of points, curves, surfaces and solids. In the context of meshes, we will use the 
terms vertex, edge, face and brick instead of 0-cell, 1-cell, 2-cell and 3-cell. A 3-mesh consists 
of a finite number of bricks, but not every brick is part of a 3-mesh. A brick consists of a finite 
number of faces, but not every face is part of a brick. Statements analogous to these can be 
made concerning 2-meshes, faces, 1-meshes, edges and vertices. All these relations are 
visualized in fig. 3.3, which is an extension of fig. 2.1. Note that for the definition of a model, 
all the relations and objects can be derived from those indicated by thick lines plus the 
coordinates of the vertices. 



3.3 Topology 

In this section, we want to show that formula (2.1) holds for a mesh, if the oti are replaced 
by the numbers of vertices, edges, faces and bricks of the mesh. Furthermore the 
characterization of the orientability of 2-meshes will be given. 



151 


We have the following proposition: for a mesh M, interpreted as a manifold, 
X(M)=S(- 1 ) i c i . (3.1) 

i=0 

where c 0 , cj f C 2 and C 3 are the number of vertices, edges, faces and bricks. 

If M is a 0- or 1-mesh, this follows directly from (2.1). For a 2-mesh we prove (3.1) as 
follows. A triangulation of a 2-mesh M 2 including its edges and vertices, results in a 
triangulation of each of its faces. Following the definition, a face F is homeomorphic to a 
triangle, thus %(F) = 1. The boundary M l of F is a closed curve, which means x(M*) = 0, 
thus the contribution of the triangulation of F-Ml to %(F) is 1. If we replace in (2.1) the 
contribution of the interiors of the faces of M 2 by the number of faces, we get 
1 

XfM 2 ) = £ (-l) 1 ot , | + c 2 . (3.2) 

i=0 

where a'o and a'i are the number of vertices and edges of the triangulation at the edges of M 2 . 
On an edge of M 2 , we can remove the interior vertices, and a'o and a'i are decreased with the 
same number. If this is done for each edge of M 2 , a'o becomes co and a'i becomes cj. This 
establishes (3.1) for 2 -meshes. 

A triangulation of a 3-mesh M 3 including its vertices, edges and faces, results in a 
triangulation of each of its bricks. A brick B is, by definition, homeomorphic to a tetrahedron, 
thus X(B) = 1. The boundary M 2 of B is a closed surface with x(M 2 ) = 2, thus the 
contribution of the triangulation of the interior B-M 2 of B to %(B) is -1. If we replace in (2.1) 
the contribution of the interiors of the bricks of M 3 by the number of bricks, we get 

X(M3)»i(-l) i a l i -C3 (3.3) 

1=0 

where a'o, a'i and a ’2 are the number of vertices, edges and triangles of the triangulation of 
the faces of M 3 . Using the same arguments as to get (3.2) for a 2-mesh, we can change (3.3) 
into 

X(M 3 )=£(-l) i a"i + C 2 -c 3 (3.4) 

1=0 

where a”o and a”i are the number of vertices and edges of the triangulation at the edges of 
M 3 . Relation (3.1) follows from (3,4). 

Just as the orientability of a surface can be formulated in terms of edges and triangles of any 
triangulation, so the orientability of a 2 -mesh can be formulated in terms of its edges and faces. 
An orientation of an edge is an ordered set of its vertices. An orientation of a face F is an 
ordered set {Ejjof its edges such that each two Ei, Ei+i have a vertex of F in common. An 
orientation of a face induces an orientation on each of its edges in the following way: if Ei has 
vertices P and Q, then (P,Q) is the induced orientation on Ei if P = Ej-i nE} and 
Q = Ei n Ei+i. Now a 2-mesh is a surface and thus orientable. From the description of the 
orientability of a surface given in section 2 . 1 . 2 , we derive the following: a 2 -mesh is orientable 
means that all its faces can be oriented in such a way, that every two faces with a common edge 
induce opposite orientations on that edge. The orientations of the faces with this property 
establish an orientation of the 2 -mesh. 

The same can be said about the boundary surface of a brick, because this is a closed 2-mesh. 
An orientation of a 3-mesh can be defined as the orientations of its bricks with the property that 
two bricks, having a face in common, have opposite orientations on that face. 

3.4 Geometry 

In this section, geometric concepts for 1-and 2-meshes analogous to those for smooth curves 
and surfaces, are developed. 
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3A.1 Characteristics of 1-Meshes 

In the discussion of curves, we saw that the deviation from a straight line is expressed by its 
curvature and the deviation from a planar curve is expressed by its torsion. As far as 1-meshes 
are concerned, the deviation from a straight line is concentrated at each vertex. For the deviation 
from a planar curve, three subsequent edges have to be considered. To a I- mesh with vertices 
Pi (i=l,...,N) can be assigned an orientation by the order of the Pj. Q are the centers of the 
edges PiPj+i. At each Q, we define as tangent *'/ the unit vector with direction PiPi+i (fig 
3.4). In Pi the tangent // is the unit vector in the direction of !'/+/ + /'/. The normal n/ in Pj 
is the unit vector in the plane through Pm,Pj and Pj + i which is orthogonal to // and pointing 
inside APi.iPjPi+j. 



figure 3.4 geometry of 1-mesh 

The binormal ty at P[ is a unit vector that forms a right-hand-oriented orthogonal vector triple 
The binormal b 9 i &t Q is defined as the unit vector in the direction of bi + bi+j. 
The normal at Q is a unit vector that forms a right-hand-oriented vector triple (t f i,n'i,b'i). 
Note that n'i bisects the angle between the planes Pj-iPiPi + i and PjPi+iPi+2- If 
hi + if+j = o , that means if Pm, Pi, Pj+i and Pi+2 are coplanar and Pm and Pj+2 lie at 
different sides of the line through Pj and Pj+i, then we define b'i as the unit vector that forms a 
right-hand-oriented vector triple (bi,t'iJb 9 i). Also in this case we define n r / is a unit vector that 
forms a right-hand-oriented vector triple (/'/.»' 9 i>b'i). In accordance with (2.5), we define the 
curvature Kj at Pj by 

0 i 

Kl = IPiQ-il+IPiQI 

where 0i is the angle between and /'/. The curvature K’j at Q is, following (2.7), defined 
by 

l/K'i = 1/2(1/Kj + 1/Kl+l). 

In accordance with (2.6) we define the torsion t'j at Cj by 

f . _Z3i 

x ‘ iPiPi+ii 

where T]j is the angle between ft/ and ft/+; with ru >0 if (ft/,ft/+/,/'f) is a right-hand-oriented 
vector triple, and rji < 0 if it is a left-hand-oriented vector triple. Note that T’j can only be 
defined if kj and Kj+i are both unequal to zero. The torsion x\ at Pj is, following (2.8), defined 
by 

1/ti = l/2(l/i'i-i - ( — K - i-l) + l/T'i - 1/lgi) ) . 

As As 

By taking A(l/K'i)/As = (I/kj+i - l/K|)/iPiPi + il, and using the definition of x r i, we get 

l/xi = i 

Tli-1 T|| 
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We can assure that tq * 0 by omitting each Pj with Kj = 0, and joining the two edges 
involved into one edge. 

3A.2 Characteristics of 2-Meshes 

If we have a face F, Cplies within the polygon P'i 0=1,...,Np) (Fig. 3.1). Note that if F is 
planar, it is a convex polygon. Let ui = CpP'f, an ^ such that P'/P/ = Wf (fig. 3.5). 
Then Pj = Cp+i//+XiTOf, and zi/lutj? for i=l,...,Np, the sum of Xj is zero, and the sum of ui 
is the null vector, because Cp is the center of gravity of P*. Because of CpP/ = i/j+Ximp*, 
mi = CpPi x CpPi+j results in m( = TO/rx(Xiif,* + i-Xi + ii//) + in*Ui+j t which gives 
Np Np 

m P = i» f x + Zuixuj+j. (3.5) 

i=l i=l 

The first term is orthogonal to mp and the second term is parallel to mp. This combined with 
the fact that X\Ui + i-X,+\Ui is orthogonal to mp, gives 
Np 

S(^iKi+2-^i+l«f) = o, and (3.6) 

i=1 n f 

m F = Zu(*ui+i. (3.7) 

i=l 

The vector m F has some nice properties. If we take C'= Cj; + \m ?, 
m f i = C'P/*P,P/ + j and to V is the sum of all mthen, because the Pi form a closed curve, 
to'/? = #»/?. If F is triangulated by connecting non-adjacent vertices, we add Np - 3 edges and 
create Np - 2 triangles. To each such triangle A, we can assign a normal vector m& with 
Ito^I = 2IA1. By induction to Np and using (3.5), it can be shown that mp is the sum of all m^, 
if all these m A are coherently oriented. 

Obviously, for Np = 3 all Xj are zero. If Np = 4, we can write (3.6) as (X1-X3HW2- 
114 ) + (X 2 -^ 4 )(«j-tti) = o. If U 2 -U 4 and 113 -uj are linear independent, it follows that X\ = - 
X2 = X3 = -X4, because the sum of Xj is zero. This means that the conditions in the definition of 
a 2 -cell are satisfied, and the centers of gravity of the edges lie in ap (a fact that can also be seen 
directly). If 112-114 and 113 - 1*7 are linear dependent, then (m 2 ’ w 4 ) x ( k J’ k /) = 0 and (3.7) gives 
mp = 0 , which is excluded by definition (in fact the 11 / are not defined at all in this case). 



figure 3.5 2-cell 

By connecting, for each face F, Cp and the involved vertices, we get a triangulation of a 2- 
mesh. By means of this triangulation we can define the normal vector and curvature of vertices 
and faces of a 2-mesh. The normal np at a vertex P of a 2-mesh is defined by #ip = n '/>/in '/>! 
where w'/> is the sum of the coherently oriented normals n& of unit length of the triangeles A 
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with AdP. The normal np of a face F of a 2-mesh is defined by np = n f pfln r p\ where n V is 
the sum of the coherently oriented normals n a of unit length of the triangles A with AcF. 

For the definition of the curvature of a 2-mesh, we can use (2.11) through (2.13) as a 
starting point. Let P be a vertex of the 2-mesh with surrounding vertices Pi (i=l,...,N) and 
centers of gravity of the surrounding faces C[ (i=l,...,N) (fig 3.6a). The surface made up by 
the triangles to which P belongs can be made planar by cutting along PPi (fig 3.6b). In polygon 
S = PPiCiP 2 C 2 ...PnCnPi* we have 
2N 

a(P) = Z(7c-ri0 (3.8) 

1=1 

is the sum of the angles around P, because the sum of the angles of a polygon with n vertices is 
(n-2)fl. For the neighborhood of P made up by the triangles containing P, the curvature is 
concentrated in P, and the geodetic curvature at the boundary, consisting of straight lines, is 
zero. In according with (2.11) and (3.8), we define the total curvature at a vertex P as 
Kp = 27c - a(P). In the same way, the total curvature at a face F is defined as Kp = 2tz - 
a(F), where a(F) is the sum of the angles around the center of gravity of F. Now [14] for a 2- 
mesh M, we have 

I Kp + X n Kp + X (rc-a(P)) = 2 ji%(M). ( 3 . 9 ) 

Li accordance with (2.13), we can define the curvature. We spread the area of a triangle over its 
vertices, and define Ap as one-third of the area of the triangles surrounding P, The curvature at 
P is defined by Kp = Kp/Ap. The same can be done for the faces F of M: the curvature at F is 
defined by Kp = Kp/Ap, where Ap is the one -third of the area of the triangles of F, Now (3.9) 
becomes 


2 KpAp + 
FcM 


p? M o KpAp + 


X 

Pc9M 


(rc-a(P)) = 27tx(M), 


the analogue of (2.10). 



a neighborhood of a vertex b flattened neighborhood 
figure 3.6 curvature of a 2-mesh 


4 Recursive subdivision 

As mentioned in chapter 1, recursive subdivision methods are based on the subdivision of 
patches defined by a mesh of control points [10, 13]. At each subdivision step, a number of 
new points are derived from existing points in the mesh. In this way the number of points, 
edges and faces increases, the size of the edges and faces decreases, and the part of the mesh 
with a rectangular grid of points increases. Problems arise at places where the grid is not 
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rectangular. One property of these methods is that, starting with a polyhedron with planar faces, 
the planarity is lost after one or more subdivision steps. This has led us to the definition of 2- 
and 3-meshes in which planarity has been dropped from the beginning. Another property of the 
known methods is the one-sided approximation of the intended shape at convex and concave 
regions, because of the convex hull property. A further problem that self-intersection of 
surfaces of a solid can be introduced during subdivision. Now a recursive subdivision method 
will be discussed for meshes: after the definition, the properties of this method with respect to 
the topology and the geometry will be discussed, and it will be shown that self-intersection can 
be avoided. 

4.1 Definition 

Recursive subdivision is defined for 1-, 2- and 3-meshes, in that order. This is done because 
the subdivision of 3-meshes is closely related to that of 2-meshes, and the subdivision of 2- 
meshes is closely related to that of 1- meshes. The result of the subdivision of a mesh M will be 
indicated by Sbd(M). For each vertex P, edge E, face F, and brick B of M, new vertices, called 
V(P), V(E), V(F), and V(B), are constructed for Sbd(M). These new vertices are organized into 
edges, faces and bricks. In the subdivision, shape parameters are used to control the ultimate 
shape. To each vertex P, except internal vertices of 3-meshes, a weight wp is assigned that 
determines, together with the "curvature" of the mesh around P, the distance from V(P) to P. 
Each edge E, except internal edges of 3- meshes, has a weight wb and a tension t£ used in the 
computation of V(E). The we controls the relationship of V(E) to E. The tE determines, together 
with the "curvature" of the mesh around E, to what extend V(E) sticks out from M. The we and 
t£ are both in the interval [0,1], and are related as follows: if we e [0, 1) then t£ = 0, and if 
we = 1 then t£ e [0,1]. Each face F, except internal faces of 3- meshes, has a tension tp. The 
tp determines, together with the "curvature" of the mesh around F, how far V(F) protrudes with 
respect to the surrounding V(E)'s. The subdivision of 1-, 2- and 3- meshes will now be 
discussed separately. 

4.1.1 1-Meshes 

In a 1-mesh we have vertices with weight, and edges with weight and tension as shape 
parameters. Let P be a vertex of Ml, with weight wp, lying at edges E[ (i=l, or i=l,2) with 
center of gravity Q (fig. 4.1a). The center of gravity of (Q) is Ap. The V-vertex produced by 
P is 

V(P) = Ap + y/pApP with wy(P) = wp. (4.1) 




a V-vertex 


b E-vertex 


fig 4.1 subdivision of 1-mesh 
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Let E be an edge of M 1 with weight wg and tension t£, and with vertices Pi and P 2 (fig 4.1 
b). The center of gravity of E is Ce, that of {V(Pi), V(P 2 )} is De, and that of {Ap x , AP 2 } is Bg. 
Let Ge = Ce + BeCe . The E-vertex produced by E is 

V(E) = De + w kDrCe + IrBeCe with w V (E) = (wpj + wp 2 )/2. (4.2) 

Then V(E) is a point on the line segments DeCe and CeGe- 

An edge E' of SbcKM 1 ) is an edge defined by vertices V(P) and V(E) with PcE, and is 
called a VE-edge. We have we- = we and t£' = t£. 

4.12 2-Meshes 

In a 2-mesh we have vertices with weight, edges with weight and tension, and faces with 
tension as shape parameters. Let P be a vertex of M 2 , with weight wp, and lying at internal 
edges {E’j} with center of gravity Cj, and at boundary edges [E , j} with center of gravity C",\ 
Let dp = min{IPCil}. If P is an internal vertex of M 2 , let D; be the point at E'i with 
IPDjl = min{IPC'il,dp}, and let Ap be the center of gravity of {D|) (fig. 4.2a). If P is a 
boundary vertex of M 2 , let Dj be the point at E'j with IPDjl = min (PC n j,dp), and let Ap be the 
center of gravity of {Dj} (fig 4.2b). The V-vertex produced by P is given by (4.1). 



a internal vertex b boundary vertex 


fig 4.2 subdivision of 2-mesh: V(P) 

Let E be an edge of M 2 with weight we and tension tE, The E-vertex produced by E is given 
by (4.2). 

Let F be a face of M 2 with tension tF, vertices (Pi) (i=l,...,NF), and edges {Ej} 
(j=l,...,Np) (fig 4.3). The center of gravity of (Pi) is Cf, of (Ap;} is Bf, and of {V(Ej)] is 
Df. Let Gf = Df + BfCf . The F-vertex produced by F is 


V(F) = Df + tF BfCf with wv(F) = (Xwpj)/Np. (4.3) 

Then V(F) is a point on the line segment DfGf- 

An edge E' of Sbd(M 2 ) is a VE-edge, defined just like for 1-meshes, or an EF-edge defined 
by vertices V(E) and V(F) with E C F, we- = (we'i + wf 2 )/2 and tE’ = (tE'i + tE'2)/2. Here 
E'i are the edges lying opposite to E' in the faces of Sbd(M 2 ) that have E’ as common edge: for 
example E = V(Ei)V(F), E’i = V(Pi)V(E 3 ) and E' 2 = V(P 3 )V(E 2 ) in fig. 4.3. 

A face F 1 of Sbd(M 2 ) is a face defined by vertices V(P), V(Ei), V(E 2 ) and V(F) with 
PCE],E 2 CF. F has VE- and EF-edges that can be derived from these vertices, and is called a 
VEF-face. We have tp = If. 
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4 A 3 3-Meshes 

In a 3-mesh we have vertices with weight, edges with weight and tension, and faces with 
tension as shape parameters. Let P be a vertex of M 3 with weight wp. If P is an internal vertex, 
the weight has no meaning, and we define V(P) by V(P) = P. If P is a boundary vertex, we 
define V(P) in the same way as for 2-meshes. 

Let E be an edge of with weight we and tension tE» and with vertices Pi and P 2 . If E is 
an internal edge, the weight and the tension have no meaning, and we define V(E) by 
V(E) = (V(Pi)+V(P2 ))/2. If E is a boundary edge, we define V(E) in the same way as for 2- 
meshes. 

Let F be a face of M 3 with tension t F , vertices (Pi) (i=l,...,Np), and edges (Ej) 
(j=l,...,Np). If F is an internal face, the tension has no meaning, and we define V(F) by 

V(F) = (ZV(Pi) + £V(Ej))/2N F . 

If F is a boundary face, we define V(F) in the same way as for 2-meshes. 

Let B be a brick of M 3 with vertices (Pj) (i=I,_ .Nb)» edges (Ej} (j=U~mOb), and faces 

(Fk) (k=l,...,Qfi). We define V(B) by 

V(B) = (IV(P0 + SV(Ej) + lV(F k ))/(N B + 0 B + Qb). 

An edge E' of Sbd(M 3 ) is a VE- or EF-edge, defined in the same way as for 2-meshes, of an 
FB-edge defined by the vertices V(F) andV(B) with F C B. E' has no weight and tension if it 
is an internal edge. 

A face F of Sbd(M 3 ) is a VEF-face, defined in the same way as for 2-meshes, or a 4-face 
defined by vertices V(E), V(Fi), V(F 2 ), and V(B) with E C Fi,F 2 CB.F has with EF- and 
FB-edges that can be derived from these vertices, and is called an EFB-face. F has no tension 
if it is an internal face. 

A brick B’ of Sbd(M 3 ) is defined by vertices V(P), (V(Ej)} (j=l,...,0 P ), (V(F k )} 
(k=l,...,R P ), and V(B) with P C Ei,...,Eo P , for every j there are some kj and k 2 with 
Ej C F kl , F k2 and ki * k 2 , and Fi,...,Fr p C B. B' has VE-, EF- and FB-edges, and VEF- 
and EFB-faces that can be derived from these vertices, and is called a VEFB-brick. 

Combining the definitions of recursive subdivision given for 1-, 2- and 3-meshes gives a 
recursive subdivision method for a complex consisting of 1-, 2- and 3-meshes. 
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4.2 Relations 

In the definition of the recursive subdivision of a mesh M, we have mentioned a number of 
elements of Sbd(M) and the relations to elements of M. 

• a vertex can be a V-, E-, F-, or B-vertex determined by a vertex, edge, face, or brick of M 

• an edge can be a VE-, EF-, or FB-edge determined by a vertex-of-edge, edge-of-face, or 
face-of-brick of M 

• a face can be a VEF- or EFB-face determined by a face of M and one of its vertices or by 
a brick of M and one of its edges 

• a brick can only be a VEFB-brick determined by a brick of M and one of its vertices. 

A total overview of relations between objects can be obtained by integrating the relations 
mentioned above into figure 3.3. 

4.3 Topology 

Intuitively, it is clear that the topology of a mesh does not change by subdivision. It can be 
proven as follows. Consider a 1-mesh M*. Then, by (3.1), %(Ml) = co-ci, and 
XCSbdCM 1 )) = c'o-c'i with c'o = co + cj and c f i = 2c i. It follows that 

X(Ml)= X (Sbd(Ml}). 

For a 2-mesh M 2 » we have %(M 2 ) = C 0 -C 1 +C 2 , and %(Sbd(M 2 )) = c'o-c'i+c' 2 . Let ej be 
the number of internal edges and eb the number of boundary edges. Then ci = ej+eb and 
c'o = co+C]+C 2 . The internal edges produce 4ei edges, and the boundary edges a number of 
3eb edges, thus c'i = 3eb+4ei. Each internal edge of M 2 gives rise to four faces and each 
boundary edge to two faces of Sbd(M 2 ), but in this way these faces are counted twice. This 
means that c '2 = eb+2ej. It follows that %(M 2 ) = %(Sbd(M 2 )). 

A 3-mesh M 3 is determined by its boundary surfaces that do not change in topology under 
subdivision, thus %(M 3 ) = %(Sbd(M 3 )). This relation can also be derived in a way similar to 
that used for 2-meshes. 

4.4 Geometry 

Interpolation of a vertex P can be achieved by assigning a weight with value one to it. 
Formula (4.1) gives V(P) = P. An edge can be interpolated by interpolating its vertices and 
using zero as tension value. Then E>e = Cg, and (4.2) gives V(E) = Cp. A face can be 
interpolated by interpolating its vertices and edges and using zero as tension value. Then 
Dp = Cp, and (4.3) gives V(F) = Cp. 

In known recursive subdivision methods, dealing with curves and surfaces, it is possible 
that, during subdivision, unintended self-intersection of an object is introduced. An example 
can be seen in figure 4.4a, where subdivision is applied to a grid of control points defining a 
surface. The reason why self-intersection is introduced, is that there are points in the 
neighborhood of point P that are not related to P, while points at a greater distance are related. 
This kind of self-intersection is called internal seif intersection, because it occurs via the interior 
of the surface. A solution is to connect P to the points in its neighborhood, by which the surface 
is divided into 2-cells. Now we have a 2-mesh in 2D space, and the result of subdivision is 
shown in fig. 4.4b, where, for clarity, only the boundary edges of the mesh after subdivision 
are drawn. Internal self-intersection can be avoided by the use of 2-cells. If self-intersection still 
occurs, the tension values of the involved edges can be set to zero: then the convex hull 
property is valid. 

Another kind of self-intersection is the external self intersection as shown in fig. 4.5a; this 
occurs via the exterior of a surface. Also here point P is not related to all points in his 
neighborhood. The external self-intersection can be avoided by extending the 2-mesh to the 
exterior of the surface, thus by modelling the empty space outside the object, and, when self¬ 
intersection still occurs, by taking zero value for the tension of the involved edges (fig. 4.5b). 
The same can be said about surfaces and solids in 3D space. 
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fig. 4.4 avoiding internal selfintersection 



fig 4.5 avoiding external selfintersection 


5 Integration of freeform solid modelling methods 

In this chapter, the incorporation of freeform solid modelling methods into the mesh- 
subdivion scheme is briefly discussed. First, a brief review of freeform solid modelling 
methods is given. A more elaborate discussion of these methods can be found in [26]. 
Secondly, it is shown how each method can be implemented. 

5.1 Review of freeform solid modelling methods 

In freeform solid modelling, a number of methods can be distinguished. One group concerns 
the creation of solids, another group consists of methods to modify existing (non-freeform) 
solids. The group for solid-creation consists of offsetting from a surface or curve, deformation 
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and blending. In the group for solid-modification we distinguish surface arrangement, meshing, 
cross-sectional design, sweeping and offsetting from a solid 

In blending, discontinuous transitions (for example an edge of a solid, an intersection curve 
of two solids) are smoothed for functional or aesthetic reasons, or for mechanical reasons (e.g. 
to ensure machinebility) [28,30]. 

Deformation resembles clay or plasticine modelling in which a solid can be bent, twisted or 
tapered [2,25], A surface can be replaced, or a lump can be pasted onto a solid [28]. 

In offsetting, a solid is defined as the set of all points that lie within a certain distance (the 
offset) from an existing object (the base), such as a solid, a surface, or a curve. It can be used 
to create thin shell solids like car bonnets and fluid vessels if we start with a surface [28], or to 
expand or shrink a solid [24]. 

Sweeping creates a solid by moving a contour along a trajectory [5, 30]. The result of 
sweeping is a cylindrical solid: in one way or another there is an axis. 

Cross-sectional design is the group of techniques that describe a solid by a number of 2D 
cross-sections arranged in space [31]. 

In meshing, a 3D grid of points is used to define a hyperpatch [9]. These points are 
interpolated by means of blending functions that are analogous to those used to define surface 
patches. 

Surface arrangement uses the simple fact that a solid can be completely determined by its 
boundary surfaces. If surfaces are used to define halfspaces, a solid can be defined by 
combining these halfspaces by Boolean operations. One step further, the application of Boolean 
operations to solids leads to the well-known CSG representation scheme [23]. 

5.2 Implementation in the mesh-subdivision scheme 

Using the mesh-subdivision approach, blending can be implemented in a natural way: by 
managing the shape parameters or localized subdivision. As an example see fig. 5.1, where 
subdivision is applied an to a part of a 1-mesh between Q and R to blend at vertex P. 



fig 5.1 blending 

Deformation of a solid can be achieved by manipulating the vertices of the defining mesh. 
Offsetting from a shape represented by a mesh can be achieved by taking the offset-mesh from 
it. Subdivision results in an approximation of the offset solid. In sweeping , a mesh of a solid 
can be generated by moving a mesh representing the contour along a mesh representing the 
trajectory [6, 15]. Similarly, the 2D contours used in cross-sectional design can be represented 
by closed 1-meshes. It is obvious that not only the words meshing and mesh-subdivision do 
not differ much, but also the concepts are related. If we represent surfaces by 2-meshes, surface 
arrangement can be interpreted as manipulating those 2-meshes. The intersection curve of 2- 
and 3-meshes is a 1-mesh, and can be computed by the intersection of the triangles that are 
produced by the triangulation of their (boundary) faces using their centers of gravity. 
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6 Conclusions 

A uniform representation scheme for modelling of freeform objects has been discussed. This 
uniform representation consists of: 

• a mesh representing the topological structure and approximating the geometric structure 

• a recursive subdivision method using shape parameters. 

Benefits of this representation are: 

• vertices do not have to be arranged in a regular grid, as with control points of patches, 

• the topology of objects is represented, 

• shape controlling parameters are available for the user, 

• fast visualization by wire frames is possible, 

• hollow solids can be represented as units of cells, 

• intersection computation by intersecting triangles, 

• FEM analysis based on the geometry of the objects can be applied, 

• fingertip control of approximation by local or global tolerance measures, 

• balanced approximation compared to other recursive subdivision methods, 

• self-intersection can be avoided, 

• freeform solid modelling methods can be implemented. 

Future research will concentrate on the quantification of the influence of the shape 
parameters, the generation of meshes for primitives like cylinder and sphere, and the integration 
of freeform solid modelling methods into the mesh-subdivision scheme. 
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Abstract 

A marching-type algorithm is presented for intersection of parametric sur¬ 
faces. Generalized inverse methods are used for finding starting points on the 
intersection curves and for handling singular cases. 


1 Intersections—the State of the Art 

The determination of the intersection curve of two free-form surfaces is one of the 
the most delicate problems of CAGD. While most of the efforts in CAGD have been 
dedicated to setting up surfaces which are convenient from the designers’ point of view— 
relatively few attention has been paid to the further calculations involving these surfaces. 

However as Malcolm Sabin stated in the early 1969 (Sabin [69]) setting up the sur¬ 
faces is less than half of the story. In spite of the emerging new methods—implicitization 
and recursive subdivision in the first place—the situation has not been changed radically 
since 1969. The reluctance of CAGD scientists to attack these problems lies probably 
in the fact that the methods used here are usually of different nature than those of the 
constructive CAGD. In this way most of the algorithms have been developed in the 
first place owing to the extreme needs of the practical (NC) applications and are only 
slightly motivated by theoretical interests. 

Recently Pratt and Geisow [86] have presented a reliable overview of the field. Five 
main categories of surface-surface intersection methods are distinguished: 

- Recursive subdivision 

- Algebraic methods 

- Lattice evaluation (discrete evaluation) 

- Marching methods 

- Homotopy continuation 

Recursive subdivision methods are inherently of geometrical nature. They use the 
geometric properties of the surfaces for establishing recursively the separability and 
intersection of the surface parts. 

Algebraic methods are based upon algebraic geometric techniques. Surfaces are 
considered as polinomials over the field of real numbers. 
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Lattice evaluation and marching methods are of analytical nature. They consider 
surfaces as continously differentiable mappings into 3-space. Solutions are obtained by 
means of numerical calculus methods for non-linear equations. 

Homotopy continuation algorithms use algebraic topological methods. Here surfaces 
are considered as polinomial topological manifolds. 

1.1 Recursive subdivision 

Recursive subdivision methods are based on the careful usage of the “divide and con¬ 
quer” paradigm. First the surfaces are to be incorporated into several (2 or more for 
both surfaces) “sounding” boxes or other convex polyhedra. Then the separability of 
these polyhedra is tested. If they intersect, then the corresponding surface parts are 
covered by new, smaller polyhedra, otherwise the surface parts can be left out of con¬ 
sideration. In theory this refinement can be continued until the size of the boxes is as 
small as the required tolerance. Usually if the boxes are sufficiently small some other 
method (e.g. Newton-Raphson) may be used for the sake of quicker convergence. 

Recursive subdivision techniques can be applied easily for other problems in CAGD 
as well. They behave particulary well in case of Bezier or B-spline surfaces, for the 
control polyhedra of these surfaces can be used readily for the separation tests. The 
recursive subdivision technique has been widespread in the field after the publications 
of Catmull and Clark [78] and Cohen, Lyche and Riesenfeld [80]. 

Hanna, Abel and Greenberg [83] published a recursive subdivision type algorithm 
for spline-lofted, rotational and translational surfaces. They use min-max boxes for the 
separation tests. 

Petersen [84] published a subdivision algorithm for a special case: the surfaces inter¬ 
section with planes. This subject is of particular interest in representation of bivariate 
functions, for the evaluation of measurement data or more specifically in cartography. 

The problem (surface intersection with planes) is called contouring and has a vast 
literature itself (see Sabin [85]). Petersen defines a Bezier polinomial surface over the 
spatial points and applies a recursive subdivision algorithm for obtaining the intersection 
curves. 

Peng [84] and Lasser [86] presented intersection algorithms for Bezier - B-spline 
surfaces. They build up the separating boxes on the base of control polyhedra. 

Houghton, Emnett, Factor and Sabharwal [85] use subdivision for general parametric 
surfaces. They build up the separation boxes on the base of the parametric grid of the 
surfaces. In addition they present most of the difficulties arising in the evaluation of 
subdivisions. 

1.2 Algebraic methods 

In some very simple cases (as plane-quadratic intersections) the intersection curve can 
be simply obtained analitically. This fact motivates the research of analitical solutions 
in a closed form in the case of higher degree surfaces as well. As a matter of fact 
the surfaces are usually polynomials of limited degree. Thus intersection points are 
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solutions of algebraic equations of a given degree and the set of intersection points 
are algebraic manifolds in the algebraic geometric sense. In the last decades algebraic 
geometry has been developed revolutionally. Though most issues in this field are of 
theoretical interest, astonishing results are awaited in the near future using algebraic 
geometric methods for surface intersections. 

In the very early papers on surface-surface intersection it has already been recognized 
that if one surface can be transformed into implicit form and the other is expressed 
in a parametric form, one can get the implicit equation of the intersection curve in 
the parametris space of second surface immediately. Suppose we are to compute the 
intersection curve between the surface 

f(x,y,z) = 0 

given in implicit form and the parametric surface 

q(M) 

The equation of the intersection curve in the (s,t) space obviously: 

That is, if we were able to pass conveniently from the explicit (parametrical) forms to the 
the implicit ones and vice versa, we could win the game. For years this transformation 
had been considered by the CAGD community as impossible or at least untractable. 
Surprisingly in 1984 Sederberg, Anderson and Goldmann showed a relatively simple 
method for this transformation. They use an almost totally forgotten method of algebra 
from the beginning of the century—the theory of elimination. Their paper shows the 
drawbacks of this method as well, as in the case of bicubic patches the geometric degree 
of the intersection curve will be 324. If consider the fact that usually even for finding 
roots of 3 or 4 degree polinomials we prefer the use of numerical methods instead of 
the application of the Cardano formulae—we can be satisfied with numerical methods 
in this case as well. 

For quadratic surfaces this type of approach seems to be more adequate, since these 
surfaces posses a rational parametric form (Levin [79]). This fact has been used in 
GMSOLID (Sarraga [83], Sarraga and Waters [84]) for the reduction of the intersection 
problem. Somewhat similar techniques has been applied by Ocken, Schwartz and Sharir 
[84]. 

Varady [83] intersecting double-quadratic surfaces simplified considerably the final 
calculations by algebraic manipulations. This approach has been used in the FFSOLID 
modellers’ double-quadratic package. 

1.3 Lattice evaluation 

In this method one defines a set spatial curves lying on the first surface. This set of 
curves usually has a similar form to a lattice in the space. Now form the intersection 
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points of the lattice curves with the second surface. This is usually a much simpler 
task then the original one, for we have three equations and three unknowns. Having 
obtained the intersection points on the lattice, we sort them in the presumable order on 
the intersection curve. In the critical regions we can restart the search with a refined 
lattice. Within the final lattice “rectangles” usually some direct curve tracing method 
is applied. 

This method is very close to the usual contouring approach over rectangular grids, 
which are actually plane intersection methods. (See Sutcliffe [80] and Sabin [85]). 
Hartwig [79] and Hartwig & Nowacki [83] are good examples of such contouring meth¬ 
ods. They use bi-linear (hyperbolic) interpolation in the decision at ambigous sorting 
cases. (This is one of the most critical point in lattice evaluation methods.) 

There are no “pure” lattice evaluation methods published for surface-surface inter¬ 
sections. This method is usually a preparatory step to marching methods. Mortenson 
[85] demonstrates its effectiveness in the case of Timmer’s algorithm. Varady [83] uses 
a similar scheme in the double quadratic case. 

1.4 Marching methods 

These algorithms are actually general numerical methods for solving non-linear equa¬ 
tions. (Ortega h Rheinboldt [70] is a good and extensive textbook on the general 
problems of non-linear equations.) First somehow a starting point is established on the 
intersection curve. Then a set of non-linear equations will be set up to get another 
point on the intersection curve. Because the intersection condition results in under con¬ 
strained equations one usually has to add a new equation, determining the “step” on the 
intersection curve. This equation is called step-constraint. To solve the non-linear equa¬ 
tions, one can use the classical Newton-Raphson scheme or/and least-squares (distance) 
minimization methods (eg. Cauchy’s steepest descent method). The second approach is 
especially useful in handling degenerated cases. There are other approaches to solution 
as well. 

The intersection points are produced in the order of their occurance on the intersec¬ 
tion curve, that is why these algorithms are called “marching” methods. 

Sabin [69] reports the Newton-Raphson approach for the determination of intersec¬ 
tion curves. The textbooks Faux and Pratt [79] and Mortenson [85] provide a very 
detailed analysis of this technique. Faux and Pratt [79] present minimization meth¬ 
ods as well. Both textbooks deal with adaptive step length determination as a crucial 
part of these algorithms. Aarnes [80] uses generalized inverse methods for resolving 
rank-deficient (degenerated) cases. 

Phillips and Odell [84] handle implicit surfaces. They set up ordinary differential 
equations to solve the arising non-linear equations. Actually there is a profound con¬ 
nection between these two fields. (See Davidenko [53].) 

Chen and Ozsoy [86] report a hybrid type algorithm. They use subdivision for finding 
the starting point and the march along the curve. The step-constraint is established on 
the base of curvature calculation of the intersection curve. 
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1.5 Homotopy continuation 

Homotopy continuation methods are based on a theory where all solutions of polynomial 
equations of several variables can be obtained. The idea is that with the original system 
a much simpler system of equations is set up where all the solutions are known. In 
CAGD terms the simple system is blended into the original one, and in line with this 
the solutions tend to meet the solutions of the original equations. The solutions can be 
got by means of integrating ordinary differential equations where the blending parameter 
plays the role of the independent variable. (See for example Drexier [77], Morgan [83], 
Wright [85], Pratt & Geisow [86], Miller [87].) As far as I know no solution in CAGD 
has been reported up to now for surfaces of higher than quadratic degree. 

1.6 Summary and critics 

No optimal, eternal solution has been found. Algebraic and homotopy continuation 
methods are in their experimental phase, moreover they seem not very useable in case 
of higher than quadratic degree polinomials. 

Lattice evaluation methods lack of adaptive curve approximation property—in this 
way we can find only some discrete points on the intersection curves. 

The methods of highest practical interest are without doubt recursive subdivision 
and marching methods (possibly with lattice evaluation preparatory phase). Recursive 
subdivision can be particularly well adapted to Bezier and B-spline surfaces. No inter¬ 
section curve component can be missed at these methods and they seem to be robust 
in degenerated cases as well. The drawback of these methods are that subdivision is 
rather expensive (as a matter of fact we have to subdivide in four dimensions to find a 
one dimensional manifold) and there is the difficulty of sorting intersection points along 
the intersection curve components. Marching methods are of very general nature—they 
could be used even for non-polinomial surfaces as well. Intersection points axe produced 
in the required order. They are very sensitive to local singularities (saddle points, points 
of tangencies etc.) and they require a starting point on the curve. If the intersection 
curve is disconnected, whole components can be left out of consideration. 

Which type of algorithm to prefer? It depends fairly on the application. In case 
of a solid modeller first a subdivision for finding the initial solutions on the intersec¬ 
tion components could be suggested. Then one could go on by marching along the 
curve. (This is a similar approach to Chen & Ozsoy’s [86]. Subdivision would be ac¬ 
cording to Houghton & al. [85]. ) In case of a surface modeller, initial points could 
be indicated interactively by the user, so in this case the subdivision may be avoided. 
Local singularities during the marching phase could be overcome by generalized inverse 
methods (Aarnes [80], Fletcher [68].) If our objective is only visualisation of the inter¬ 
section, some lattice evaluation or subdivision can be more convenient then the usage 
of marching. In NC applications however some type of marching seems to be necessary. 

In the final phase, the representation of the intersection curve is a crucial problem. 
Though the storage the for parametric values and the three Euclidean coordinates for 
each calculated intersection point seems to be very uneconomic, no other solution can be 
accepted without lost of information. These points can be (and should be) interpolated 
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or approximated by some well behaving curve, but the curve may not lie on either of 
the surfaces, even within the required tolerance (see Pratt and Geisow [ 86 ]). 

2 A marching type method 

A marching type method for parametric surfaces will be presented below. Generally 
C 2 continuity is assumed, but the continuity of the second order derivatives are used 
only in few, unessential cases. ( In calculating the curvature of the intersection curve 
and in degenerated cases at the calculation of the common tangent curve.) Supposedly 
the C 2 condition can be weekened to “piecewise C 2 ”, that is the first and second order 
discontinuities lie on finite curves of the surfaces. 

Convergence results are not derived here, they could be subject of a more elaborated, 
theoretical study. 


2.1 Notations 


The following notations are used throughout. 

Real word coordinates 
Scalar parameter values 
Integer indices 
Other scalar values 
Vectors 
Matrices 
Angles 

Derivation is expressed by Upper indices 
Coordinate values of vectors Lower indices 
Differences Prefixed by A 

Inner (scalar) product • or <, > 

Outer (vectorial) product x 

Surfaces 

Jacobian (matrix derivative) of a surface p(u,v) 
Parameter vector 


Other lower case letters 
Lower case bold face letters 
Upper case bold face letters 
Lower case greek letters 


x,y,z 

r,s,£,u,u,w 

hJ 

p,q etc. 

A, J(w) etc. 

p u ,q* etc. 
p“,q* etc. 

Au, Aw etc. 

<p, q> or p * q etc. 
p x q etc. 
p(u,u),q(s,t) etc. 
J(p) or J(p)(u, v) 
w = (u,v,s,t) 


d(yr) = |p(u,u) — q(s,tf)| 2 
m(w) = (p“(u,u) x p v (u,v )) X (q 4 (s,0 X q‘(s,i)) 
J(w) = [J(p)(u,t>);-J(q)(s,f)] 

NP(e, w) = (e • p“(ti, v) e'p”(u,i;) 0 0) 

P« = P(w f ) = p(wi,w<) 

qi = q(wi) = q(s;, <i) 

rf(w,p 0 ,e,c) = <f(w) + |<Po - p(«,v),e> -c| 2 
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2.2 Regular (Newton-Raphson) phase 

Let us determine the intersection curve of two parametric surfaces p(u, v) and q(s,i). 
The condition of intersection can be formulated as: 


(1) p(u 1 v)-q(s,t) = 0 

Suppose that we have an initial solution of (1) vo, so, to ■ We would like to compute 
the “next” intersection point on the intersection curve. It will be determined by the 
iterative solution of a system of linear equations. Let 

u;+i = Ui + Aui] t>t+i = Vi + Avi\ Si+i = Si 4- As,-; t,*+i — + At{ 

or in vectorial notation 

Wi+i = w i + Awi 

here i = 0,1,2,_Then we have three equations from the Newton-Raphson formulae 

for solving non-linear equations: 

(2) J(w t -)Aw£ = q t - Pi 

where J(w,) is the Jacobian matrix of the q — p function in the w, point. That is 



The meaning of the fourth equation is fixing the step size along the intersection 
curve. Geometrically a plane will be defined cutting the intersection curve in a point in 
a way that the distance from p(uo, Vo) (i.e. q($o, *o) ) is appropriate. Here we could get 
easily a quasi equidistant intersection curve interpolation by calculating only the first 
derivative of the intersection curve at p(uo, Vq) and moving in the tangential direction. 
However if the second derivatives are available we can get a much more accurate curve 
interpolation points instead. Namely by estimating the curvature of the intersection 
curve we can put more interpolation points at the sections where the curvature is high 
and less where the curvature is low. The advantages of this method are straightforward if 
later we interpolate the curve by straight line segments—however in case of some spline 
interpolation or approximation method the advantage seems obvious as well. (See Chen 
& Ozsoy [ 86 ], Faux & Pratt [79], Mortenson [85], Barnhill & al. [87]. ) 

Because the intersection curve is perpendicular to both of the surface normals the 
tangent of the curve can be expressed as: 

(3) m = m(w) = (p“ x p v ) x (q s x q*) 

Let 


( 4 ) 
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that is the unit tangential vector. (Suppose for the moment that the two surfaces are 
not tangent, that is m ^ 0,) Let the intersection curve be parametrized by the arclength 
parameter r. 

c = c(r) 

The curvature is per definitionem: 


x = |n| = |Jl = KI 


By derivating this according to (4): 

(5) e r = y —"t - <m, m r > • e 

|m| 

As a matter of fact derivating (3) by r one gets 


(6) m r =[(p ttU xp v + p u x p uv ) x (q 3 x q*)] ■ u r + 

[(P UV xp v + p tt x p vv ) X (q* X q*)] ■ u r + 

[(p u X p v ) x (q« x q* + q 3 x q 3t )] - s r + 

[(p u X p v ) x (q st xq‘ + q 5 x q«)] • t r 

Thus, for obtaining the estimation of the curvature one has only to calculate the deriva¬ 
tives of the surface parameters according to the arclength parametric variable of the 
intersection curve. This can be done easily by expressing the unit vector e by the 
derivatives of the surface 


e = p r = p u • u r + p v • v r 

Note that the vector e lies within the plane determined by p u and p v . By multiplying 
vectorially 


(7) exp" = (p“xp")<u r 

and analogously 


e X q* = (q® X q‘) • s r q‘ x e = (q* X q‘) • t r 

From these equations one can obtain the values of the derivatives by the curve para¬ 
meter. Namely a non-zero component of p u x p v (and q s x q* ) should be selected 
to divide with. Choosing the component of the largest magnitude results in the most 
accurate calculation of the quantities in question. For example if the x component of 
p u x p v has the largest magnitude: 

<fa =u r = e y Pz - 

dr U Py * Pz - Pz * p£ 
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Finally if we impose limits to the linear interpolation of the intersection curve, as the 
deviation of the chord and the curve should not exceed a certain limit limit let say d, 
we obtain: 

(9) c = 2(1 - x<i)\/d(2/x-<f) 

In this way we get the fourth equation in addition to (1) as the intersection of the 
surface p with the plane: 


<p(u,i>) — p(u 0 ,vo)>e> = c 

From this we get the corresponding linear Newtonian form: 

(10) (pf-e p"- e ) T - ( 1 ^) = (Po-P.)-e-c 
With vectorial notations: 

(11) NP(e,w) • Aw; = (po — Pi) • e — c 

(Of course one can readily use the corresponding equation for the other surface (q) 
as well. One may ask which equation to choose for proceeding more accurately? I 
guess that it is almost the same because the plane is every case perpendicular to the 
given surface in the starting point. If some criterion must be used to decide, one can 
perhaps select the surface with the less mean curvature at the starting point. By the 
means the calculation of the curvatures is rather expensive.) Thus we have got the 
iterative equations (2) and (11) which we can use easily for finding the next point on 
the intersection curve. 
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Finally some remarks about the determination of c by (9). Obviously if x is very 
small or very large, (9) is without any meaning. In these extreme cases we should cut 
off the rest by two appropriate constants let say a, b. That is (9) holds if 


otherwise 
or respectively 
Note that (see Fig. 1.) 
and 

in this way e.g. 


0<a<x*d<6<l 

c = c a = (1 — a)yj2/a — 1 
c = ci = (1 — b)y/2/b — 1 
X * d = 1 — cos (3 
c = d' cos/? • cot /?/2 


Pmin = /?« = 5°; a = 0.0038; c a = d • 22.8166 

fimax = Pb — 60°; b = 0.5; c& = d • 0.8660 


2.2.1 Terminating conditions 

The terminating condition of the small iteration cycle is obvious: one has to reach that 
the right hand sides of (2) and (11) be sufficiently small. That is 

|q»z - Pill < eps 
Iq.'y — Piyl < eps 
|q« - Pizl < eps 
l(Po - Pi) • e - c\ < eps 

Note that d should be chosen in accordance with eps, namely 

ci > eps 


Let us denote 


U°=U 0 , V°=V 0 y 5°=s 0> *°=to, P°=p(u 0 ,Vo) 

and denote the calculated intersection curve points similary 

u J , s J y t } , p ; 

The terminating condition of the large iteration process is the following: 
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I. Within a small iteration cycle one or more parametric variable of the surfaces (u, v, s 
or t) leaves the parametric region. In this case we can stop the large iteration 
immediately, acknowledging the last intersection point on the intersection curve as 
being on the boundary of one of the surfaces. (Some refinement is possible by 
decreasing c in (11).) 

Or we can in some way extend the evaluation outside the parametric region until 
reaching the boundary of the other surface as well. Note that in this case the 
extension may not be valid, for example it may cause undesired self-intersections. 
The choice between the possibilities relies entirely on the application. 

In either case we can try to proceed the large iteration towards the another direction 
from the starting point. In this case we have to calculate with —c instead of c in 
(11). Note that the calculation of the curvature remains the same. 

II. In the large iteration cycle we find an intersection point sufficiently near to the 
staring point: 

|p J -P°l < C = c° 

This means that we have found a circular route. In this case we have to test whether 
we axe in a point of self-intersection of the curve, or we have closed the curve. This 
can be done for example by testing the corresponding tangent vectors if they are 
sufficiently near. For example: 

|e J x e°| < e 

If it is true, the is the last point on the curve and the iteration is finished. 
(Actually this ultimate test is necessary only if we deal with singular cases as well. 
In regular cases no self-intersections may occur.) 

III. Within the small iteration cycle, the system of linear equations becomes numerically 
ill-conditioned, that is 

rank J(w^) < 2 

This means that the two surfaces are tangential in this point. We have to proceed 
by using more sophisticated methods. (See ch. 2.3). If no singular cases are to be 
handled we can simply stop the computation—eventually continuing in the other 
direction as in I. 

Note that proceeding from these points makes sense. For example we could go on 
from saddle points, or we could deal with cases like the common tangential line of 
a plane and a cylinder. The latter case can be extremely important in filleting or 
blending applications. Note however that in this case e and c in the equation (11) 
should be computed in another way. 

2.3 Singularities and starting position 

Singularities may occur at the rank deficiency in (2). As we can suppose that the two 
surfaces are set up correctly, that is neither p u is parallel to p v , nor q 9 to q* , the 
only interesting case is, when the two surfaces are nearly parallel, that is p u x p v is 
parallel to q fl x q ( . 

m(w) = (p u x p v ) x (q 9 xq t ) = 0 
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Note that even in this case we have the equations (2), only they do not determine 
uniquely the solution. This fact suggests the usage of generalized inverse techniques (Ben 
Israel [66], Fletcher [68], Deuflhard [74]). As a matter of fact we can obtain generalized 
solution by computing the generalized (Penrose) inverse of the matrix occuring on the 
left side of (2). For the computation of generalized inverses several methods have been 
published (Golub &; Reinsch [70], Fletcher [68]). We use the most simple, very robust 
one based on singular value decomposition (made by means of planar rotations). This 
method is sufficiently quick if the number of unknowns is not very high. (In our case it is 
4.) The algorithm has been published by Nash [79]. (Preferably we have to orthogonalize 
the rows instead of the columns, as we usually deal with underconstrained cases.) 

We roughly follow the approach of Fletcher [68] to obtain minimum residuals. (Of 
course the derivatives need not be estimated, because they can be calculated exactly in 
a direct way.) Finally in the Fletcher algorithm the residuals must be minimized along 
a line. This can be done the inverse cubic interpolation method reported by Fletcher & 
Powell [63]. 

The above mentioned approach can be used in two places. First of all at the refine¬ 
ment of the starting position. In this case our algorithm becomes actually a steepest 
descent (gradient) method for obtaining the minimum distance between the two sur¬ 
faces. Using this method very rough approximations of the starting point axe hopefully 
already succesful. 

Secondly we can use this method for the calculation of the intersection curve near the 
tangencies of the surfaces. In this case we can calculate the common tangent curve. (Let 
us immagine for example a sphere and a coaxial tangent torus.) In this case for getting 
the step constraint equation analogous to (11), we can not use the tangent calculation 
of the regular case. 

As usual one can examine the second order derivatives. First we reform the inter¬ 
section problem as a distance minimization between the two surfaces.Let us denote 

p(vr) = p(u,v,s,t) = §|p(ti,u) - q(M)| 2 

For the points of intersection obviously p(w) = 0 and for every w p(w) > 0, so the 
absolute minimum points of p coincide with the intersection set. By Taylor’s formula 
we get: 

(12) p{ w + Zlw) =p( w) + <(p(w) - q(w))J(w), Aw>+ 

(13) 4w r • H(w) • 4w + o(/lw 2 ) 

Here both tags in (12) on the right hand side are Os, so the quadratic form defined by 
H(w) (the Hessian matrix) dominates the distance. 

H(w) = J T (w) • J(w) + A(w) 


A(w) can be expressed as follows: 
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A(w) = 


/ <p“ u , q — p> 
<p v “,q-p> 
1 o 

\ 0 


<p uv ,q-p> 

<p vv ,q-p> 


0 

0 


0 

0 

<-q**,q-p> 

<-q' a ,q-p> 


<-q at ,q-p> I 
< -q“,q-p>/ 


(w) 


Near to the intersection A(w) w 0 moreover J(w) is rank deficient thus J T (w)J(w) is 
rank deficient as well. Choose a vector of appropriate length from the kernel of H(w): 


H(w) . Ah = 0 

From this Ah vector one can establish the direction of the initial step. (Curvature 
usually cannot be derived at C 2 surfaces.) Now we have 4 equations and 4 unknowns 
but the matrix on the left hand side is still rank deficient. In this case one can calculate 
the generalized inverse of the matrix on the left hand side. The algorithm of Fletcher 
[68] is applied. Let’s denote N(w) the matrix of the Jacobian and the linearized step 
constraint. Let denote by b the actual residuals (namely the difference between the two 
surfaces and the distance difference coming from the step constraint). 


N(w) Af = b 


We compute a Ai by means of the generalized inverse of N(w) and minimize the distance 
function along the line. (The minimization can be done by inverse cubic interpolation 
easily.) It can be shown that the residuals always decrease and hopefully they reach 
zero, that is we get another point on the intersection curve. 


2.4 Draft of the general algorithm 

In this chapter the general algorithm including the refinement and degenerated cases 
will be briefly described. 

I. Refinement of the starting position 

0. Let w° = (uoiV 0l So^o), w 0 = w°, i = 0. 

1. If d(w, ) is sufficiently small go to II. 

2. Set up the equations 

J(w t ) • h = q, - pi 

3. Calculate the generalized (Penrose) inverse of the left hand side matrix and get 
the search direction 

i, = J(w,) + .(q.-p.) 

4. Seek the minimum of the function 

/(e) := <f(wj + el,) in [0,1] 
by inverse cubic interpolation, let it be e,- and let 

w,+i = w, + a ■ 1„ i = i + 1 
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5. Test if w i is out of region if, so then no solution has been found starting from 
w°. Otherwise go to 1. 

II. Tracing the intersection curve 

0. Let w 1 = Wj (from the refinement phase), j = 0. 

1. Calculate m(w J ) and test |m(w J )|. If it is too small, then go to III./O. (Degen¬ 
erated case.) 

2. Otherwise calculate e- 7 , c 7 from the curvature calculation of the intersection curve. 
Let 

i = 0, (uo,vo,s 0 ,to) = w 0 = w- 7 

3. Set up the equations 


J(wi)-Awi = q { - pi 
NP(e J ,Wj) • Awi = (p 0 - Pi) • e 7 - c> 

4. Newton-Raphson step. Solve the equations (it is well conditioned!!!) to get /lw; 
and let 

Wt+1 =W{ + Avfiy i = i + 1 

5. Test if end of curve, (wj is out of region or w, « w 1 etc.) 

6. If d(w^, p 0) e J , c* 7 ) is not enough small then calculate |m(wt)| and if it is too small 
then go to III./ 1 . (Degenerated case.), otherwise go to II-/3- 

7. d(w t *, p 0 , e* 7 , c?) « 0. j = j + 1 , w- 7 = w,*; go to II./l. 

III. Degenerated case 

0. Calculate Ah = (u r , i? r , s r , t r ) from the homogeneous system of linear equations 
(H(w) is the Hessian of the system). 

H(w) • Ah = 0 

Here r is the arclength parameter of the common tangential curve. Prom this we 
can get the unitary e 7 using the equation: 

e 7 = p> r + p?t; r 

and let c 7 = g • d, where g is some constant, determining the step in case of 
lacking curvature calculation, supposedly 

1 <9 <c a 


1. Let 


i = 0, (u 0 ,voi 5 0 ,t 0 ) = w 0 = w 7 


2. Set up the equations 


J(wj) • b = qi - p« 
NP(e J ,w,‘) * h = (p 0 - p,*) * e 7 - c 7 
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3. Calculate the generalized (Penrose) inverse of the left hand side matrix and get 
the search direction 

If = [J(w,-); NP(e J ,Wj)] + • [q, - p,-; (p 0 - p<) • e' - c J ] 

4. Seek the minimum of the function 


/(e) := d(w; + el t ,p 0 ,e^V) in [0,1] 
by inverse cubic interpolation, let it be e t - and let 

Wi+i = Wi + a - I,-, i = i + 1 


Go to II./5. 

2.4.1 Remarks on the convergence tests 

For establishing the convergence, the tests for “sufficiently small distances” is generally 
not enough. Actually as in other iterative numerical algorithms one makes usually at 
least as many iterations as the dimension of our problem. In this case it is 4. On the 
other hand if Z\w t * becomes very small and d(w,*) remains large we are probaly trapped 
in a saddle point or a local non zero minima. Thus it is adviseable to test and the 
magnitude of i itself for discovering the above mentioned cases. 

Appendix: The generalized inverse matrix 

Let A be an m x n matrix. Let b be in R m . There is an a: (or more) in R n where 
the function |Ax — b| 2 takes its minimal value. There is a mapping from R m into R n 
establishing this relation. It can be chosen as a linear tranformation by projecting all 
the x-s onto the hyperplane being the orthogonal complement to ker A. Let denote this 
transformation as A + . The following relations hold: 

AA + A = A A+AA+ = A + 

(A+Af = A + A (AA+) t = AA+ 

It can be easily seen that if A is square and non-singular then A'*’ is the ordinary inverse 
of A. 

The generalized inverse can be computed via the singular value decomposition of 
the A matrix. (See Golub & Reinsch [70].) Let A be a real m x n matrix as above. 
Suppose that m > n. Then A can be decomposed in the following way: 

A = U£V r where 
U r U = V r V = VV T = I and 

£ = diag(<ri,(T 2 , ...,<7 n ) ai > or 2 > •• • > o n > 0 
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U consists of the n orthonormalized eigenvectors associated with the n largest eigenval¬ 
ues of AA r , the matrix V consists of the orthonormalized eigenvectors of A T A and the 
a -s are the non-negative square roots of the eigenvalues of AA r —they are called the 
singular values of A. The generalized inverse matrix can be computed in the following 
way: 


A+ = VE+U T where 

= diag(<Ti‘ ,cr£ > • ■ • ><?i) and 

a + = J £> if<r ' >0 

* \ 0 if (jj = 0. 

Note that the rank of A is of no interest. Note moreover that this decomposition can 
be easily used for solving homogeneous equations. (Cf. 2.4.III.0.) If rank A = r and 
the columns of V are [vi,..., v n ] then 


Av t = 0 i = r + 1,... ,n 
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USING PLANE VECTOR FIELDS TO OBTAIN ALL 
THE INTERSECTION CURVES OF TWO GENERAL SURFACES * 


by 

Koun-Ping Cheng, Intelligent Modeler 
P.O. Box 9364 
Rancho Santa Fe, CA 92067 


I. Introduction: 

There are three fundamental factors associated with the problem 
of using computers to find all the intersection curves of two 
given general surfaces. A general surface is defined as a 
surface which satisfies the Cl continuous condition (i.e. the 
first derivatives of the surface must exist and be continuous). 
The three factors are: 

(1) the mathematic algorithm 

(2) the numerical computational methods, and 

(3) the tolerance adjustment. 

A good surface/surface intersection software must have a 
rigorous mathematic algorithm, good numerical computational 
methods and consistent tolerance adjustment through all the 
programs. In this paper, only the mathematical algorithm of 
solving the surface/surface intersections will be discussed. 


II. Mathematical Algorithms for Finding the Intersection 
Curves. 

The most difficult part in the surface/surface intersection 
problem is to find all the intersections without missing any 
curves. However, a closed form solution does not exist for the 
general surface/surface intersection problem. Also, the power 
series expansion (or the algebraic approximation) of a general 
surface at a local point cannot describe the entire surface. 

The global structures of the two surfaces must be known in 
order to locate all the intersection curves. 

There are many different ways to solve this problem([1]). A 
reasonable approach is to use polygons to approximate the two 
surfaces and obtain the rough intersection curves. This 
approach will work for many cases, but unfortunately it may 
fail to obtain the tangent curves or touching points or small 
intersection curves. This is due to the fact that polygon 


* Patent Pending: This algorithm has been submitted for patent 
application. 
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approximations cannot obtain local detail information of the 
two given surfaces within finite steps and decompositions. 

Other widely accepted algorithms such as using subdivision 
method([2],[3],[8]) or using u-v curves of the first surface to 
intersect the second surface([4]), have the same deficiency. 

Some alternative methods for the above approaches have been 
suggested, such as: whenever the global algorithm detects that 
there may exist a local intersection curve, it switches to some 
local search algorithms to find the intersection curves. These 
types of alternatives are trying to find a unified algorithm 
which can do both the global structure analysis and local 
detail search. 

However, these alternatives depend on the following two 
factors, namely, (1) the ability of the global algorithm 
that can always detect the possible local intersections and 
(2) the existence of a good local search algorithm which can 
find all the intersection curves locally. 


III. The Vector Field VF. 

In order to solve the problems mentioned above (i.e. finding a 
unified algorithm to obtain all the intersections in finite 
steps), a new algorithm based on the theory of plane vector 
fields([5],[6]) will be introduced after the following 
definitions. 


(1). Parametric Surfaces 

A 3D surface S is called a parametric surface, if it has the 
form S(u,v) = (x(u,v), y(u,v), z(u,v)), where 0*u,vgl and 
S is a one-to-one function on the interior of the unit 
square. In this paper, both SI and S2 are defined as 
Cl continuous parametric surfaces. 


(2). Equal Height Curves. 

Let P be an arbitrary point of SI. Then there exists a 
point Q on S2 such that PQ gives the shortest distance d 
from P to S2. A curve EH of SI passing through P is called 
an equal height curve, if for any point R of EH the distance 
from R to S2 equals a fixed number d. Note that the 
intersection curves { SCj | j = l,2,...,n) of SI and S2 
are also equal height curves with distance d = 0. 


(3). Orthogonal Components of Equal Height Curves. 
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Let f EHd I d€ R (real numbers)} be the set of all equal 
height curves of Si. since SI is a parametric surface, 

{EHd} induces a set of curves on the uv-plane UVP of si. 

Let fUVEHd l dfR} be the induced curves. Consider all 
the 2D curves which are perpendicular to ( UVEHd}. Then 
this set of curves forms an orthogonal dual system of curves 
and is denoted as f OGr I r€ RJ (see fig. 2). 


(4) . Vector Field VF induced by fOGr). 

For a given point P of the uv-plane of SI, there exists a 
curve OGh of (OGr) passing through P. Let T(P) be the 
tangent vector of OGh at P. Then {T(P) | P€ UVP) 
defines a plane vector field VF on UVP. VP can also be 
defined explicitly by a system of differential equations 
of the form u'=f(u,v), v'=g(u,v) (the exact equations of 
f(u,v) and g(u,v) are given in theorem 1). 

Conversely, the curve OGh is the solution of the 
differential equations u'=f(u,v), v'=g(u,v) with the initial 
condition P = (u(0), v(0)). And OGh is called the integral 
curves of VF. 

(5) . Singular Points and Connecting Curves of Singular 

Points. 

A singular point of the vector field VF is a point P such 
that VF(P) is either zero or undefined. Let CC be an 
integral curve of VF. CC is called a connecting curve, if 
CC "connects" two singular points Q1 and Q2 of VF (see fig. 



Singular Points Q1 & Q2 Connecting Curves CC 

Examples of the vector fields generated by two surfaces such as 
(1) cylinder and cylinder, (2) sphere and plane and (3) plane 
and torus are given in fig. 2, fig. 3 and fig. 4. 




AN EXAMPLE. 




uv-plone of SI 


1. SI and S2 are two cylinders intersect at right angle, 

2. SCI and SC2 are the intersection curves of SI and S2 in the 
u-v plane of SI. 

3. OGi, i= 1,2,,.., are some orthogonal curves of the equal 
height curves of SI and S2. 

4. Q1 and Q2 are the two singular points inside SCI and SC2. 

Q3, Q4 and Q5 are other singular points of VF. 

5. CV1 and CV2 are some connecting curves between singular 

points. . 

6. IPi, i=i,2,3,4, are initial points of SCI and SC2 (see section v; 


The Vector Field VF 
Of The Plane 


Fig. 3 S2 Is a sphere which Is Just 
touching the plane SI at T 
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S 1 




The Vector Field VF Fig. 4 

Of The Plane 

(The curve between SCI & SC2 
Is a curve formed by singular points) 


The plane SI cuts the torus S2 
at the middle 


IV. Properties of the Vector Field VF 


(1) The equation of the vector field VF. 

The equations of the vector field VF defined in the last 
section can be described as follows. 


Definition: Let P be a point of the u-v plane of SI. 

Let P = SI(P) be the image of P in the model space and Q a 
point on S2 such that PQ gives the shortest distance from 
to S2. Then (P, Q) is called the corresponding pair of P 
the model space. 


in 


Theorem 1: Let P be a point 
of the u-v plane of SI and (P, Q) 
the corresponding pair of P in 
the model space. Then the vector 
field VF of the u-v plane of SI 
at P is given as (see fig. 5): 


VF(P)U = a SI/ du(P) . N2(Q) 
VF(P)v = asi/ av(P) . N2(Q), 



The u-v plane of SI 
Fig. 5 


where dSl/c)u(P) and asi/3v(P) are the partial derivatives 


icu •. 
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of SI at P_and N2(Q) is the surface normal of S2 at Q. 
Note that Q on S2 may not be unique (i.e. there may 
exist more than one point on S2 which give the shortest 
distance ). If Q is not unique , then the vector field 
VF(P) at P is undefined* P is treated as a singular 
point of VF. 


PROOF OF THEOREM 1. 

First, let us consider an 
intersection curve SC (SC*) 
of S1(S2) in the u-v plane 
of Sl(S2).Let (P, P*) and 
(R, R') be two intersecting 
pairs which lie on the 
intersection curves SC and 
SC 1 (see fig. 6). Then, 
we have 


SC 



(1) S1(P) = S2(P 1 ) 


(2) SI(R) = S2(R *). 

The above equation is equivalent to 
(l 1 ) SI (u, v) = S2(u\v') 

(2') SI(u+du, v+dv) = S2(u , +du f , v'+dv'). 

Equation (2 1 ) can be expanded in Taylor's 
series. 

SI (u, v) + d SI/ du du + 3 SI/ d v dv + ... = 
S2(u , ,v l ) + dS2/du' du 1 + dS2/ Sv 1 dv* + 


SC' 



When R is sufficiently close to P, we have 


(3) dSl/du du + 3 si/^v dv - ^S2/<3u' du 1 - dS2/dv' dv' 

= S2(u 1 ,v 1 ) - SI(u,v) = 0. 

Dot equation (3) with N2 (i.e. the 3D normal vector of S2). 
Then we have 

(dSl/du • N2) du + (dSl/dv* N2) dv = 0. 

(4) (dSl/du • N2, dSl/dv * N2) • (du, dv) = 0, 


Ct 
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Note that when R is sufficiently close to P, the vector V = 
(du,dv) is tangent to SC. Hence, from equation (4), the vector 
field 

VF = (3Sl/au ■ N2, 2S1/2V * N2) 

is perpendicular to SC, i.e. VF is an orthogonal component of 
SC. This proves the theorem for curve SC. 

Now, let EHC be a general equal height curve in the u-v plane 
of SI. Then EHC can be considered as an intersection curve of 
SI and the offset surface S2 (with a constant distance d) of 
S2. Since S2 is an offset surface of S2 , the normal vectors 
of S2 and S2 are parallel. Therefore, equation (4) is also 
true for any EHC. This completes the proof. 


(2) The vector field VF gives the global structure of the 
intersection curves. 


Theorem 2: If VF is continuous, then the intersection 
curves of SI and S2 are connected by connecting curves 
through intermediate singular points. 


OUTLINE OF THE PROOF OF THEOREM 2. 

Definition: An equal height curve EHC is called a 

degenerated curve, if EHC is degenerated to a point. 


Lemma 1: If EHC is a degenerated curve, then all the 
integral curves of VF around EHC intersect at the point EHC 
(see fig. 7). 


Proof: Consider the equal 
height curves around EHC 
and the fact that all 
integral curves of VF are 
perpendicular to equal 
height curves. Then, the 
result follows. 



Fig. 7 
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Lemma 2: If EHC is a degenerated curve, then EHC is a 
singular point of the vector field VF. 

Proof: From Lemma 1, all the integral curves intersect 

at EHC. Hence, the vector of VF at EHC is either zero or 
cannot be defined. 


Let VF (P) be the vector of VF at P. From the continuity 
property of VF, we have that 

"If VF(P) is well defined, then there exists a unique 
integral curve IC passing through P. Consequently, there 
exists a unique equal height curves passing through P." 

This statement proves the following: 


Lemma 3: If there exists 
two equal height curves passing through 
P, then P is a singular point of VF 
(see fig. 8) . 


Fig. 8 


EHC 1 


EHC2 



The proof of theorem 2 can now be sketched as follows. 

1. First, assume there exists only two intersection serves SCI 
and SC2 in the u-v plane of SI. 

2. Also, assume SCI and SC2 form closed loops (see fig. 9). 



Fig. 9 
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3. Consider all the equal height curves inside of SCI and SC2. 
Then, there exists two degenerated equal height curves EHC1 
and EHC2 inside SCI and SC2 respectively. 

4. Consider all the equal height curves outside of SCI and 
SC2. Then they must meet at some points inside the u-v 
plane of SI. Let P be one of the points where they meet. 

5. From Lemmas 2 and 3 , EHC1, EHC2 and P are singular points 
of VF. 

6. Let VI and V2 be the vectors which are perpendicular to 
the equal height curves at the neighborhood of P(see fig. 

9). Then there exists two integral curves IC1 and IC2 of 
VF such that IC1 and IC2 is tangent to VI and V2 
respectively. 

7. From Lemma 1, IC1 and IC2 end at the singular points EHC1 
and EHC2 respectively (see fig. 9). 

8. Since EHCl and EHC2 are inside of SCI and SC2, IC1 and IC2 
intersect SCI and SC2 respectively. Hence SCI and SC2 are 
connected by IC1 and IC2 through the singular point P. 


Although, the above proof only works under the assumptions of 
1 and 2, the above arguments can be extended to different cases 
and a formal proof can then be established. 


Base on theorem 2, if the intersection curves are considered 
as nodes of a graph and connecting curves are considered 
as connecting arrows, then the 
intersection and connecting 
curves form a graph tree. 

For example, in the cylinder 
intersecting cylinder case, the 

intersection and connecting curves form a simple graph. 

This is the global structure of the intersection curves. 



(3) The vector field VF also give the local details of the 
intersection curves. 
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(a) Detecting an intersection 
curve. Consider the u-v plane 
of SI. Let SC be an inter¬ 
section curve which lies in 
the u-v plane. Let ic be an 
integral curve of VF_and P 
a point of IC. Let P = S1(P) 
be the image of P in the model 
space and Q a point on S2 such 
that (P, Q) is the corresponding 
pair of P in the model space( 
see fig. 10 ). 

Define a vector 

VEC(P) = Q - P. 

It is easy to see that when the 
point P marches along the 
integration curve IC and crosses 
the intersection curve SC, 
the directions of the vectors VEC(P) 
change sign. 


(b) Detecting the touching 
point of two surfaces. 




Fig. 10 



Use the same notation as (a) and let p march along an 
integrated curve IC which passes through the tangent 
point T. Then the 2D vectors VF(P) of P change sign 
when P crosses T (see fig. 3 & 11). 
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(c) Other cases such as: (1) two surfaces are tangent 
at a curve, (2) two surfaces intersect at a small curve 
or (3) the intersections of the two surfaces are close to 
each other, can all be detected in a similar way. 


V. Description of the Algorithm. 


The following is a step-by-step brief description of the algo¬ 
rithm of finding the intersection curves of surfaces SI and S2. 


Step 1: Finding an intersection curve to start the algorithm. 

Select a set of points fSPi) inside the u-v plane of 

51 and search along the integral curves of VF which pass 
through SPi([7]) for an intersection curve. The search 
will be stopped, once an intersection curve SC of SI and 

52 is located. 

Step 2: Finding initial points of an intersection curve. 

Search along SC to find ^11 the points {IPi) such 
that each IPi lies both on SC and a connecting curve 
CVi of VF (IPi is called an initial point). 

Step 3: Finding new intersection curves. 

For each IPi and CVi found in step 2, 

(1) march along CVi to find the sign change of the 
vectors VEC(P) (or the vectors VF(P) ) to detect 
another initial point IP 1 which lies both on CVi and 
another intersection curve SC 1 of SI and S2(see (a) & 

(b) of Section iv-(3)) and 

(2) use the initial point IP 1 , trace out the new 
intersection curve SC*. 

Step 4: Use the set of curves [ SC'\ found above, as new 
intersection curves. Repeat step 2-4 until all the 
intersection curves are found. 

Remark 1: Note that the above algorithm is only a brief 
sketch. Many details of the algorithm are not given. For 
example, (1) since the u-v plane of SI (or S2) is a unit square 
(i.e. the domain is bounded), extra care must be taken when 
the search path reaches the boundary of the u-v plane of SI in 
step 3 and (2) if SC* is a toching point, then an equal height 
curve EHC around SC* must be used to find all the initial 
points associated with SC 1 in step 3. 



198 


From the global property of the vector field (see theorem 2), 
all the initial points and the intersection curves can be 
located by this algorithm. 

One important problem in practice, is to identify all the 
initial points which lie on an intersection curve(see step 2). 
The following theorem is useful in computing all the initial 
points. However, the formal proof of this theorem is still 
under research. 


Theorem 3(conjecture): Let EHC be an equal height curve 

of the vector field VF. Let P be a point of EHC and (P, Q) be 
the corresponding pair of P in the model space. Define the 
value K(P) as 

K(P)= N1(P) • N2(Q), 

where N1(P) (N2(Q)) is the normal vector of S1(S2) at P(Q). 

If P is an initial point of EHC, then K(P) is a local extremum 
w.r.t. EHC (i.e. K(P) is an extremum value in the neighborhood 
of EHC). 


Remark 2: This algorithm has been programmed and tested 
extensively. The 4 steps described in section V provide the 
theoretical framework for understanding the algorithm. A 
thorough knowledge of the vector field VF and the method of 
integrating the integral curves of VF is needed for 
implementation. Excellent results have been obtained after 
program implementation. Sample results are shown in fig 12, 
fig. 13, and fig. 14 ( note that the R.H.S. of the pictures are 
3D surfaces and the L.H.S. of the pictures are the intersection 
curves in the u-v planes of SI & S2) . 


Acknowledgement: Thank goes to Dr. Wayne Tiller of SDRC 

(Structural Dynamics Research Corporation) for his advice 
during the preparation of this paper and many productive 
discussions during the development and implementation of this 
algorithm. 
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Fig. 12 
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SI is a cylinder and S2 is a sphere 
with the same radius as SI. 
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A short note from the editor 

The presentation of K.-P. Cheng’s talk was followed by an unusually extended discussion 
on the feasibility and efficiency of the method. The two test examples shown below were 
presented by J. Hahn, T. Sederberg and W. Boehm. The figures show the contour lines. 




Fig 1: The Sederberg/Hahn example: In the left figure there is a path from A to B and 
from B to C. Where is the path from A to C when deleting the left part? Does the 
algorithm march along the boundary? 










^^CaT 1 


r- — -1 



hump 








hump 




Fig 2. Boehm s example shows a sloping plane with two independent small humps. 
Where is the path from A to £, in particular if B is moved in the plane? 
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Comments to the two examples 

1. In the first example, the equal height curves and vector field between A and C 
are not clearly defined (i.e. How do we know that there does not exist a direct 
connecting curve between A and C?). I suppose the intention of this example is 
to show what we should do if the connecting curve goes outside of the boundary. 
This is actually a problem of implementing the algorithm. It is not too difficult to 
walk along the boundary and detect the re-entry of the connecting curve. Then, 
continue the search until the intersection is found. 

2. In the second example, the equal height curves and vector field outside of the 
loops A and B are again not clearly defined. Let us assume the example means 
the outside equal height curves are changing into parallel lines gradually. Then, 
the vectors of the vector field outside of loops A and B are all pointing at the 
”north” (or ”south”) (see fig. below). However, the vectors of the vector field 
inside loop A (or B) are perpendicular to curve A (or B) and pointing at a singu¬ 
lar point S inside A (or B). Hence the vector field defined by this example is not 
continuous around curve A (or B) (see curve C in fig. below). 

In Theorem 2 of this paper, it states that in order for two intersection curves to be 
connected, the induced vector field must be continuous. Therefore, this particular 
example is not contradictory to the general theorem. However, for a good imple¬ 
mentation of this algorithm, we must perform a pre-process procedure to detect 
the discontinuous regions and apply the general theorem to each discontinuous 
region. 

K.P.Cheng 
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Abstract 

After presenting a classification of blending techniques and the types of 
blends a method for blending B-rep solid models is described. Free-form parametric 
surfaces are used to provide a wide range of blend definitions, allowing blending of 
free-form faces and reblending of blends. Considering blending as a local operation, 
the most important issues of restructuring the topology of the solid model to be 
blended are also discussed. 


1 Introduction 

The basic principles of solid modelling, using both Boundary Representations and CSG 
Models are now well understood. However, various limitations still exist. For example 
many modellers use only a faceted approximation for curved elements, free-form shapes 
with complex geometry can not be incorporated in general, and auxilliary elements 
such as chamfers and blends are often neglected. These issues must be resolved for wide 
industrial acceptance of solid modelling. 

The necessity of free-form surfaces has been discussed many times. Our justifications 
of the importance of blends are as follows. Aesthetic appearance plays an important role 
in design and styling. Manufacturability requires the incorporation of blends in many 
cases. Avoiding stress-concentration is also important for functional reasons. Techno¬ 
logical considerations, for example in mould making, forging, and fluid mechanics, also 
demand smooth transition surfaces. It must be noted that defining blends is also an 
adequate design technique in CAGD. 

There is no general rule for deciding in which cases we need to represent blends. If the 
blend is too small, or the blending information is irrelevant for a particular application, 
or the calculation needed is too expensive it is a waste of time to incorporate blends into 
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our geometric model. However if blends constitute an essential part of the geometry 
and need to be interrogated and utilized somehow in further modeling operations we 
need to define them. As an example, take the milling of a pocket. Obviously, along the 
loop of edges around the bottom face there may be a blend by reason of the material 
left by the cutter. There is no particular reason to represent this blend if NC is the only 
reason for making our model, and machining provides the object required. However, if 
we want a rolling-ball blend with a radius different from that of the cutter, or we want to 
accurately visualize the object or calculate its volume, the blend must be incorporated 
into the solid model. 

FFSolid is the Hungarian successor of the BUILD modeller developed at the Uni¬ 
versity of Cambridge and is now under development at the Computer and Automation 
Institute, Budapest. FFSolid creates a fully evaluated boundary model of objects, 
which can be bounded by planar, quadric and free-form surfaces, in particular, double¬ 
quadratics (see [Jared-Varady, 1984] and [Varady, 1985]). 

The FFSolid project attempts to overcome the various limitations mentioned earlier. 
Curved surfaces are explicitly stored and free form geometry can be used with the same 
generality as planes and quadrics, i.e. free-form solids can be combined by means of set 
operations and modified by local operations. 

Our recent work has concentrated on the blending problem. Our aim is to allow 
blending to be applied to any existing geometry and that any of the operations of 
the modeller may be used on the resulting blended objects. Implicit methods are of 
limited use when blending free-form parametric surfaces. Furthermore, the wide range 
of geometric interrogations and intersections already available in FFSolid for free-form 
surfaces suggested that these should not only be used for design but also for representing 
blends. At the same time, the use of parametric geometry facilitates control of blend. 

We feel that this work is original in describing the use of parametric surfaces for 
blending in a fully evaluated boundary modeller having such generality. 

The authors’ general position on blending has been expressed in some detail in 
[Varady, Vida, Martin, 1988]. The two main areas involved in incorporating parametri¬ 
cally defined blends in a boundary representation solid modeller are the geometric and 
topoligical issues. The previous paper examined the former; our present paper focuses 
on the latter. We will repeat here for the readers’ benefit some of the key ideas necessary 
for understanding the context in which these topological methods are to be used. 

Section 2 covers general issues in blending; Section 3 briefly describes the basic 
assumptions used in the FFSolid blending model. Section 4 presents the topological 
aspects in somewhat greater detail. Finally, some examples axe given. 


2 Blending techniques 

There axe several issues to be considered in the computational representation of blends, 
including the types of blends, the classification of blending methods, the mathematical 
surface formulation of blends and the interrelation of several blends meeting at a vertex. 
An extensive review of the blending problem can be found in [Woodwark, 1987]. The 
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“pros and cons” of implicit and parametric blending axe weighed in [Varady, Vida, 
Martin, 19SS]. 

From the users’ point of view there are several ways of defining blends. In fact, the 
mathematical surface formulation determines which of the possibilities can be realized, 
since the different methods offer different degrees of freedom. It seems there is no uni¬ 
formly best method, as [Woodwark, 1987] explains; different situations require different 
blend definitions. These will be considered below in increasing degree of complexity. 

In the case of simple uniform blends , there is no user parameter to set. The so-called 
constant-radius blends are defined by a rolling ball, which moves along the faces to be 
blended, touching both of them simultaneously. If the radius changes according to a 
simple function of distance along the blend, we talk about varying-radius blends. In 
many cases the extent (or range) of the blend on both faces to be blended needs to be 
specified. In a simple case we are concerned with constant offset blends; however both 
the ranges and the fullness parameter of the arcs .can be given in the form of simple 
functions, which leads to the class of varying offset blends. Finally, when all parameters 
are freely varied a free-form surface is actually created, which is constrained positionally 
and tangentially along its boundaries. In this case we have so-called designed blends. 

There are several concepts of blending which can be grouped into four classes as 
follows. In the case of superficial blends [Braid, 1980] there is no explicit surface rep¬ 
resentation describing the blend. Performing a blending operation results only in the 
adding of an attribute to an intersection curve of two surfaces, or an edge loop of a 
volume model. 

Surface blending consists of creating a new piece of surface geometry smoothly join¬ 
ing two existing surfaces, which may have either had a common intersection curve or 
have been disjoint before. Several closely related implicit formulations have been pub¬ 
lished for this type of blend [Middleditch, Sears, 1985; Hoffman, Hopcroft, 1987; Zhang, 
Bowyer, 1986; Rockwood, 1987]. The trimlines are created either by growing each sur¬ 
face and intersecting it with the other or by the use of a range function in the definition, 
or by the use of an additional half-space to control the range. 

There are also approximate parametric surface blends used successfully between 
certain limits in commercial surface modellers (see EUKLID, DUCT, SYSTRID, etc). 
These days surfaces with dual, i.e. implicit and parametric representation gain partic¬ 
ular attention, see for example the use of Steiner patches [Sederberg, Anderson, 1985] 
and cyclide patches [Martin,1982; Nutbourne, Martin, 1988; Pratt, 1988] in blending. 

Polyhedral Blending works by taking a polyhedrally defined object, and applying 
some technique to smooth various regions of the model. The subdivision methods re¬ 
cursively chop off the comers of the model [Doo, 1979], [Nasri, 1984]. Other methods 
label certain edges as requiring blending, and local topological changes are made by 
adding free-form faces with tangent plane continuity [Chiyokura, Kimura, 1983, Fjall- 
strom, 1986]. 

Volumetric Blending assumes an underlying solid model of either CSG or B-rep type. 
Blending is just one operation which can be freely intermixed with other operations of 
the modeller. While in the case of surface blending none of the problems of topological 
consistency and closure are considered, in volumetric blending these are crucial issues. 
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In a boundary model the topological entities-must first be identified. This can 
be done easily, as such entities exist explicitly in the data structure. [Rockwood and 
Owen, 1987] describe some aspects of the blend implementation in the Romulus B-rep. 
modeller. In contrast, our FFSolid modeller uses parametric blends instead of implicit 
elliptical blends, and different topological restructuring rules. 

For CSG models blending is performed either in an algebraic way on half-spaces 
or by introducing special blend primitives. [Rossignac and Requicha, 1984] have ex¬ 
tended the original CSG concept by introducing a new offsetting operator which can be 
incorporated into CSG nodes. 

3 Basic Asumptions of the FFSolid Blending Model 

Here, we provide a summary of the key ideas and concepts used in the FFSolid blending 
model. Many of the assumptions made will be of special relevance when the topological 
issues are discussed later in Section 4. They will not be repeated there, but must be 
kept in mind. 

Blends are represented as explicit surfaces in the model, using geometric elements 
of a type such that all operations of the modeller can be subsequently applied to the 
blended model if necessary. In the same spirit, blends may be created between any 
existing surface geometries used by the modeller. 





Figure 3.1 Two alternatives for blending three convex edges 

The blending operation consists of replacing an edge } or an edge sequence , by a 
face or face sequence which smoothly joins the two faces on either side of the edge. 
Note however that parts of edges may also be blended, i.e. the blend may terminate 
part way along an edge. If a sequence of edges is being blended, it may not branch or 
self-intersect, although it may form a closed loop. Vertices are not explicitly blended, 
but only in as much as they lie on edges. In general, the new topological structure 
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will reflect the old one, with each blended edge being replaced by a single face. Edges 
which meet those being blended will appear as edges between the new faces. Figure 
3.1 shows two alternatives for the sequence of blending a part of an object with three 
convex edges, Fig. 3.2 illustrates the one to one correspondence of the original and the 
new topological structures. 



£■' i ~ 0 ~ 

isXp- 





n*m triangular (fltw 


Figure 3.2 One to one topological correspondence between the old and new struc¬ 
tures 

We should note that blending is a local operation, and that global problems may 
occur such as the one shown in Figure 3.3. It is up to the user to avoid these by 
properly setting the blending parameters, or to request the expensive global checking 
necessary to detect them. 

If a region is blended, and the complement of that region is blended, then after 
blending, the results will still be complements of each other. This seems useful both in 
reducing the number of possible configurations which must be considered, and in cases 
such as the creation of a casting and its mould. 

In general, topological decisions in the algorithms used are based on what seems cor¬ 
rect for a planar configuration of surfaces, the partial justification being that blending 
is a local process. Nevertheless, it is possible that certain calculations, e.g. an intersec¬ 
tion, may have no solution even though they necessarily do in the planar case. If this 
happens a failure is signalled to the user. 
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Figure 3.3 Global problems may arise, when blending, for example by intersection 
non-local geometry 

Where a sharp edge meets a sequence of edges being blended, often the user must 
choose whether the resulting edge across the blend is a sharp one, or is smooth (See 
Figure 3.4). More complex cases may or may not involve similar choices for the user. 



Figure 3.4 An edge across a blend can either be (a) sharp or (b) smooth 

In order to make decisions when computing the blend, we need to classify edges as 
convex or concave in a neighbourhood of their ends. (The end point itself is not a good 
point to test as the edge may be convex (or concave) everywhere except at the end 
point where it may run smoothly into another face.) Note that this implies we do not 
allow blending of an edge which is already smooth, i.e. has the same surface normal on 
both sides. However, the fact that this model allows sharp edges to be continued across 
blends means that reblending across previous blends is quite possible. 

When an edge is to be blended, a w trimline ” is created on both of the faces adjacent 
to the edge. Both of these faces are cut back to the corresponding trimline, and the 
blending surface is inserted joining these faces with tangential continuity along the 
trimlines. As can be seen, the trimlines are curves on which the new edges Eire defined. 
The position of the trimlines may be chosen by any of the blend definition methods 
discussed earlier. 
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Going into further detail, each blend face is represented by a strip of rectangular 
double-quadratic patches one patch wide, which is adaptively fitted (Varady, Vida, 
Martin, 1988]. In the cases where non 4-sided patches are required, we always use 
3-sided patches which are degenerate 4-sided patches. 

When blending an edge, points on each trimline need to be put into correspondence 
for patch fitting. We call this the “assignment' problem. Two possible methods of doing 
this are (i) normal plane assignment, when a point on the edge is chosen, the normal 
plane to the edge constructed at this point, and its intersections with the trimlines 
are taken, giving a corresponding pair of points, and (ii) arc-length assignment, where 
points (approximately) the same fraction of total arc length on each trimline are put 
into correspondence. The former method is used in preference, but often the latter must 
be used to avoid degenerate patches. 

When a sequence of edges is being blended, faces other than those bounded by the 
edges being blended may meet at a vertex through which the edge sequence passes. 
“Ties" must be inserted across such faces, to join the trimlines (see Fig. 3.2/d,e and 
examples in Section 4, Fig. 4.10 and 4.11). 

Except in the case of a closed loop of edges being blended, the blend has ends. Two 
types of end are allowed: zero radius termination , j^nd “ natural” termination. In the 
former case, the trimlines converge to a single point on the edge being blended, while 
in the latter case the trimlines are terminated abruptly, as will be described later. 

At times, it may be necessary to trim, or even extend existing faces and edges of 
the model, or small facets may have to be inserted. Further details will be given in 
Section 4. 

Finally, we should note that as the user may not fully anticipate the results of a 
blending request, or may not like automatic choices made for him by the system, the 
blending command must be undoable to the extent of allowing the user to retry the 
blending operation with new parameters. 

4. Topological Models for Blending 

Although we wish to keep the geometric and topological aspects of blending separate 
as far as possible, it is inevitable that the two axe closely interrelated. For example, 
topological decisions on how a blend is handled may depend on the concavity or con¬ 
vexity of edges; the choice of the assignment method will also depend on geometric 
considerations. 

There are two main problems to be solved, in a strictly topological sense. The first 
is what to do at the ends of a blend (blend termination) except in the special case of 
blending a closed loop of edges. The second is what to do when passing from one edge 
to the next in a sequence of edges being blended ( vertex crossing). The latter may 
alternatively be thought of as the problem of what to do when other edges meet the 
sequence of edges being blended. 

It must be noted that due to space limitations it is impossible to describe all possible 
topological constructs we have investigated. Instead of going into a systematic case 
analysis of convex/concave edge configurations [see Martin, 1988] the basic concepts 
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and the most frequent topological resructuring cases are described, suggesting further 
extension in a straightforward manner. 

4.1 Blend Termination 

The main problem which needs to be solved here is to find a curve or curve sequence 
joining the ends of the trimlines on either side of the blend (Fig. 4.1). In doing so, it 
may be necessary to extend or trim other faces at the end of the blend, or to insert a 
facet. 

Different strategies must be used according to whether zero radius termination or 
natural termination is used. The default will be to use the latter, but the user may 
override this choice. 
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Figure 4.1 Blend termination 
4*1.1 Zero-Radius Termination 

In this case, both trimlines are bent at the end so that they meet at a common point of 
the edge being blended, which may or may not be the end of the edge (Fig. 4.2/a,b). 
We must take care that the trimlines generated do in fact stay on their faces near the 
end. The dq patch strip can be terminated by a single degenerate triangular patch at 
the end, independently of the assignment method being used. 




Figure 4.2 Zero radius termination — a) at a vertex b) at an edgepoint 
4*1.2 Natural Termination 

We may divide natural termination into two separate cases: mid-edge termination , and 
vertex termination . 

Let us consider the former problem first. The user chooses a point Q of the edge being 
blended. The normal plane to the edge through that point is found, and the trimlines 
are terminated at points P,R in that plane. Curves QP, QR are now fitted across the 
original surfaces, lying in plane PQR. The new topological structure is completed by the 
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planar facet PQR, as shown in Fig. 4.3. (If more user control is desired, an alternative 
plane to the normal plane could be specified). 



o 



Figure 4.3 Planar facet is included Figure 4.4 Joining sequence 

created by intersections 

Let us now turn to vertex termination. We will extend the edge, the trimlines, and 
faces being blended past the vertex, and generate a dq strip past the vertex. The blend 
surface is now intersected with all other faces meeting at the vertex. 



We must now consider two possible resulting cases. The first of these is where the 
sequence of intersection curves joins both trimlines together as in Fig. 4.4. The existing 
faces are cut back and the blend face is also bounded by these curve segments. In the 
second case no such joining sequence exists by intersecting the faces, however there may 
be intersections, which give partial solutions as in Fig. 4.5. We must decide on which 
edges the joining sequence has stopped (or not even started from), marked as a in the 
diagrams. 




Figure 4.6 Two faces need to be extended to terminate blend properly 
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Two examples are given here to show how the connection of the trimlines can be 
solved. In Fig.4.5 the face on which the last joining segment lies is extended (I) until 
another joining segment or the other trimline is reached. The original face will be 
enlarged by a small facet (II). 

In the second example (Fig. 4.6) the two edges at which the trimlines stopped are 
marked a x and 02 * The adjacent faces are chosen for extension and both are intersected 
with the blend surface (II and III). These must also be intersected with each other to 
make a consistent topological end of the blend (I) as shown. Exceptionally, they may 
have the same geometry, in which case their intersection (I) should not be found, but a 
smooth edge is inserted to complete the result. 


Pj 
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Figure 4*7 Vertex crossing 


4.2 Vertex Crossing 

The problem of vertex crossing is the following. Going from one edge e x in the sequence 
being blended to the next e 2 how do we connect the corresponding trimline segments 
(see Fig. 4.7) and simultaneously how do we create a region which consistently joins 
the two blending strips at the vertex? 

The procedure can be divided into three phases. In Phase 1 the edge configuration 
is classified, in Phase 2 the two trimline sequences on both sides are generated, finally 
in Phase 3 crossing edges to terminate the blending strips and ties are incorporated. 

Phase 1 At a given vertex there are always two edges to be blended, and there 
may be several others on either side of the edge sequence, which run into the same 
vertex. All edges need to be classified as convex (X), concave (V) or smooth (S). The 
following notation is used. The two outside letters denote the edges being blended, the 
inner letters denote the other edges — dot or comma indicates, on which side of the 
edge sequence the internal edge lies. For example, the edge configuration in Fig. 4.9 is 
VX’S.V, in Fig. 3.2/d XX.X.X, in Fig. 4.10 VX.V’X. 

Phase 2 The trimline sequences are generated separately on each side of the edge 
sequence being blended. There are three subcases. 

Case 2A The trimline sequence is to be continued on the same face. Depending on 
the edge configuration the adjacent trimline segments 
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a) may meet at a common point smoothly 

b) intersect each other (Fig. 4.8) 

c) their extensions join smoothly (Fig. 4.9) 

d) their extensions intersect each other (Fig. 3.4/a) 

(Note, if the adjacent pieces of the trimline join smoothly — smooth crossing edges 
will be incorporated, if they meet at an angle — sharp ones.) 



Figure 4.8 Trimlines intersect each Figure 4.9 Trimlines need to be 

other and meet at a common edge extended for smooth transition 

point, respectively 

Case 2.2 The trimline sequence crosses an edge, i.e. the trimline segments or their 
extensions must reach the same edge meeting point. Fig. 4.8 shows a case where the 
two trimlines intersect in an edge point, while in Fig. 4.10 the trimline of edge t 2 needs 
to be extended to reach a common point on the convex edge. 

Case 2.3 The trimline sequence crosses one or more intervening faces (Fig. 4.11) 
as well lying on the faces adjacent to those being blended. While crossing each edge a 
common meeting point needs to be found. These may be smooth or sharp transitions 
at each edge. 



Figure 4.10 Trimline extended to Figure 4.11 Several trimline segments 

reach a common point on an edge and ties need to be included 

Phase S Having completed Phase 2 there may be several trimline meeting points on 
either side of the edge sequence being blended, Let us denote the number of them by n 
and m, respectively. (Either of these may be zero, see case 2.1). 
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Case 8.1 If n < 1 and m < 1, then there will be only one edge across the blend 
incorporated into the topological structure (see Fig. 3.2 a,b,c). 

Case 3.2 If n < 1 and m > 1 (or vice versa) then there will be m crossing edges 
running into the meeting point on the other side (see Fig. 3.2/d) 

Case 8.3 If n > 1 and m > 1 then a multi-sided region is created and n + m 
triangular faces need to be included in the general case. These should be chosen to 
make the resulting structure as nearly symmetrical as possible as shown in Fig 3.2 e. 

Basically, there axe two ways to generate crossing edges. Either these are constructed 
as an intersection curve of two extended blend surfaces (see Fig. 4.8 and 4.12) or they 
are directly defined. In the latter case the edge(s) across the strip must agree with the 
profile information of the two blends (see Fig. 3.4/b). After this a sequence of triangular 
facets bounded by the trimlines and joining each other smoothly need to be added to 
complete the blending strips. (See also the area between curves c and d in Fig. 4.10.) 

In the above description only the basic contsructions for topological restructuring 
axe presented. There are many exceptions and “nasty” cases, where the ideas given here 
need to be further extended [see Martin, 1988]. 



Figure 4.12 Crossing edge created by surface-surface intersection 


5. Conclusion 

This paper has concentrated on the topological issues of incorporating parametric blends 
into a boundary representation solid modeller. Obviously there axe many geometrical 
aspects of the problem which space has prevented us from including here. However 
these details have been given in an earlier paper [Varady, Vida, Martin, 1988], 

The implementation of this blending model is currently under way. As might be 
expected, we have started by extending the available geometric routines. We already 
have satisfactory results for trimline generation, dq-patch strip fitting, arc length and 
normal plane assignment, zero radius termination, and user control of the blend profiles. 
These together constitute the basis of the topological manipulations described in this 
paper. Preliminary results are shown in Figures 5.1, 5.2 and 5.3. The well-known blends 
for the “Cranfield object” are shown with constant offset and constant radius definitions 
in Fig. 5.1/a,b. A free-form face and a cylinder are blended in a similar way in Fig. 
5.2/a,b and Fig. 5.2/c,d. Finally, varying offset blends for two cylinders axe presented 
in Fig. 5.3/a,b. 
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Figure 5*1 Blending a torus and a cone intersection a) constant offset; b) constant 
radius blends 

We are aware that the model we are proposing can be further extended and gener¬ 
alised. Nevertheless, we feel that it is sufficiently sophisticated to be of realistic use in 
a wide range of practical situations. 
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Figure 5.2 Blending a free-form face and a cylinder — a,b, constant offset; c,d, constant radius 
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Figure 5.3 Blending two cylinders — varying offset blends 
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Abstract 

A method is presented for generating blending surfaces by 
regarding them as a solution of a partial differential 
equation. In particular, since a blending surface is 
basically a function that must satisfy certain boundary 
conditions in order that It may join the surfaces to which 
it blends with the required degree of smoothness, it is 
appropriate to consider solutions to boundary value 
problems. This paper explores the extent to which surfaces 
produced in this way can be manipulated by adjusting certain 
parameters that occur in the formulation of the generating 
equation. 


1 Introduction 

In this paper we consider the method described by Bloor and Wilson [1] for 
generating surfaces by regarding them as solutions to partial differential 
equations (PDEs). Although we believe that this method has wide 
applicability throughout the whole area of surface design, we chose to 
introduce it by describing how the technique could be applied in the field 
of blend generation. The problem of blend generation in 
computei aided-design is essentially that of being able to generate a 
smooth surface to act as a bridging ’secondary’ transition between 
neighbouring ’primary’ surfaces (Woodwark [2], Hoffmann & Hopcroft [3]). 
Although the definition of what, in functional terms, constitutes a blend 
seems to be rather flexible, our approach is to regard a blend as a 
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’solution’ to a boundary value problem i.e. as a function which satisfies 
certain conditions on it and/or its derivatives at the boundaries of the 
region of interest (so that the required degree of continuity between the 
blend and the primary surface may be achieved). In the earlier paper, we 
illustrated the potential of the method by the use of examples of practical 
significance which were obtained from either analytical or numerical 
solutions of a suitably chosen (elliptic) PDE. 

2 A SURFACE AS A SOLUTION OF A PARTIAL DIFFERENTIAL EQUATION 

In this paper we will continue our discussion of blends by showing how the 
method allows for actual blend design, but first, for the sake of clarity, 
a brief outline of our method. We define a surface X (= (x,y,z)) in 
Euclidean 3-space parametrically in terms of two parameters, u & v, such 
that X=X(u,v). The lines of constant u and v will define a coordinate 
system within the surface. We find X by regarding it as the solution of a 
partial differential equation 


D m (X) = 0 

u,v ~ 

where D m ( ) is a partial differential operator of order m in the 
u,v 

independent variables u & v. Since we are interested in boundary-value 
problems and smooth surfaces i.e. blends that do not possess local surface 
oscillations, it is natural to consider the class of elliptic partial 
differential equations since, among other useful features, they have the 
property of producing ’smooth’ solutions, which in this context means 
smooth surfaces. In this paper we shall concentrate on the way in which 
certain free parameters in the PDE and boundary conditions can be regarded 
as ’design’ variables. 

3 A SIMPLE BLEND 

It is clear that if the method is to be used as a design tool, a 
straight-forward understanding of the way in which the properties and 
parameters of the partial differential equation affect the geometric 
properties of the surface represented by the solution is needed. A 
convenient way to demonstrate the relationship between parameters and 
surface charges is through a series of examples in which the effects of 
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changes in the parameters are readily apparent and open to a ’ physical’ 
interpretation. Let us start by considering the problem of blending a 
vertical cylinder to a horizontal plane. This was considered in [1] where 
a surface was obtained by solving the following system of partial 
differential equations: 


?_ 2 + b 2 *1 
au 2 av 2 


x, y = 0 


(la) 


a 2 2 a 2 

2 8 - 2 


= 0 


(lb) 


3u Sv 

where a and b are constants. We are seeking a tangent-continuous blend to 
form a transition between a cylinder of unit radius parallel to the z axis 
and the plane z = 0. Note that in solving this system of equations, we are 
solving a lower order equation for the x,y Cartesian coordinates (equation 
(la)) than for the z Cartesian coordinate (equation (lb)) since this allows 
a surface to be obtained more efficiently; but, if we are to satisfy the 
boundary conditions on x & y, this is at the cost of the loss of a 


potential design parameter. 


We will take the blend ’trimline' on the 


cylinder to be the isoparametric line u=0, defined in E* to be the curve: 


u 2. 2 , 

z = h, x+y =1 


(2a) 


and take the blend trimline on the plane to be the isoparametric line u=l, 
defined in E 3 to be the curve: 


z = 0, x 2 + y 2 = R 2 (2b) 

The boundary conditions on x,y,z and their derivatives to be satisfied by 
the blend are as follows, 
conditions on x, y & z: 


x(0,v) = cos v , y(0,v) = sin v , z(0,v) = h, (3a) 

x(l,v) = R cos v , y(1,v) = R sin v , z(l,v) = 0. (3b) 

conditions on the derivatives: 

x(0,v)=0,y(0,v)=0,z(0,v)=s, (3c) 

u u u 

z (1, v) =0 , x and/or y * 0. (3d) 

u u u 


Note that over our surface patch, u and v lie in the ranges [0,1] and 
[0,2 tt] repectively. The solution of equation (1) which satisfies these 
conditions can be written in closed form 
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x = cosh bu cos v (4a) 

y = cosh bu sin v (4b) 

z = (s + 3h) (u-1) 2 + (s + 2h) (u-1) 3 (4c) 

providing that R = cosh b. This illustrates the loss of b as a free 

parameter which follows since three boundary conditions on x and y need to 

be satisfied while equation (la) is only second order. Note that this 

solution gives non-zero values for x and y at u = 1. 

u u 



a 



b 



Figure 1: The effect of increasing the slope parameter s on a blend from a 
circular cylinder of unit radius to a horizontal plane: 
s = -0.1,-1.0,-10.,-25., in Figure la,lb,lc,Id repectively. 


4 Surface manipulation: the parameter s 

Having established this solution, let us consider the role played by the 
parameters a and s in determining the form of the surface with a view to 
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using it as a possible tool whereby the surface can be manipulated. We 
will start with s. The geometric interpretation of s is straight-forward 
for it is basically the magnitude of the tangent vector on the trimline 
u=0. Its sign determines whether the blend approaches the trimline from 
above or below, whereas its magnitude determines the ’speed' with which the 
surface moves away from the u=0 trimline. Consider the above blend from a 
circular cylinder to a circular curve on the plane z=0. Figure la,b,c,d 
shows the surfaces obtained when s is -0.1,-1.0,-10,-25 respectively; in 
each case R = 3, h = 3 and a = 1. Note that negative s values have been 
chosen so that the blend leaves the cylinder trimline in the direction z 
decreasing. If positive s values had been taken, the reverse would have 
happened (see Fig. 3). 

Figure 2 shows four blends (2a,b,c,d) between the two cylinders of 
unequal radius intersecting each other at right angles (the cylinders are 
not shown). 



o d 

Figure 2: The effect of increasing the slope parameter s on a blend from a 
circular cylinder to a second circular cylinder which it intersects at 
right angles. The slope parameter increases in Figure 2a through to 2d. 
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Although the blend is basically a modification of the above cylinder to 

plane blend, in this case the solution was obtained numerically. The 

smaller cylinder is centred on the line z=0 and has radius two, while the 

larger cylinder is centred on the line x = -4 and has radius 4. The 

trimline on the smaller cylinder is the curve x + y = 1, while the trimline 

on the larger cylinder is the projection of the curve z=constant, 
2 2 2 

x + y = 3 onto the cylinder’s surface. The blend is tangent-continuous at 

its edges in each case, but s (the magnitude of the slope at the upper 

trimline) increases in Figure 2a through to Figure 2d. 

The effect of increasing s is qualitatively the same as in the first 

case. It determines how rapidly the isoparametric lines v=constant on the 

surface move away from the upper trimline with increasing u. 

Let us further illustrate the effect of the slope parameter s by allowing 

it to be a function of v rather than a constant. We will again consider a 

circular cylinder, generators parallel to the z axis blended to the plane 

z=0. The trimlines are the circle at z=h on the cylinder and circle 
2 2 2 

x +y = ft on z=0, exactly as before. However, we shall take 

3 = 3^+ s^cos nv (5) 

where s i and s 2 are constants. The boundary conditions on x and y are 
identical to those given by equation (3). Thus the solution for x and y 
are given by equation (4). The boundary conditions to be satisfied by z on 
u = 0 are 


z(0,v) = h, z (0,v) = s (6a) 

u 

z(1, v) = 0, z (1, v) = 0 (6b) 

u 

where s in (6a) is no longer constant, but given by equation (5). The z 
coordinate must still satisfy equation (lb), the appropriate particular 
solution to which can now be written in the form 


z = Z (u) + Z (u) cos nv 
o 1 


(7) 


where the function Z is given by 
o 


Z = (s + 3h) (u-1) 2 + (s + 2h) (u-1) 3 
0 1 1 


( 8 ) 


while Z ^an be written 


„ , x , cru cru -cru 

Z (u) = Ae + Au e + Ae + 

1 1 2 3 


A u e 
4 


(9) 


with cr = an. The boundary conditions on z imply the relations Z^O) = 

Z (1) = Z (1) = 0 and Z (0) = s , which can then be used to determine the 
1 1u 1u 2 

constants A ,A , A ,A . Note that since the PDEs are linear, their 
12 3 4 
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solution is a superposition of the terms Z and Z : Z represents a surface 

o 1o 

of circular cross-section while Z^ can be thought of as representing the 
variations introduced into this surface by the variations in the boundary 
conditions (in this case the variation in s with v). It can be shown that 
for large o' the solution for Z^ is approximately given by 

Z^u) =* s 2 u e ^ (10) 
indicating the presence of a thin layer near u = 0 where the effects of the 
variations in s are felt, but beyond which the cross-section is circular. 
For low values of cr the influence of the boundary conditions at u = 0 
extends thoughout the whole range in u of the surface and only dies out due 
to the influence of the boundary conditions on z = 0. We shall return to 
such layers when we discuss the effects of the parameter a. 



Figure 3: A blend from a circular cylinder to a plane, produced by the 

sinusoidal variation in the slope parameter: s = -2 + 5 cos3v. 

In Figure 3, we show the surface generated by the solution when s^ -2 , 
s^= 5 , n = 3 , h=3, R = 4 and cr = 1. We have produced a blend which in 
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engineering terms could be thought of as having strengthening ridges. We 

emphasise that despite its appearance, the top trimline is in fact the 
2 2 

curve z=3, x + y = 1 . 

Note that if we had solved a 4th order equation for the x & y coordinates 
of the blend surface, then we would have had a further slope design 
parameter for each of the x & y coordinates. An example of such a surface 
is shown in Bloor & Wilson [1], 

5 Surface manipulation 2: the parameter a 


Having established qualitatively the role played by the parameter s, we 
shall look at the effect of varying the parameter a. This can be 
interpreted as a smoothing parameter in the sense that it controls the 
relative smoothing of the dependent variables between the u and v 
directions. This can be seen when a is a constant, in which case the 
differential operator can be written 


a 2 

— 2 + - 2 (ID 

du d(v/a)^ 

where clearly there is symmetry between u and v/a. So, providing u and v 
each extend over the same parameter range for the whole surface patch, the 
parameter a changes the length scale in the v direction. For large a, 
changes in the u direction occur over a relatively short length scale, 

namely 1/a times the length scale in the v direction over which similar 

changes take place. Note that for our patches the u and v parameter ranges 
are not quite the same, but the effect of a is qualitatively unaffected. 
This point can best be illustrated by references to a simple, though 

somewhat contrived, example. Again we will consider a blend between a 
cylinder, with generators parallel to the z axis, and the plane z = 0, but 
this time the cylinder has a ’fluted’ cross-section. A parametric 
representation of the cylinder can be written: 


x = cosv + e cosnv 


( 12 ) 


y = sinv - e sinnv 

where n = an integer. Thus the distance from a particular point on the 
trimline to the z axis is given by 

r = {1 + e 2 + 2e cos[ (n+1) v] > 1/2 

So the ’cylinder’ can be thought of as a conventional circular cylinder of 
radius 1 + e 2 with (n+1) sinusoidal flutes of amplitude 2g uniformly 
distributed around its circumference. 
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Firstly, we consider the case when the trimline on z=0 is the curve 
x 2 + y 2 = R 2 so that the fluting must disappear on the plane. We shall see 
that the choice of the parameter a can be used to determine the length 
scale over which the fluting persists. Note that for such a blend we need 
to use a surface which is the solution of the fully fourth-order system 


6 2 2 ^ 

2 a o 2 


0 


au av 

We can express the solution in the form 

x = cosh(au) cosv + F(u) cosnv 


(14) 


y = cosh(au) slnv - F(u) cosnv (15) 

z = (s + 3h) (u-1) 2 + (s + 2h) (u-1) 3 

The trimline at z=h on the cylinder is the isoparametric line u = 0, so 
that the boundary conditions required of x and y are 

x(0,v) = cosv + c cosnv ; x (0,v) = 0 

u 

y(0,v) = sinv - c sinnv ; y (0,v) = 0 

which are satisfied providing that F(0) = e, and F (0) = 0. On the plane, 

U 2 2 2 

along the curve u = 1 (which remember maps to the circle x + y = R , z = 
0), the boundary conditions on x and y are 

x(l,v) = cosv ; x (1,v) * 0 
u 

y(l,v) = sinv ; y (l,v) * 0 

which are satisfied provided that F(l) = 0 while F^(1) is arbitary (taken 
to be a constant t in this case to preserve ’symmetry’). The sign of t, 

of course, determines whether the blend surface approaches the plane from 

2 2 2 2 2 2 
regions where x + y > R (t<0) or regions where x + y < R (t>0), while 

its magnitude determines the ’speed’ with which it does so. We do not vary 

the magnitude of t in the solutions we present, although it is clear that 

its effect is similar to that of s in the previous example. By 

substituting from equation (15) into equation (14), we find that the 

equation to be satisfied by F is 



2 2 


a n 


2 

F 


= 0 


which has a solution 
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t 7 A cru . cru -cru 

F = A e + A u e + A e + 
1 2 3 


A u e 
4 


(17) 

where cr = an and A^A^A^A^ are determined from the four boundary 
conditions on F. It is instructive to carry the analysis further and 
consider the case where cr is large, or more precisely when e 0 ^ is large 
compared with unity. In this case 


„ -cru, . . 

F^ e e (1 + cru) 


(18) 


near u = 0. It can be seen that F decays exponentially as u increases from 
the value e at u = 0, and also clear that the influence of the boundary 
data representing this fluting extends only over a length scale of 0(1/cr) 
in u. We illustrate this finding graphically in Figure 4 where the 
surfaces corresponding to four different values of cr with n=3 are shown. 




a 


b 




o d 

Figure 4: The influence of the smoothing parameter a on a blend from a 
fluted cylinder to a circular curve on the plane z=0. The value of a 
increases in Figure 4a through to Figure 4d (see main text for details). 


For a low value of cr (Figure 4a; cr=0.2) the influence of the boundary data 
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on u = 0 extends over a substantial part of the blend and only disappears 
under the influence of the boundary data on u = 1. As cr increases (Figures 
4b,c,d) the range over which the fluting extends is more restricted until 
(Figure 4d) the fluting is confined to a narrow region close to the 
cylinder, a region we might call a ’trimlayer*; that is a sort of boundary 
layer. 

This point can be further illustrated by considering a modification to 
the above example which involves design characteristics of practical 
significance. The boundary condition on the cylinder (z=h) are still the 
same as in the previous example, but now the boundary condition on the 
plane (z=0) is taken to be 

x(l,v) = R cosv + 8 cosnv ; x (1,v) * 0 

u 

y(l,v) = R sinv - 8 sinnv ; y (l,v) * 0 (19) 

u 

Provided that 6>0, so that the fluting at the trimline on the plane is ’in 
phase’ with the fluting on the cylinder, the fluting in the cylinder can be 
extended through the blend to the plane z=0 by a suitable choice of a. 
From a practical point of view, this may be required either for its 
structural properties (particularly strength), or possibly for aesthetic 
considerations. The only change in the boundary conditions on F is along 
u=l where F(l)=<5. For large cr the solution for F can be approximated by 

F(u) ^ ( (t8 + 8 - t) e°^ U + (t - cr6)ue <r ^ U 1 ^ + ee 0 ^ 1 + acue 0 ^ (20) 

In this case it can be seen that near u = 0 a trimlayer exists of 
thickness 0(l/cr), and similarly near u=l a layer of the same thickness 
exists through which the boundary conditions on the plane are attenuated. 

Figure 5a, b shows the surfaces obtained for <r= 5 and <r=20 respectively 
when 5>0. In the former, the fluting persists more-or-less throughout the 
blend, whereas in the latter case, two trimlayers are clearly evident as 
indicated by the above approximate analysis. Note that when the boundary 
conditions are attenuated through thin trimlayers there is a central region 
of circular cross-section. 

When 8 takes the opposite sign to c, the fluting at the base is directly 
'out of phase’ with that on the cylinder and for moderately low values of 
(r, conventional smoothing takes place over a length scale of 0(h). When cr 
is large, as expected, two thin layers are evident near the trimlines with 
an extensive central region of circular cross-section. This is illustrated 
in Figure 5c & d, where <r=5 and <r=20 respectively. 
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Figure 5: The influence of the smoothing parameter a on a blend from a 

fluted cylinder (n=3) to a fluted curve (n=3) on the plane z=0. In Figure 
5a&b the fluting on the plane is ’in-phase’ with the fluting on the 
cylinder; the smoothing parameter a=5 and 20 in Figure 5a and 5b 
respectively; while in Figure 5c&d the fluting on the plane is out of phase 
with the fluting on the cylinder; the smoothing parameter a=5 and 20 in 
Figure 5c & 5d respectively. 

Cleanly, by adjusting the value of a one can change the properties of the 
blending surface, either propagating the effects of the boundary curves 
over substantial parts of the blend, or confining their effects to regions 
near the edges of the blend. 

6 Conclusions 

We have shown in this paper how the method of Bloor & Wilson [1] provides a 
wide scope for manipulating the blending surface. Such design may be 


233 


desirable because of functional requirements or simply for aesthetic 
considerations. Now, it might be argued that the concept of manipulating a 
surface by changing the parameters in a partial differential equation is 
totally alien to most ’real-life’ designers. However, if this method were 
the basis of some surface design system the user would be ’protected’ from 
the roccoco intracacies of whatever partial differential equation was being 
used. For Instance, when it comes to smoothing, the concept of being able 
to limit the range over which features on the boundary can effect the main 
body of the blend must be comprehensible to most potential users. All that 
he or she need specify is a number between 0 and 1 (say). A small number 
would be converted by the system into a small value of cr, and a trimlayer 
would be the result. A number near 1 would be interpreted by the system as 
low smoothing, and boundary features would be propagated over much of the 
blend. As for the parameter s, the self-same concept is already found in 
existing polynomial surface representations, and its geometric effects are 
easily assimilated after a little experience. 

It may be, however, that what is desired is a facility for completely 
automatic blend generation. In a solid modelling context the prospects for 
this are good, because the intersection curves between the simple 
primitives that are generally used in such systems can be calculated. It 
is then a matter of generating trimlines, which can be done by calculating 
offset curves on the surfaces of the intersecting primary objects; and 
indeed, work is in progress on this very topic. 

Other possibilities exist for building ’features’ into surfaces 
generated by this method which we intend to explore in subsequent papers. 

Before ending, it is worthwhile emphasing the other positive attributes 
of this method. It provides a means of generating smooth blends between 
primary surfaces where the geometry of the boundary curves and conditions 
can be quite intricate, with a single patch of surface. Although this may 
mean solving for the blend surface numerically, in many cases we are able 
to generate closed form analytic solutions whose interrogation is, 
relatively, cheap. 


7 Acknowledgements 


We would like to thank Dr M.S.Bloor for helpful comments upon this work. 



234 


8 References 

1 Bloor MIG and Wilson M J ’Generating blend surfaces using Partial 

Differential Eqautions’ , CAD, to appear April 1989. 

2 Woodwark, J R ’Blends in Geometric Modelling’, The Mathematics of 

Surfaces //, ed. Martin,R R , Oxford, UK,(1987). 

3 Hoffmann C and Hopcroft J ’The Potential Method for Blending 

Surfaces', Geometric Modeliing: Algorithms & New Trends , 

Farin, G, SIAM, Philadelphia, USA, (1987) pp 347-364 


Cyclide Blending in Solid Modelling 


M. J. Pratt 

Department of Applied Computing and Mathematics (DACAM) 
Cranfield Institute of Technology 
Cranfield, Bedford, MK43 OAL, England. 


Abstract 

The family of surfaces known as cyclides includes all the surfaces conventionally used 
in solid modelling - the plane, cylinder, cone, sphere and torus - together with various 
types of generalisation of the torus. In an earlier paper it was shown that cyclides can 
be used to give exact blends between pairs of other cyclide surfaces in several situations 
which frequently occur in engineering design. The present paper reviews this work, 
extends it by the use of a new theorem due to Sabin, and also shows how piecewise 
cyclide blending surfaces can give still greater generality. All the blends created are 
subject to the restriction that their boundaries must be circles lying on the surfaces 
being blended. Such blends occur surprisingly often in the design of real objects. 


1. Introduction 

The surface types used in ‘traditional’ solid modelling over the past twenty years 
are the plane, circular cylinder, cone, sphere and torus. The first four of these are 
quadric surfaces, having implicit formulations as equations of the second degree. 
The torus, however, is an anomaly. It was early found necessary for the modelling 
of certain commonly occurring situations such as ‘elbows’ in pipework and for the 
rounding of the edges where a cylinder abuts at right angles to a plane. But the 
degree of the implicit equation for the torus is four, and it was consequent^ found 
more difficult to implement from the mathematical point of view, notably in the 
computation of intersection curves with other surfaces. Indeed, some early solid 
modellers could only compute intersections with the torus in rather special cases 
where the curve of intersection happened to be a circle! 

In these early days of solid modelling there was almost a sense of resentment 
at the insufficiency of the quadrics for modelling simple engineering parts. Some 
developers went beyond the ‘natural’ quadrics mentioned in the first paragraph and 
implemented completely general quadrics including the hyperbolic paraboloid and 
so forth, but these were found of little practical use, and certainly provided no 
alternative to the torus. The quadrics therefore fail as a universal set of surfaces 
for solid modelling. The question naturally arises as to whether another class of 
surfaces exists which includes the plane, cylinder, cone, sphere and torus, and which 
is reasonably easy to handle in a geometric modelling context. Such a class might 
also be expected to include surfaces more general in form than those listed, which 
could be used to extend the range of geometric coverage of solid modellers. A 
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suitable family of surfaces has in fact been known for some time. These are the 
Dupin cyclides, discovered by the FVench mathematician and naval architect Dupin 
(1822), and subseqently further investigated by Maxwell (1868) and Cayley (1873). 

After the early years of the present century interest in cyclide surfaces declined, 
but they were recently rediscovered during some research at Cambridge University 
into novel methods of computer aided surface design. Three PhD theses have been 
written on this subject (Martin 1982, de Pont 1984 and Sharrock 1985), and some 
of the research has been summarised in a recent book by Nutbourne and Martin 
(1988). Knapman (1986) has also studied cyclides in the context of computer vision. 

None of the work on cyclides in CAD cited in the last paragraph has examined 
their usefulness in boundary representation solid modelling. In this context, some 
work in progress at Purdue University (Hoffmann 1988) proposes the use of cyclides 
in the generation of approximate blends in solid modelling. Also a recent paper by 
the present author (Pratt 1988), in addition to giving a Bezier formulation for 
cyclide surfaces and analysing their offset properties, shows how they may be used 
for exact blends in certain simple situations. The present paper extends this latter 
work further to allow more complex types of cyclide blends. 

2. Geometry of the Cyclide 

The simplest form of the cyclide may be thought of as a deformed torus, in which 
the minor radius varies around the central hole. There are two planes of symmetry, 
conventionally taken to be the x,y -plane and the z,x-plane. The cross-sections in 
either of these two planes consist of two circles, as shown in Figure 1. This form 
is known as a ring cyclide, or sometimes a squashed torus cyclide. There are also 
two self- intersecting forms, one in which the circles in the x,y- plane intersect (the 
horned cyclide), and one in which the circles in the z,r-plane intersect (the spindle 
cyclide). The torus is a particularly simple case in which the circles in the r, y-plane 
are concentric and those in the z, z-plane have equal radii. The sphere is the limiting 
case of the spindle cyclide in which the pairs of circles in both planes coincide. If 
the radii of the circles in the x , y-plane tend to infinity the cylide becomes a cylinder 
or a cone in the concentric and non-concentric cases respectively (the apex of the 
cone corresponds to a self-intersection point of a horned cyclide). In the case of the 
cylinder, if the minor radius also tends to infinity then a plane results. The natural 
quadrics are therefore all special cases of the cyclide. Certain other limiting cases 
exist, but will not be discussed here. 

Forsythe (1912) gives implicit equations defining the cyclide in terms of four 
parameters, a, 6, c and //, where a, b and c are related by 


c 2 = a 2 — 6 2 . 
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Figure 1 . Cross-section of a Ring Cyclide in its Planes of Symmetry 

These parameters determine the centres and radii of the circles in the planes of 
symmetry, as shown in Figure 1. Conversely, and this fact will be used later, a 
knowledge of the geometry of these circles allows the defining cyclide parameters to 
be determined. 

Cyclides possess a number of important geometrical properties, the salient ones 
for present purposes being as follows: 

(a) All lines of (principal) curvature on a cyclide are circles. 

(b) Along any line of curvature on a cyclide the angle <f> between the surface normal 
and the principal normal to the curve is constant (this is a consequence of Joachim- 
stal’s Theorem - see Nutbourne and Martin 1988). The angle <f> is important, and 
will be referred to frequently in this paper. 

(c) The constant distance parallel offset of a cyclide is another cyclide (this is well 
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known; the precise details of the relationship axe elucidated in Pratt, 1988) 

Two further useful properties of more general surfaces will also be stated: 

(d) The curves generated by intersecting any surface with one of its planes of sym¬ 
metry are lines of curvature of the surface. Note that <j> = 0 or n for all such 
curves. 

(e) The circular curves generated by intersecting any rotationally symmetric surface 
with planes perpendicular to its axis are lines of curvature of he surface. Note that 
in this case <f> also has a constant value on each circle. 

3. Blends in Solid Modelling 

The blending problem in solid modelling has received much attention in the last 
few years. Good reviews are given in Woodwark (1986) and Vaxady et al. (1988). 
The various methods may be broadly classified as approximate or exact. Approx¬ 
imate methods are those generating blending surfaces having tangent continuity 
with the adjoining surfaces only to within some specified tolerance on position and 
normal vector direction. The surface types used to model such blends are usually 
faceted (as in certain commercial modellers such as Euclid, Geomod) or piecewise 
parametrically defined (as in the work of Varady et al.). Exact blends give gen¬ 
uine tangent continuity with the adjacent surface. The methods available include 
the popular algebraic methods, exemplified by the work of Rockwood and Owen 
(1986), local modification of parametric surfaces (Pratt, 1985) or, as suggested in 
this paper, the use of new classes of implicitly defined surfaces. Specifically, it will 
be shown how cyclides may be used for this purpose. 

3,1 Cyclide Blends onto Planes and Spheres 

In a previous paper by the present author (Pratt, 1988) it was shown that a 
smooth cyclide blend can be constructed between a general cyclide surface and 
a plane or sphere. This can be done provided the geometry of the situation is 
symmetric, i.e. provided one of the planes of symmetry of the first cyclide contains 
the normal vector to the plane or the centre point of the sphere. In this case it is 
only necessary to work in the plane of symmetry to determine the blending cyclide. 
The steps (illustrated in Figure 2) axe as follows: 

(A) Select a line of curvature on the initial cyclide as one boundary of the blend. 

(B) Determine the value of <j> (see Property (b) in Section 2) on this curve. 

(C) Construct two circles in the plane of symmetry, each tangent to the cross- 
sectional curves of the cyclide where they intersect with the chosen line of curvature, 
and each also tangent to the plane or sphere to be blended. 

(D) The two circles constructed are the cross-section of the blending cyclide in 
one of its planes of symmetry, and the defining parameters of the cyclide may be 
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Figure 2. Blending from a cyclide onto a sphere. 

determined from their centre points and radii, as mentioned above. 

In three dimensions the original and the blending cyclide share a line of curvature, 
along which they are mutually tangent. The blending cyclide is also tangent along 
another of its lines of curvature to the plane or sphere being blended. Thus an 
exact blend has been obtained with geometric or visual continuity of order 1. In a 
boundary representation modeller the blend will be represented as a face, defined 
by the region of the cyclide lying between the two lines of curvature. In a CSG 
system the cyclide must be implemented as a primitive, and in this case the blend 
will be defined in terms of boolean operations. It may be noted that there is some 
freedom for the designer in his selection of the initial line of curvature; he is thereby 
able to affect the mean radius of the blend. 

The procedure outlined above works because the plane and the sphere both pos¬ 
sess a very special property; any circle on either surface (whether or not it is a line 
of curvature) has a constant angle </>. It is this property which allows first-order 
continuity to be attained around the second boundary of the blending face. 

3.2 More General Cyclide Blends 

The cone/cone blend will first be discussed. In this context the circular cylinder 
may be regarded as a special case of a cone. The possibility of this type of blend is 
expressed by a theorem due to Malcolm Sabin (1988): 
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THEOREM: Two cones possess a family of blending cyclides if, and only if, the 
cones contain a common inscribed sphere. 

For present purposes only the sufficiency of the inscribed sphere condition is needed. 
Sabin’s elegant proof, using Property (c) of the cyclide as quoted in Section 2, is in 
outline as follows: 


Consider two semi-infinite cones with coincident vertices. A plane of 
symmetry is defined by their two axes (except in the case of coincident 
axes, when the blending problem is trivial). Choose a circumferential line 
of curvature of one cone (this will be a circle in a plane normal to the 
axis). Consider also a similar line of curvature on the second cone, in a 
plane lying at the same distance from the common vertex point. Clearly, 
two circles may be constructed in the plane of symmetry, each tangent to 
both cones at the points where the chosen lines of curvature intersect this 
plane. Following the argument given in the last section, the existence of a 
blending cyclide may be inferred, tangent to each cone along the selected 
line of curvature. 

Now offset each cone outwards by the same distance d. The effect is 
that of a movement of each cone along its axis, the magnitude of the 
axial movement being dcosec a, where a is the semi-vertex angle of the 
cone. If they are to remain tangent to the two cones, the circles previously 
constructed must be offset inwards by the distance d . In this case the 
cyclide they determine remains tangent to the displaced cones around lines 
of curvature, i.e. a blending cyclide still exists. On the other hand, as the 
cones are offset the original common vertex point expands to become a 
sphere of radius d, contained by both cones and tangent to them internally. 


The above argument establishes the sufficiency of the inscribed sphere condition. 
A more detailed proof, which also demonstrates the necessity, of this condition, 
will be published elsewhere. The specialisation to the case where one of the cones 
becomes a cylinder is straightforward; in this case the initial undisplaced cone is 
replaced by a straight line segment. 

Two cases of the cone/cone blend are illustrated in Figure 3. It is apparent that, 
depending on the disposition of the two cones, the plane of symmetry of the blehd 
corresponds to the r,y-plane or the 2 ,r-plane of symmetry of the cyclide. In the 
first case the two circles defining the blending cyclide lie one outside the other, while 
in the second case one contains the other. 

It has been shown that a cyclide blend exists between two cones provided the 
inscribed sphere condition holds. This being so, then as in the previous section 
there is one degree of freedom for the designer, who may choose the mean radius of 
the blend. 
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la) lb) 


Figure 3. The two cases of the cone/cone blend. 

Although the discussion in this section has so far been limited to the blending 
of cones, it should be pointed out that the solution of the cone blending problem 
is fundamental to the blending of cyclides in general, and also of arbitrary surfaces 
of revolution. These all exhibit circular lines of curvature along which the angle <f> 
is constant. The cone is merely the simplest surface of this type, in which all the 
lines of curvature orthogonal to the circle are straight lines; locally, in fact, any of 
the surface types mentioned behaves like a cone in the neighbourhood of a circular 
line of curvature. In the foregoing, therefore, any cone may be replaced by another 
surface sharing the same line of curvature with the same associated value of (f >. 

3.3 Double-Cyclide Blends 

The blends thus fax described can be constructed only in rather restricted sym¬ 
metric situations. Much more general asymmetric cases can however be dealt with if 
more then one cyclide is used to construct the blend. To see this, consider the blend 
depicted in Figure 3a. The boundaries of the blend are circular lines of curvature of 
the blending cyclide. Now choose any intermediate line of curvature between these 
two, which will of course also be a circle. It is possible, without losing first-order 
continuity, to rotate the top part of the blended object shown about the axis of this 
circle whilst holding the bottom part stationary. This can be done because <f> is 
constant around the circle, and it results in a cone/cone blend in a situation where 
the axes of the cones do not necessarily intersect, as they must do in the original 
symmetric situation. 

In the case described above the double-cyelide blend is based on portions of the 
same cyclide, one given a rotational transformation with respect to the other. A 
case which demands the use of two different cyclides is illustrated by the blend 
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between two cyclindrical pipes of different diameters. Here it will be assumed 
initially that the centre-lines of the pipes lie in the same plane. Then the blend 
may be constructed as follows, working in that plane: 

(A) To obtain the outer curve of the desired blend, construct a biarc (a tangent- 
continuous piecewise curve composed of two circular arcs - see Nutbourne and Mar¬ 
tin, 1988) tangent to each of the pipes at their ends, as shown in Figure 4. It is not 
possible in general to construct a single circular arc with this property since there 
are four constraints to be fulfilled, on the end points and the end tangent directions 
of the curve, whereas a circular arc is determined by three constraints. Note that 
there is one degree of freedom in the biarc, namely the choice of its junction point. 

(B) Construct a second biarc tangent to the other two edges of the pipes, to give 
the inner curve of the blend. There is no freedom here in the choice of the junction 
point; it must lie on a line through the junction point of the outer curve which makes 
equal angles with the tangents to the inner and outer biarcs where it intersects them 
(see Figure 4). This condition is necessary because in three dimensions the junction 
points lie on a circle in a perpendicular plane, which must be a line of curvature 
shared by the two cyclides forming the blend. It has already been stated that <f> is 
constant around a line of curvature of a cyclide. 

(C) The arcs tangent to the first and second pipes now define two cyclides, in 
the manner previously described. The construction used ensures that they have 
first-order continuity both with the two pipes and across across their intermediate 
junction. 

The method described can be applied in cases where the pipe axes are coplanar. 
However, if the first pipe and its attached cyclide are kept fixed but a rotation is 
applied to the remainder of the construction about the axis of the intermediate 
shared circular line of curvature, a genuinely three-dimensional blend results. Fur¬ 
thermore, this approach need not be restricted to the blending of cylinders; it can 
be generalised to the blending between any two surfaces which exhibit circular lines 
of curvature. 

3.4 Problems Remaining 

The methods described earlier in this paper make it clear that the implementation 
of cyclide surfaces in a solid modeller will allow exact solutions to a wide range 
of blending problems encountered in the design of engineering artefacts. They 
are nevertheless subject to a severe restriction; they can only be applied where 
the blend boundaries are circles on the surfaces being blended, and, except in the 
cases of the plane and the sphere, the circles must be lines of curvature. In the 
author’s previous paper on cyclides (Pratt, 1988) a plausible attempt at modelling 
the cone/torus blend on the Cranfield Object (Figure 5) was shown to fail. In this 
case it is possible to use a line of curvature of the torus as one boundary, but there 


Figure 4. Double-cyclide blend between two pipes of unequal radii. 


is no appropriate circular boundary on the cone. It is clear that cyclides will have 
to be used in a piecewise manner to cope with such situations, but it is at present 
an unresolved question as to whether this will prove possible without resorting to 
approximate techniques. 

4. Conclusions 

It has been shown that cyclides provide a powerful means of constructing exact 
blends with first-order continuity between the classes of surfaces implemented in 
most solid modelling systems. The approach is limited in that such blends are 
bounded by circles which, except for planes and spheres, must be lines of curvature 
of the surfaces being blended. Nevertheless, the cyclide method provides a solution 
for many of the blending problems arising in engineering design. Further research 
will be needed to find ways of using cyclides for more general types of blends. 

The use of the cyclide blend is economical, especially in the context of boundary 
representation modelling, since it is possible to use ‘local 1 operations, for example 
to interpolate a blending face to round off a previously sharp edge, whilst incurring 
only minor topological changes. However, it is also easy in principle to implement 
the cyclide as a primitive in systems of the CSG type. It is hoped that the re¬ 
sults obtained in this paper will motivate greater use of these versatile surfaces in 
geometric modelling. 
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Figure 5. Unsolved cone/torus blending problem (the ‘Cranfield ob¬ 
ject’). 


the Theorem quoted in Section 3.2. 
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Abstract 

The idea of these remarks was spontaneously presented in connection with Mike Pratt’s 
talk on ” Cyclide Blending in Solid Modeling” (see these proceedings): Simple properties of the 
cyclides allow to solve the problem of the "Cranfield object” and the ”tripod”. More details 
can be found in [lj. 

Keywords: Geometric modeling, solid modeling, blending, ducts. 


1 Maxwell’s construction using a string 

Just as a torus can be constructed by the use of a tight string fastened at one end to the 
center of a circle and sliding smoothly over the circle, a cyclide can be constructed by 
the use of an ellipse: let a sufficiently long string be fastened at one end to the (negative) 
focus /_ of an ellipse, let the string be kept always tight while sliding smoothly over 
the ellipse, the other end will sweep out the whole surface of a cyclide. This nice and 
simple construction, illustrated in Fig. 1, was given in 1864 by J. Clerk Maxwell [3]. 

Moreover, Maxwell has shown that the straight line L defined by the second part 
of the string will meet the hyperbola which is confocal to the ellipse in space. More 
exactly the positive branch of the line will meet the positive branch of the hyperbola 
or the negative branch will meet the negative branch of the hyperbola. If this line is 
fastened to the string, each fixed point c of it will sweep out the surface of a cyclide 
confocal to the first one. Note that this generalizes the construction to less long strings 
and even to strings of negative length. 

2 Some properties of cyclides 

Most of the properties of cyclides can easily be derived from Maxwell’s construction. 
Let p and q be the points where the straight line from above meets the ellipse and the 
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Fig. 2: The focal conics and the line L 


confocal hyperbola, respectively. One gets immediately: 

The line L, spanned by p, q y will be the normal of the cyclide at c. 

For if p be fixed while q varies, the point c will describe a circle, P, and if q be fixed 
while p varies, c will describe another circle, Q. 

As a consequence one has: 

The cyclide C under consideration is the envelope of two series of spheres whose 
centers lie on the focal conics and whose radii vary according to the second part of 
the string. 

In particular, if q is a point at infinity, the sphere degenerates to a plane. Therefore 
the cyclide is touched by two planes, H+ and H-, along two circles, Q+ and Q-. 

These planes are of special interest: 

Both planes, and H- } are tangent planes of the right cone which touches the 
cyclide along any circle P. It is well-known from Descriptive Geometry that therefore 
any two such cones are circumscribed to a common sphere. That is one part of 
Sabin’s Lemma (see Pratt [4]). 

Similar properties hold in the case where p is a point at infinity, although this point 
and the corresponding degenerated sphere are non-real. 
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Finally, one has the following lemma: 

Let S be a sphere which contacts a cyclide C in two different points, say c\ and C 2 . 
For if any offset of S contacts an offset of C twice too, S is a member of one of the 
enveloping series discussed above. 

This lemma follows also immediately from Maxwell’s construction as illustrated in Fig. 
4, where m and r denote the midpoint and the radius of S, 



Fig. 4: A sphere which touches a cyclide in ci and c% 
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3 Cyclides in Solid Modeling 

Parts of cyclides and their touching spheres, cones and planes can easily be combined in 
Solid Modeling. We will give three examples. The used method to construct the cyclide 
which is tangent to two truncated cones which are circumscribed to a common sphere 
was given by Pratt (these proceedings). It can be viewed as the inversion of a simple 
construction of a cyclide given in 1880 by Cayley and Catalan [2]. 

Blending two conic pipes 

Consider two conic pipes. Consider two spheres, T\ and T 2 , each inscribed into one of 
the pipes. Both spheres define a circumscribed right cone. Choose a circle, Z, on this 
cone, in general between both spheres. Pratt’s construction applied twice will give a 
double cyclide blend. Note that there are three degrees of freedom to blend both pipes 
in this manner. 



Fig. 5: A double-cyelide blend between two cones 
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The simplified Cranfield Object 

Consider two cones circumscribed to a common sphere and having two different real 
tangent planes in common. In general each pair of semi-cones can be connected smoo¬ 
thly by an infinite number of cyclides. Moreover, all these cyclides are sandwiched in 
the common pair of tangent planes. Thus triangular or quadrangular parts of these 
planes can be used to blend the cyclides. Fig. 6 shows an example. Adding a further 
cyclide smoothly to one of the cones would solve the Cranfield problem. 



Fig. 7: Combined blend of a tripod 
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The tripod 

Consider three truncated cones circumscribed to a co mm on sphere and forming a tripod. 
Let S be a sphere which touches the three cones. Let c. be the points of contact and 
let P. be the corresponding circles. One gets from Pratt’s construction three cyclides 
each blending a pair of cones between the P.. Moreover, because S has two diffemet 
points of contact with each of this cyclides, S touches each of this cyclides along circles. 
Therefore a triangular patch of S can be used to blend the three cyclides, as shown in 
Figur 7. 
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Abstract 

We present a method for producing ray traced images of boundary rep¬ 
resentation solid models where the faces of the solids are subsets of implicitly 
defined algebraic surfaces. Specifically, we consider surfaces which are either 
natural quadrics and tori, or implicit blend surfaces. A point lying on such a 
surface is classified as inside or outside a face on the surface either by parame¬ 
terizing the face (faces lying on natural quadrics or tori) and transforming the 
problem to the parameter plane, or by using set theoretic (CSG) information 
associated with the face (blend faces). 


1 Introduction 

Realistic images are nowadays mostly generated with two methods: Ray tracing and 
radiosity. Of these two computationally very expensive techniques, ray tracing has 
gained wider popularity for two reasons: First, a simple ray tracer is very easy to 
implement and further development can be done in stepwise, and secondly, a wide 
range of natural and unnatural phenomena can be simulated with ray tracing. 

After the seminal work of Whitted [Whitted, 1980], ray tracing research has 
concentrated mainly in four areas which partly overlap due to recent discoveries: (1) 
Generalization of ray tracing techniques to cover other than complex shapes, such 
as general constructive solid geometry (CSG) models [Roth, 1982], general algebraic 
surfaces [Hanrahan, 1983], parametric surfaces [e.g., Sweeney and Bartels, 1986], 
sweep objects [e.g., van Wijk, 1986], fractals and various kinds of other procedurally 
defined objects [Kajiya, 1983], (2) simulation of optical effects such as camera lenses 
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with aperture and depth-of-field, motion blur, and soft shadows [Cook et a/., 1984; 
Potmesil and Chakravarty, 1982], (3) antialiasing techniques that can be applied 
in ray tracing, such as cone tracing [Amanatides, 1984] and distributed ray tracing 
[Cook et a/., 1984], and (4) methods for speeding up tracing process, such as space 
subdivision [Tamminen, Karonen and Mantyla 1984; Glassner, 1984; Kaplan, 1985; 
Fujimoto, 1986] and light buffering [Haines and Greenberg, 1986]. 

In general, the current techniques handle various kinds of generalized CSG scenes, 
which are more general than what most CSG type solid modelers are able to work 
with. Similarly, ray tracing can be applied with relative success to parametric sur¬ 
faces, typically used in surface modeling systems and also in some solid modeling 
systems. Ray tracing is also applicable to plane-faced polyhedral objects used in 
many low-end boundary representation (BR) type solid modelers. 

Unfortunately, none of the available techniques are capable of rendering a practi¬ 
cally interesting class of objects, namely curved polyhedra . These objects are char¬ 
acterized by additional non-planar faces, either as face primitives or as a result of 
filleting or blending operations. Such models are typically generated by high-end BR 
type solid modelers because of the limited application domain of purely polyhedral 
models. 

CSG ray tracing is not applicable for curved polyhedra because, in general, no 
CSG expression for the BR model is available. Ray tracing of faceted BR models 
is not very helpful, because faceting of a curved face lying on a general implicit 
surface is far from being simple. In addition, the amount of facets needed to give 
a sufficient resolution would increase the model complexity unnecessarily. Conver¬ 
sion of low-order implicit surfaces to, e.g., rational parametric surfaces has not yet 
been successully demonstrated, and seem wasteful in any case because the resulting 
surfaces would be of much higher degree than the original ones. 

The goal of this paper is to describe a ray tracing algorithm for curved polyhedra 
whose faces may lie on natural quadrics (planes, cylinders, cones or spheres), tori 
or implicitly defined blend surfaces. While being somewhat restricted, this matches 
the capabilities typically found in BR type solid modelers. 

The paper is organized as follows: First, we elaborate the statement of problem 
in Section 2. Section 3 outlines some previous work in the area. Section 4 describes 
our ray tracing algorithm. Section 5 gives some experimental results of the current 
implementation of the algorithm, and, finally, Section 6 discusses our experiences 
with the system. 

2 The Problem 

The stimulus for this work is the Geometric Workbench (GWB), a BR type solid 
modeler [Mantyla and Sulonen 1982; Mantyla 1988]. GWB is capable of creating BR 
models whose faces lie on quadrics and tori, or any affine transformations (images un¬ 
der translations and linear mappings) of these surfaces. A facility for making simple 
constant radius fillets with spherical, cylindrical, and toroidal surfaces [Holmstrom 
and Laakko, 1988], as well a s a blending facility based on [Holmstrom, 1987] are 
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also provided. 

In GWB, most straight line segments and (elliptical) arcs are represented ex¬ 
plicitly. However, some edges occurring between curved faces are only implicitly 
represented by means of their end vertices and the implicit equations of the two 
surfaces intersecting along the edge. On the basis of these data, a marching algo¬ 
rithm is used to compute a piecewise linear approximation of the edge to a desired 
accuracy. 

Thus, a face of our curved surface model is a subset of an algebraic (polynomial) 
surface 


S(x,y,z)= ]T a ijk x i y i z k = 0 

bounded by one or more oriented loops of edges on the surface. Ray tracing a curved 
surface solid model consisting of such faces requires the solution of two problems: 

1. Intersection problem : Find the intersection points of a line (the ray) and an 
implicitly defined surface S^^O). 

2. Point-in-face problem: Decide whether an intersection point lies in a given 
face /CS^O). 

The implicit representation of surfaces is particularly suitable for solving the 
intersection problem. That is, the points of intersection of a line r = ro + tu> t € R, 
and a surface 5” 1 (0) can be obtained as the real roots of a degree n polynomial, 
and standard numerical techniques are applicable. 

The point-in-face problem, however, cannot in general be reduced to such a well 
understood mathematical question. Given a point r = (x,y,z) such that S(f) = 
0 and a face / C 5~ 1 (0) defined by its boundary on 5 -1 (0), how can we find 
out whether r € /? If the surface is very simple one could try, using the 

standard ray firing approach, to march along the surface, count the intersections 
with the boundary of /, and decide whether r E /. However, even relatively low 
degree surfaces can have very complicated shapes with self-intersections, disjoint 
components, etc.. It is therefore hard to see how any such intuitively appealing idea 
could be made to work generally. 

We solve the point-in-face problem by making use of the fact that, instead of 
being completely arbitrary algebraic surfaces, the surfaces created in the underlying 
modeler are of two distinct types, each type suggesting a different solution. The 
first type are the the natural quadrics and tori made in the basic solid construction 
operations (such as sweeps) and in simple constant radius roundings. These surfaces 
can be easily parameterized. The corresponding faces are then represented by regions 
of the parameter plane and the point-in-face problem can be solved there. 

The second type are the blend surfaces. Parametric representations for these 
are not known, but with each blend face, set theoretic (CSG) information can be 
associated in a natural way. This extra piece of knowledge can be used in solving 
the point-in-face problem for these mathematically complicated surfaces. 
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3 Previous Work 

The essential part of ray tracing a geometric model, i.e., finding the closest inter¬ 
section of a surface or a face with a ray, typically consists of two phases: calculating 
a ray-surface intersection and checking whether it is valid, e.g,, lies inside a given 
face. Of the valid intersection points, the closest one is selected for shading and used 
as a starting point for new rays if such effects as transparency, mirror reflections, or 
shadows are simulated. In this section, we first look at the second part, especially 
from the point of view of different geometric models, and then outline the earlier 
work for finding the intersection points for implicit and parametric surfaces. 

The primitives (spheres, boxes, etc.) used in traditional ray tracers are such 
that the validity of intersection points is easy to check. For modeling purposes these 
primitives are too limited, and therefore they find use mainly as a tool in demon¬ 
strating different shading models, or as construction elements for more complicated 
models. 

In practice, geometric models can be divided into two groups: constructive solid 
geometry and boundary representation. Ray tracing general CSG models has been 
considered in [Roth, 1982]. The principle is to ray trace each subtree of the CSG 
tree recursively, and to combine the results according to the CSG operator of the 
subtree root. The intersection calculation of each primitive is basically independent 
of the CSG structure. Hence, the primitives can even be distinct subobjects, e.g., 
BR models. 

While the validity of intersection points is automatically guaranteed by the CSG 
evaluation procedure, the problem of discarding invalid intersections is inherent 
in BR representations. For planar polyhedra, the problem reduces to a point-in- 
polygon test for each polygon. However, as mentioned in Section 2, for models 
containing non-planar surface regions, the problem is not trivial. 

Ray-surface intersection algorithms have been studied extensively. Numerical 
methods for implicit surfaces are presented in [Blinn, 1982] and [Hanrahan, 1983]. 
Blinn uses univariate Newton iteration and, when iteration goes outside a predefined 
limit, Regula Falsi to calculate the new initial guess; he also uses heuristics based 
on the functional form of the surface to generate the initial guess range. Hanra¬ 
han’s technique is discussed in the next section. Ray tracing parametric surfaces 
has been considered by [Kajiya, 1982], [Sederberg, 1984], [Toth, 1985], [Sweeney 
and Bartels 1986] and [Joy and Bhetanabhotla 1986]. Of these authors, Kajiya 
and Sederberg give algorithms for bivariate polynomial surface patches and Steiner 
patches, respectively. Sweeney and Bartels use a technique derived from Kajiya’s 
work on fractals [Kajiya, 1983] to calculate the intersection for B-spline surfaces af¬ 
ter refining the control mesh appropriately. General parametric surface algorithms 
are proposed in [Joy and Bhetanabhotla 1986] and [Toth, 1985]. Joy et al use 
quasi-Newton iteration with ray-to-ray coherence and spatial subdivision to guar¬ 
antee suitable initial guesses and convergence. Toth solves the intersection using 
multivariate Newton iteration and methods of interval arithmetics for the initial 
solution. 
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4 The Algorithm 

4.1 Root Finding 

As pointed out in Section 2, the intersections of a line and an object whose bound¬ 
ary is defined by algebraic surfaces can be found as real roots of real polynomial 
equations 

P( f) = = o, (i) 

«=0 

where n is the degree of a surface. For ray tracing it is sufficient to consider the 
positive roots only. 

If n < 5 (this is the case for all surfaces of GWB except the blends), equation 
(1) can be solved by using well known classical formulas [e.g., Uspensky, 1948], For 
n > 5, numerical methods are required. To compute the positive roots of (1), the 
following approach is typically used: 

1. Isolate the positive roots to disjoint intervals of the real axis. 

2. Using an iterative method in each interval, find the roots to the desired accu¬ 
racy. 

Many methods are known for real root isolation [cf. Collins and Loos, 1982]. 
Following the example of [Hanrahan, 1983], we decided to use the modified Uspensky 
algorithm of Collins and Akritas [Collins and Akritas, 1976]. This method is based 
on Descartes’ Rule of Signs which states that if r is the number of positive roots 
of (1), each root counted according to its multiplicity, and if v(P) is the number 
of sign changes (from plus to minus or vice versa, ignoring zeros) in the coefficient 
sequence a 0 ,..., a n , then 

t>(P) = r + 2A, (2) 

where h is a non-negative integer. 

By scaling t with a root bound of P one can assume that all positive roots of 
(1) lie in the open interval ]0,1[. To apply the Rule of Signs, one forms the test 
polynomial Q(t) = (1 + i) n P(l/(l + /)). The positive zeros of Q correspond to 
the zeros of P in ]0,1[; hence, if v(Q) is 0 or 1, P has no or exactly one positive 
root, respectively. However, if v(Q) > 1, the interval ]0,1[ is bisected (checking % the 
midpoint t = 1/2 separately), P on the intervals ]0, l/2[ and ]l/2,1[ is scaled to 
two polynomials on the interval ]0,1[, test polynomials are formed, and the Rule of 
Signs applied to them. Collins and Akritas show that if P has no multiple roots, this 
algorithm terminates giving isolating intervals for the positive roots of P. In fact, 
one can always assume that all roots are simple because, in the presence of multiple 
roots, (1) can be replaced by a set of polynomial equations all having only simple 
roots [e.g., Uspensky, 1948]. We, however, treat multiple (or almost multiple) roots 
by applying a stopping condition which terminates the algorithm when the intervals 
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examined become small enough. By (2), a multiple root then shows as an interval 
with v(P) > 1, and any such intervals are examined separately for possible roots. 

Hanrahan uses a computer algebra system to derive the polynomial P\ the co¬ 
efficients are then functions of the ray parameters. Since we had no such system 
available, we simply precomputed optimal (from the point of view of numerical eval¬ 
uation) expressions for the coefficients of P in case of low order surfaces (n < 5), 
and use a nested Horner scheme in the general case. 

The roots are iterated to the desired accuracy using the “Illinois method” de¬ 
scribed in [Jarratt, 1970], This algorithm is a simple refinement of Regula Falsi, and 
is guaranteed to converge to a zero of P if the initial isolating interval ]a, b[ is such 
that P(a)P(b) < 0. The Illinois method manages to avoid the linear convergence 
of Regula Falsi after the function becomes convex or concave on the iteration in¬ 
terval. It is at least as efficient as Newton’s method if efficiency is measured with 
Ostrowski’s efficiency index [see Jarratt 1970]. 


4.2 Point-In-Face Problem 

The solid model ray tracer is initialized by converting each face of the given solid 
to a new representation providing all the information needed of that particular 
face. For each ray, the algorithm scans through these representations, computes the 
intersection points, and examines whether they are inside the corresponding faces. 

The new representation of a face describes the actual face transformed to a 
standard position and into approximately unit size. The intersection and point-in- 
face calculations are performed with these transformed faces and the correspondingly 
transformed rays. This helps to prevent the coefficients of the resulting polynomial 
equations from varying too much in magnitude. 

In the total time needed for producing a high resolution shaded picture, the 
share of the conversion procedure is negligible. Furthermore, for any given solid, 
the conversion is done only once. The same representation of the faces of the solid 
can be used to produce shaded pictures with different viewing parameters or surface 
properties. 

4.2.1 Parameterizable faces 

The main task of the conversion is to set up parametric representations of faces. 
The faces lying on cylinders, cones, spheres and tori are represented using famil¬ 
iar trigonometric parameterizations. All these surface types are handled in a very 
similar way and we illustrate the main steps by considering a cylindrical face as an 
example. 

Let / be a cylindrical face of a solid (see Fig. 1). The representation of / formed 
in the conversion is a data record with the following items: 

1. An identifier indicating the type of the face (cylindrical). 

2. An affine transformation A which transforms /' (the representation of / on 
the standard cylinder) to /. 
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3. The polynomial P(x,y,z) = x 2 + y 2 - 1 describing a unit size surface in 
standard position. 

4. The polynomial V(P o A~ l ) which represents the gradient of the cylindrical 
surface on which / lies. This polynomial is evaluated every time an intensity 
value at a point of intersection is determined or a ray is recursively split. 

5. Constants <f> 0 ,a,b,c,d to define the mappings F and G (see below). 

6. Representation of the face loops of / in the u,v-plane. 

7. A bounding box for /' to reduce the number of intersection calculations. 



Figure 1: Representation of a face lying on a parameterizable surface. 

The transformation A is stored in the BR face node of / by the modeler; hence, 
no additional computation is needed to form it. 

The mapping F is defined as 
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{ x = cos(0 + 0 O ) 

y = sin(0 + 0 0 ), 0 6 [0,27r[, h e R. 

* = h 

Here 0 O is chosen so that an inner point of a boundary edge of /' (p 0 in Fig. 1) 
is mapped by F -1 in such a way that 0 = 7r. In GWB, the grange of points in a 
cylindrical face is always at most 7r (analogous restrictions apply to other quadrics 
and tori). By choosing p 0 appropriately we can arrange the boundary of /" = 
F- l (D> so it does not cross the lines 0 = 0 and 0 = 27r; and thus we avoid the 
discontinuities of F~ l . 

The affine transformation G is defined as 

f 0 = au + 6 

\ h = cv + d, u,v€R, 

where the constants a,6, c and d are determined so that /'" = G _1 (/") is contained 
in the open square ]0, l[x]0,l[. The representation of the face loops of / in the 
u,i;-plane is obtained by mapping the loops to the u, u-plane with the inverse of 
A o F o G. In this mapping, the edges represented exactly in GWB (either lines or 
arcs) are transformed to straight line segments. The transformation of exact edges 
is similar for other parametrizable faces. An edge which is not represented exactly 
in the solid model is described by a sequence of closely spaced points obtained by a 
marching algorithm. Such an edge is mapped to a sequence of short line segments 
in the ti,v-plane. Needless to say, such approximate representation of edges can 
cause pixel errors in the ray tracing algorithm. However, the situation can always 
be improved by using a sufficiently small steplength in the marching algorithm that 
produces the edge approximations. 

Suppose one has to determine whether a ray intersects a face /. The ray is first 
transformed by A -1 , and intersection with the surface on which /' lies is checked. 
If intersection points (inside the bounding box of /') are found, they are mapped 
to the u,v-plane. Suppose (ui,Vi) is one such point. If (u^ui) ^ ]0, l[x]0,1[, it 
cannot correspond to a point of /. Else, a 2D point-in-polygon test is performed 
for (iti,t>i) and A slight complication is that since we want to represent arcs on 
planar faces exactly, loop representations of these faces can include arcs; otherwise, 
the standard ray firing method is applicable. For the ray firing, a point outside / //; 
can always be chosen from the boundary of ]0, l[x]0,1[. 

Figure 2 shows ray traced images of solid models containing only parametrizable 
faces. 


4.2.2 Blend faces 

The implicit surface blending method assumed here is described in [Holmstrom, 
1987]. However, all the properties of the blending method required by our ray tracer 
are, in fact, common to many other existing blending approaches [e.g., Middleditch 
and Sears, 1985; Hoffmann and Hopcroft, 1987; Rockwood and Owen, 1987]. 

A blend face / is represented by a record with the following items (see Fig. 3): 
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Figure 2: Ray traced GWB solid models, 
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1. An identifier indicating the type of the face (a blend). 

2. An affine transformation A which transforms /' (the representation of f on 
the “standard” blending surface) to /. 

3. The polynomial P(x,y,z) that defines the “standard” blending surface (image 
under A” 1 of the actual blending surface that contains /). 

4. The polynomial V(Po A -1 ) which represents the gradient of the actual blend¬ 
ing surface. 

5. Polynomials Cj(x,y,z) that define precise clipping surfaces for /'. 

6. Polynomials B^\x,y,z) that define a bounding set for /'. 

7. A bounding box. 



Figure 3: Representation of a blend face. 

In Fig. 3, the edge joining a cylindrical surface and a plane is blended to achieve 
a smooth transition between the two surfaces. The affine transformation A is defined 
so that A -1 maps the highest degree surface involved in the blending (the cylinder 
in this case) to a unit size surface in a standard position. Both A and P are 
precomputed by the modeler and they are available in the BR node corresponding 
to /. 

The polynomials Cj(x,y,z) in the above record are provided by the blending 
method itself and they define surfaces that are needed to clip off the blend face /' 
from the whole surface P~ l (0). For example, in Fig. 3 two clipping surfaces are 
defined, a plane parallel to ft which intersects the cylinder along Cj and a cylinder 
parallel to ft that intersects the plane along c 2 . Since the clipping operation can be 
expressed in terms of polynomial inequalities, we get a CSG-type representation for 
the face /'. 

A “bounding set” set V for /' is a volume of the form 

V = u™ , v (i) , 

y (,) = nj=i{(z,y,z) | B ( ?{x,y,z) > 0}, 


( 3 ) 
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that encloses /'. Such bounding sets are needed because the surface P _1 (0), even 
after clipping with the surfaces C J ” 1 (0), can consist of more than one component, 
only one of which is actually needed for the blending. For example, suppose that 
one wants to blend the union of a bounded cylinder and a sphere w’here the cylinder 
penetrates the sphere only once (see Fig. 4 for a sketch in 2D). In this case, the 
clipped blending surface formed by our blending method (and also by other similar 
implicit surface blending methods) contains an unintended piece of the blending 
surface on the other side of the sphere. To avoid this problem, we enclose first 
the desired component of the blending surface in a bounding set and use then the 
surfaces C” 1 ^) to clip off exactly the desired face /' from jP -1 (0). The bounding 
set is also used to terminate a theoretically infinitely long blending surface between 
two intersecting surfaces (cf. case 2 below). 




Figure 4: An example of an unintended blend. 

As with parametrizable faces, ray-face intersection is checked using the unit size 
/' instead of /. However, when a ray is now found to intersect the surface P” 1 ^), 
the point-in-face problem is solved simply by checking a list of inequalities of the 
form Cj(a y, z) > 0 and B^\x, y, z) > 0. 

Let us consider now the construction of an appropriate bounding set when the 
intersection of two surfaces is blended. A bounding set for the blend face /' (see Fig. 
5) can be constructed by making use of the local behavior of the surfaces near their 
edge of intersection. The intersection curves C\ and c 2 between the faces /', /{, and 
/', / 2 > respectively, are determined by the clipping surfaces provided by the blending 
method. These curves are first subdivided into an equal number of segments and the 
blending surface is then sliced with planes that pass through the subdivision points. 
The “distance” A between two consecutive planes is an adjustable parameter. A 
normal vector t of one such plane T is determined by the surface normals n x and n 2 
at the subdivision points P\ and P 2 (see Fig. 6), 


< = (*M + n 2 ) x P 2 P X . 









264 



Figure 5: A blend face sliced by planes. 

The normals n 4 and n 5 of the faces f[ and f 2 at the point P 3 are determined and the 
projections onto T of the corresponding tangent planes define two additional points 
P 4 and P$ (Fig. 6b). The two dimensional convex hull of the points Pi,...,Ps is 
determined and the resulting polygon defines one “end face” of a set V^ ) in (3). 
The other faces of V'h) are obtained from the planes corresponding to the sides of 
this polygon and from the next slicing plane T. The next pair of subdivision points 
defines a set l 7 ( t+1 ) and so on. Fig. 7 depicts different results of the convex hull 
operation. 




Figure 6: Construction of a bounding set. 

If implemented as such, the above construction may not render c x and c 2 correctly 
because the planar faces of the sets may interfere with the clipping surfaces. 
Therefore, we expand the volumes V 7 ^ by a small amount that depends on the 
subdivision parameter A and use the precise clipping conditions Cj(x,y,z) > 0 to 
get the correct expression for the face /' in terms of polynomial inequalities and the 
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Figure 7: Different convex hulls 


equation P(x,y } z) = 0 inside each 

We can distinguish three different types of ends for a blended edge (see Fig. 8): 

1. A circular edge, i.e., “no end". 

2. End at a non-blended corner. 

3. End at a blended corner. 

In case I, all sets are bounded by planes. In cases 2 and 3, the set V ^ at the 
end of the blend face is bounded from one side by a possibly curved surface, namely 
a face of the solid (case 2) or a clipping surface (case 3). 

A rough global bounding box for /' can be determined from the points Pj asso¬ 
ciated with all the sets i = As in the case of parametrizable faces, 

this box can be used to reduce the number of ray-face intersection calculations. 

In principle, the construction of the bounding sets for corner blendings can be 
done along the same lines as for edge blendings. In practice, however, the clipping 
surfaces alone together with a rough bounding box have turned out to be quite 
sufficient. 

Our method of using enclosing volumes and clipping surfaces cannot be guar¬ 
anteed to work always. However, as long as the range of the blending remains 
moderate so that the portions of the faces involved in the various constructions are 
not excessively curved, this approach leads to a reasonably robust system. Figure 9 
shows some examples of blended solids. 











266 



Figure 8: Three different types of blended edges. 

5 Results 

The shaded images shown in this paper were produced by a general ray tracer 
into which special routines for both algebraic surface and GWB face intersection 
algorithms were implemented. In addition to common ray tracer primitives, the 
program can also visualize B-spline surfaces. It contains a general spatial subdivision 
module based on the EXCELL method [Tamminen, Karonen and Mantyla, 1984] 
which is in use with all object types. 

All ray traced images were calculated on a SUN-4/260 (with SPARC processor). 
The timing results given below are based on a 128*128 resolution test run with 
two light sources to provide secondary rays. No mirroring, refraction, texturing 
or additional objects were included in the test runs. Rays outside the EXCELL 
universe were also not traced in the non-EXCELL runs. 

The following tables give a description of the complexity of the test models and 
average CPU time (ms) spent to calculate the intersection point and point-in-face 
test for each surface type: 


Fig. 

Faces 

Planes 

Cylinders 

Cones 

Tori 

Spheres 

Blends 

2b 

172 

51 

103 

- 

8 

10 

- 

2d 

140 

16 

60 

- 

40 

24 

- 

9b 

48 

2 

12 

2 

- 

- 

32 

9d 

27 

3 

- 

3 

8 

- 

12 
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Figure 9: Ray traced images of blended solid models. 
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Fig 

Planes 

Cylinders 

Cones 

Tori 

Spheres 

Blends 

2b 

0.50 

0.25 

- 

0.34 

0.24 

- 

2d 

0.50 

0.26 

- 

0.34 

0.25 

- 

9b 

1.3 

0.47 

2.4 

- 

- 

0.34 

9d 

1.2 

- 

1.1 

0.57 

- 

0.83 


To compare the effect of EXCELL subdivision on the performance we measured 
the percentage of actual intersections of all candidates. The following table summa¬ 
rizes the results (N=no EXCELL, E=with EXCELL): 


Fig. 

Planes 

Cylinders 

Cones 

Tori 

Spheres 

Blends 

2b N 

0.92 

0.16 

- 

0.11 

0.004 

- 

E 

33 

6.6 

- 

1.5 

22 

- 

2d N 

1.1 

0.4 

- 

0.23 

0.09 

- 

E 

58 

11 

- 

3.3 

22 

- 

9b N 

3.3 

1.3 

6.8 

- 

- 

0.40 

E 

27 

6.9 

14.6 

- 

- 

6.8 

9d N 

1.8 

- 

5.6 

1.4 

- 

0.37 

E 

13 

- 

9.8 

4.1 

- 

3.4 


The surprisingly poor percentage achieved with EXCELL comes from the bound¬ 
ing box sizes: in the case of parameterizable faces they are calculated as the inverse 
transformation of the bounding box in "standard representation”, without taking 
advantage of the boundary curves. The blend face bounding boxes are more com¬ 
pact, but in our examples they just happen to be exceptionally large. The times 
spent to create and traverse the EXCELL directory are only 5-8 percent of the total 
time. 


6 Conclusions 

We have described a ray tracing algorithm that can work for curved polyhedra whose 
faces are subsets of natural quadrics, tori or implicit algebraic blending surfaces. 
Even though the range of objects that can be handled with our algorithm is limited, 
we believe that this particular scope is of large practical utility in BR type solid 
modelers. In addition, it is not difficult to combine our algorithm with other ray 
tracing algorithms; in fact, this was done in our testbed implementation. 

There are many ways the algorithm as described could be enhanced. The obvious 
ones include the inclusion of further surface types and various enhancements as for 
the speed of numerical computation. The program code has not been optimized and 
the timing results given in the previous section could surely become much better. For 
instance, in the algebraic surface visualizer the root finder forms isolating intervals 
for all positive roots although only the smallest positive root is needed. 

Preprocessing the faces for obtaining smaller bounding boxes would improve the 
performance greatly. Large boxes lead to unnecessary intersection and point-in¬ 
face calculations, and they may also increase the spatial directory traversal cost. 
The solution to this problem is to decompose the faces to a sufficient resolution. 
The decomposition might increase EXCELL storage costs, but since small boxes 
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are easier to include in a spatial directory, preprocessing may save both time and 
storage. 
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Ray Tracing Parametric Surfaces by 
Subdivision in Viewing Plane 

Charles Woodward 
Helsinki University of Technology 
Laboratory of Information Processing Science 
Otakaari 1 A, SF-02150 Espoo, Finland 


Abstract 

This paper presents a new approach for ray tracing parametric surfaces. In¬ 
stead of performing the computations in object space, the intersection search 
is more efficiently done in the ray’s orthogonal viewing coordinate system. 
Speeding up ray tracing composite surfaces with adaptive space subdivision 
is also discussed. 


1 Introduction 

The ray tracing method [2, 21] is acknowledged to provide the highest degree of re¬ 
alism available for image synthesis in computer-aided design. The method simulates 
the physical illumination model by shooting rays from the viewer’s eye point to each 
pixel (or sub-pixel) in the screen. At each point where the ray first intersects an 
object, secondary rays are sent to account for effects such as shadowing, reflection 
and refraction. The procedure is then repeated for the new intersection points found 
until a given recursion depth. 

Thus, the ray tracing method may require millions of ray intersections computed 
with the objects in the scene. The time behavior of the method becomes especially 
difficult with parametric surfaces where all the individual surface patches count 
as different objects to be intersected with, and the intersection problem itself is a 
complex one. On the other hand, the line-surface intersection problem is central 
also to many other fields of computation, such as object interrogations in geometric 
modeling. 

To reach acceptable speed with ray tracing parametric surfaces it is critical to 
localize the intersection tests to only those surface patches that lie close to the 
ray path, and then to perform the actual intersection test as efficiently as possible. 
Together with speed, also the accuracy, robustness and memory requirements of the 
ray tracing algorithms need consideration. 

The methods that have been presented for ray-intersecting parametric surfaces 
roughly fall into subdivision techniques and numerical methods. Belonging to the 
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first class, the method described by Whitted [21] subdivides each intersected sur¬ 
face patch recursively into subpatches for each ray. The other subdivision approach 
is to approximate the surface with small polygons already as a preprocessing step 
before starting the ray tracing process [5], In the numerical school of surface inter¬ 
section methods, Kajiya [7] has presented an algorithm based on algebraic geometry 
and Laguerre’s iteration, but recently direct methods using bivariate Newton iter¬ 
ation have won the state-of-the-art status [17, 22], The Newton method subdivides 
the surfaces a few times in preprocessing to obtain the iteration starting values, 
whereas Toth [19] has presented an interval version of Newton method with less 
strict convergence conditions. Of these methods the one of Whitted seems to be 
best suited for hardware implementation [12]. 

All the existing surface intersection methods have to make some tradeoff be¬ 
tween time, memory, accuracy and robustness. Whitted’s method requires no pre¬ 
processing or extra memory space, but it becomes rather slow with high levels of 
subdivision. Preprocessing the surfaces to polygons, coupled with an efficient ray 
localization system, is apparently the fastest method available but it may take huge 
amounts of memory for good accuracy. Also the Newton method needs to exagger¬ 
ate on memory space in subdividing the surfaces or otherwise it may have trouble 
with convergence. Kajiya’s method and the interval Newton method are both very 
expensive in computation times. 

Section 3 describes an accelerated subdivision algorithm for ray tracing paramet¬ 
ric surfaces. The method resembles that of Whitted’s, but instead of computing the 
intersections in object space the subdivision process is carried out in the ray’s or¬ 
thogonal viewing coordinate system. Compared with earlier work on the concept 
of orthogonal projection for ray tracing [14] 1 , the algorithm is now studied in more 
detail and several improvements to the basic implementation are given. The validity 
of the method is proven in section 5 by experimental and analytical comparisons 
with other ray intersection methods. 

For ray intersection localization, as our second topic, the first class of the presen¬ 
ted methods classifies the objects into hierarchical bounding volume trees [8, 15, 20]. 
The volume tree is traversed with each ray by checking intersections with the node 
volumes until the candidate objects for actual intersections are found at the leaves. 
In the other class of ray localization methods the space is subdivided into cells, each 
intersecting only a limited number of objects. The objects are inspected in the order 
in which the corresponding cells are pierced by the ray. Thus, only the first objects 
on the ray path need to be checked. Different implementations of the space subdivi¬ 
sion methods use either uniformly sized cells [4, 5] or divide the cells adaptively 
where there are more objects [6, 9, 11]. The uniform method supports more efficient 
traversal of the cells than the adaptive method, but there are generally more cells 
to be inspected to reach the same locality. 

Relatively few articles discussing ray tracing parametric surfaces have addressed 
the problem of intersection localization, and they tend to use bounding box trees 

1 The author found out about these results just before the dead-line of this book. This work 
seems to be never referred to. Apparently its significance has not been properly realized in the ray 
tracing community. 
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which axe the most simple to implement [17, 22]. On the other hand, compared 
to general-purpose localization methods the high cost of the parametric surface 
intersections makes it useful to localize the patch intersection tests to the extreme, 
hopefully close to one for each ray, even if some more time has to be spent in the 
ray localization. Section 4 discusses the use of an adaptive space subdivision system 
in this context. 

The theory is evaluated explicitly for bivariate polynomial Bezier surfaces of 
which section 2 gives a brief introduction and points out the generalizations to 
other parametric forms. Other generalizations are discussed in section 6, 

2 Bezier surfaces 

The theory of the Bezier surfaces has been well described in the literature [3] and 
here only those properties are stated that are necessary to understand the presented 
ray tracing algorithms. 

A composite Bezier surface consists of a collection of patches which are joined 
at their boundaries with some specified continuity properties. A polynomial Bezier 
surface (patch) has the formulation 

k l 

S{u,v) = 8 S ^ 1) (1) 

*=0 j=0 

where k and 1 are the polynomial orders of the patch in the two parametric directions, 
the vectors Cij are called the control points and 2?gk() are the Bezier basis functions. 

Characteristically to the parametric representation, the coordinate components 
of the patch S = [5 ar ,5 y ,5 i ] are defined independently of each other by the corre¬ 
sponding control point components. Among other useful properties, the Bezier 
surfaces have 

1. The convex hull property: the surface is always contained within the convex 
hull of its control points. This convex hull corresponds well with the minimal 
convex hull of the patch (unlike the case with B-spline surfaces, for instance). 

2. Invariance to affine transformations: translation, rotation and scaling can be 
done directly to the control points instead of the actual surface. Affine trans¬ 
formations include orthogonal projection, but not perspective. 

3. Efficient subdivision: the surface can be divided into subpatches that together 
define the original surface by additions and divisions by powers of two [10]. 
The addition operations are quite expensive with floating point arithmetic, 
but divisions can be done by bit shifts with both integer and real numbers. 

These properties are in fact all that our ray intersection algorithm requires of 
the surfaces. Our discussion is already complete for all bivariate polynomial rep¬ 
resentations as they can always be converted to the Bezier representation, but the 
discussion applies also to any other parametric form, rational or trivariate for ins¬ 
tance, provided that the properties 1-3 are satisfied. 
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3 Surface intersections 

The way the ray-tracing method treats perspective is substantially different from 
that of the traditional shading methods which use interpolation on scan-lines for im¬ 
age generation [1]. The scan-line methods usually approximate parametric surfaces 
with polygons which are transformed to the perspective viewing system; analytical 
methods are difficult to use as the parametric surface equation does not subject 
to the perspective transformation. In ray tracing the perspective transformation is 
never explicitly done but all computations take place in the original object space. 

The sensation of perspective in ray traced pictures is composed of hundreds of 
thousands of individual pixels whose intensity computations are completely indepen¬ 
dent of each other. Each ray sees just a point on the surface, and this point is not 
affected by perspective. The intersection point can therefore be computed in terms 
of the orthogonal viewing transformation instead of perspective, and this reduces 
most of the intersection computations from object space to the viewing plane. 



Figure 1: Orthogonal transformation of a patch to ray viewing plane. 

As depicted in fig. 1, the point of intersection between the ray and the sur¬ 
face is located on the depth axis of the ray’s orthogonal viewing coordinate system 
(x\y\ z'). The point is seen at the origin of the ray’s viewing plane and the depth 
value z* gives the intersection point distance from the view point. The surface’s 
parameter values at the intersection point are equal to the parameter values of the 
surface projection S'(u, v) at the viewing plane origin. As Bezier surfaces are in¬ 
variant to orthogonal projection, the problem of computing the intersection point 
parameter values in 3D object space 

S c (u,v) = R c (t), c = x,y,z 

can be transformed to the 2D problem in the ray’s orthogonal viewing plane 


( 2 ) 
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S* e (u,v) = 0, c = x',y'. 


(3) 


We use the Bezier subdivision algorithm to solve the problem (3). The 2D control 
mesh is subdivided if its bounding box contains the viewing plane origin, 


3 < 0, 3 C^ij > 0, c = x\y' 


(4) 


If the condition is true the procedure is repeated recursively for the four subpatches 
until a given subdivision level maxd is reached. Figure 2 shows one branch of the 
subdivision tree. 



Figure 2: Subdivision convergence to viewing plane origin. 

To speed up the computation the control mesh is scaled to large integer numbers 
after the viewing transformation. The subdivision can then be done with just integer 
additions and bit shifts. The scaling is centered at the origin so the intersection point 
does not move anywhere from there. 

On 32 bit integers, order k patches can be scaled up to absolute values of 2 32_ *. 
The remaining k bits are needed for the subdivision equations which are most effi¬ 
ciently written as non-recursive formulae (for example, a is better than a/2 + a/2, 
avoiding unnecessary computation, function calls and also some truncation error). 

Generally each bit shift would loose one bit of accuracy. However, in the case 
under study the subdivision converges steadily to the origin, the extents of the sub¬ 
patches are approximately halved at each subdivision, and this approximation gains 
accuracy as the subdivision proceeds. Therefore, full accuracy can be maintained 
throughout the recursion by scaling the subpatches by two at each subdivision (fig. 
3), that is, by leaving one bit shift out from the subdivision equations. 
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In absence of a formal proof of the subdivision convergence properties, an over¬ 
flow check in the subdivision equations can be used to prevent any errors. The 
unsealed subdivision equations should be applied if the control point coordinates 
exceed the limit 2 32 ~*“ x . According to our experience, however, the overflow check 
seems unnecessary. The method has been tested with millions of rays with cubic 
patches scaled to integer range [—2 24 ,2 24 ]; subdivision levels as high as 30 have been 
tried, but the overflow check has never triggered. 



Figure 3: Subdivision in maximum integer range. 

The subdivision splits the parameter ranges always at the midpoint, so the sub¬ 
patch parameters can be efficiently represented as integers on the range [0,2 mo * d ] 
during recursion. At the bottom of the recursion a point-in-polygon test is done for 
each of the rectangular facets of the subpatch control mesh. If the test is positive, 
the local parameter values inside the facet are computed with projective geometry 
and added to the global parameter values of the subpatch (fig. 4). 

Once the intersection point parameter values are found the ray parameter value 
t = z' (with normalized ray direction vector) is obtained with subdivision of the 
patch component S' z on the viewing depth axis. The subdivision is done again in 
maximum integer range but overflow is now prevented by transforming the patch to 
the origin after each subdivision. As the parameter values are already known there 
will be no unnecessary branches in the subdivision tree. 

The surface normal for the intersected control mesh facet is computed optionally 
with constant shading or with linear normal interpolation. Finally, the normal is 
transformed to the object space with the inverse matrix of the viewing, scaling and 
translation transformations combined. 
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2 maxd 

2 maxd 


Figure 4: Intersection point parameters. 

The method finds all intersection points with the ray and the patch and re¬ 
turns the closest one. The algorithm is further improved by treating the coordinate 
components x* and y f separately and checking origin containment within the x f range 
before computing the y* coordinates. The areas of the bounding boxes seen by the 
ray in the viewing plane are generally smaller than in object space so it is possible 
that the algorithm is terminated with negative condition already after the viewing 
transformation of the x* component. 

The intersection algorithm takes 31 floating point operations (flops 2 ) and one 
square root to compute the viewing matrix once for each ray that is checked. For 
cubic surfaces 112 or 224 flops are needed for the viewing and integer scale trans¬ 
formations, and 245 flops for the normal computations if an intersection point is 
found. The subdivision is done totally in integers and its speed relative to the float¬ 
ing point computations depends on the hardware. Special care must be taken in 
the implementation of the subdivision procedure; for instance, using array indexing 
instead of incremental pointers to address the control points may already become 
more expensive than the actual arithmetic computation. 

2 We refer with the denotation to arithmetic floating point operations only. Except for Whitted’s 
method, floating point comparisons do not have a significant part in surface intersection algorithms. 
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4 Intersection localization 

The ExTrace ray tracing system developed at our laboratory is named after the 
EXCELL space subdivision system [18] that is used for intersection localization. 
Without going to implementation details which can be found elsewhere [13], we here 
give just a brief overview of the system and concentrate especially on the localization 
techniques that are used for parametric surface ray tracing. 

The surface patches are stored in the EXCELL system by binary subdivision 
of the object space into cells until no more than a given number of the bounding 
volumes of the patches intersects or is contained in each cell. The geometric structure 
of the cells is thus identical to that of a 3D bintree [16]. However, the cells are not 
accessed through a tree-structure, but using linear arrays called space directories. 

Basically, if the smallest cell in the system has volume i>, then corresponding to 
a cell of volume n x v there are n entries in the space directory pointing to the cell. 
To economize the memory costs, however, a second level directory is set up for each 
group of cells that get smaller than a given limit. Finally overflow lists are used in 
those cells where further space subdivision does not seem appropriate. 

For each ray, ray tracing is started from the cell containing the ray’s starting 
point, or from the cell where the ray first hits the world box. To find the next cell 
on the ray’s path the ray is extended slightly from the current cell. The point-cell 
containment problem is then solved with an address computation which transforms 
the point coordinates to an index in the space directory. Figure 5 shows how the 
system works with the main directory in 2D. 



Figure 5: Intersection localization with EXCELL. 
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Each surface patch is bounded by a box with edges parallel to the coordinate 
axis. The bounding boxes are computed according to the control points of the patch. 
An intersection test with the patch is then performed only if its bounding box is 
intersected by the ray. The bounding boxes are intersected with twelve arithmetic 
floating point operations and eleven comparisons in the worst case, which is also the 
amount of floating point computation required to move from one cell to another in 
the EXCELL system. 

The intersection search inside each cell is localized by having a priority queue 
return the bounding boxes in their order along the ray direction vector. If a true 
intersection with a patch is found, the intersection tests are continued until the rest 
of the bounding boxes in the cell are behind the intersection point. If the intersection 
point is outside the current cell the search is continued in the next cell. The tested 
patches are tagged for not testing them twice with the same ray. 

We also have tried more complicated bounding volume schemes for the surface 
patches. The best results have been obtained by bounding the patches additionally 
with two parallel half spaces (’slabs’) oriented according to the approximate plane 
equation of the control points. The slab intersections require 23 flops each, but they 
are tested only after the first level of bounding volumes has been passed. However, 
our surface intersection method discards non-intersecting cases quite fast anyhow 
and it has turned out that the time savings obtained with the slabs are not signifi¬ 
cant. It seems that slabs in pre-fixed orientations [8] might give optimal results but 
they have not been implemented yet. 

Along with the general scheme of adaptive space subdivision, especially sorting 
the bounding boxes to priority queues inside each cell have proven to reduce the 
computation times in ray tracing parametric surfaces. With the priority queues, the 
number of patches allowed per cell does not seem to have any effect on the number 
of surface intersections test that have to be finally made. For typical scenes (100 - 
10000 patches) a capacity of about ten patches per cell gives good results with our 
surface intersection method. Making the cell capacity larger slowly increases the 
computation times as the bounding box intersections become more expensive than 
the time saved in cell traversal. 

Run time comparisons with bounding box trees have shown that the EXCELL 
system is clearly faster, especially with complex scenes. The intersected bounding 
boxes were sorted also with the bounding box trees, but the slabs were not used. 
We have not compared the EXCELL system experimentally with uniform space 
subdivision, but the preference between the two methods seems to depend strongly 
on the scene model [13]. 

5 Test results and comparisons 

The ExTrace system is implemented in C under Unix bsd 4.2 (trademark of AT&T) 
on different SUN 3 and 4 workstations. To make the comparisons as reliable as 
possible, we have chosen as our test machine the SUN 3/260 workstation with a 
Weitek WTL 1164/1165 floating point accelerator, which has the best floating point 
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performance compared to integer computation among our SUNs. The presented 
surface intersection method is based on integer arithmetic so the test machine favors 
other intersection methods. 

We believe that the programs are quite efficiently written, but it seems that 
especially the integer subdivision routines could be made about twice as fast by 
going to assembler code. The programs are compiled with debugging and profiling 
options which bring about 20 % overhead to the computation times. The results 
and comparisons apply for bicubic polynomial surfaces and the run times refer to 
512 x 512 pixel resolution without antialiasing. Run times with the SUN 4/260 
would generally be about third of the presented numbers. 

In the first test case just one surface patch was ray traced without using the 
EXCELL system or the bounding volumes. As the patch was dislocated from the 
viewing area and no intersections were found the intersection computations took 
262 cpu seconds. In the other case the patch was located close to the eye point 
and an intersection was found for all the pixels. The intersection times then grew 
linearly from 929 to 2700 cpu seconds as the level of subdivision was increased from 
zero to six. Intersections with zero subdivisions take about 500 flops, so the results 
indicate that six subdivision levels corresponds altogether to about 1700 flops and 
one subdivision level brings an overhead of about 200 flops. 

Figure 6 shows the patch covering part of the viewing area rendered with constant 
shading with subdivision levels 0, 2, 4 and 6. The computation times ranged now 
from 471 to 655 cpu seconds. An intersection test was made with 31 % of the rays 
while others missed the bounding box of the patch. 

The patch in fig. 6 was tested also by subdividing it into triangles with the tri¬ 
angle plane equations and vertex normals computed in preprocessing. Using 32768 
triangles to represent the patch, which corresponds to six levels of run time subdivi¬ 
sions, took 119 cpu seconds to preprocess. The intersection computations in the 
actual ray tracing took 225 cpu seconds of which 45 % was spent in the EXCELL 
system. Intersections were now tested with 22 % of the rays. 

Compared to Whitted’s method [3] our method performs the subdivisions about 
twice as fast as there are only two coordinate components involved and the compu¬ 
tations are done accurately in integer arithmetic without any overhead. The bound¬ 
ing box intersection tests in Whitted’s method easily constitute over a hundred 
floating point operations per subdivision level, which is now replaced with just inte¬ 
ger sign checks (4). Our method also avoids unnecessary recursion as the subdivision 
can be terminated earlier by treating the coordinates sequentially. Taking into ac¬ 
count the overhead from the viewing transformation, it can be expected that our 
method works faster than Whitted’s already after one subdivision level. 

The pointwise Newton method [17] requires 419 flops per iteration step and 
at least two iteration steps are needed to determine convergence. Assuming that 
the basis functions are discretized in preprocessing the normal computation takes 
407 flops. The Newton method requires also dense space subdivision to store the 
iteration starting values which brings additional overhead to the computation times. 
Thus, the presented method seems to compare well with the Newton method even 
on a high-speed floating point machine. 
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Kajiya’s method is reported to take 6135 flops in the worst case [7]. The interval 
Newton method [19] involves similar figures. 

.The scene in fig. 7 involved 1106 ordinary surface patches, 130 trimmed patches, 
2.450.000 rays and 670.000 surface intersection tests. Subdivision level six was used 
for all the surfaces. The computation took 285 cpu minutes, of which 45 % was 
spent in object intersections (including the linear objects), 26 % in intersection 
localization with EXCELL and 29 % in other shading computations. The EXCELL 
system with the box/slab bounding volumes needed 2.2 surface intersection tests to 
find an actual intersection point. 

Fig. 8 presents a difficult scene, with most of the viewing area covered with 
parametric surfaces (1817 patches) and some rays followed up to twenty intersections 
with the different objects. The scene was rendered using now twelve run time 
subdivisions for the parametric surfaces, it required 823.000 rays and 904.000 million 
surface intersection tests. The computations took 227 cpu minutes, with 67 % spent 
in intersections, 13 % in EXCELL and 20 % in shading and texturing. Intersection 
points were found with 1.7 tests in the average. 

The computation times should be studied with respect to the number of surface 
intersections involved. It was assumed that a patch does not give a shadow on itself, 
but other available speed-up methods were not used. 

6 Generalizations 

The method of orthogonal projection of the surface to the viewing plane can be used 
also with other ray intersection methods than subdivision. Especially, the Newton 
method can be implemented much more efficiently for the plane problem (3) than for 
the problem (2) in object space. A couple of subdivisions with the presented method 
can then be used to compute the iteration starting values for each ray individually, 
instead of filling up the ray localization system with the starting points. 

Unlike the accurate parametric surface intersection methods, approximating the 
surfaces with triangles in preprocessing is not too much affected by the mathemat¬ 
ical complexity of the surfaces, like the polynomial order. However, the presented 
method is not that slow compared to triangulation with cubic surfaces, and the 
computation times for quadratic patches would be only half of that for cubics. A 
conversion to quadratics for high order surfaces would probably make the presented 
method quite comparable to the triangulation method in speed, with better accuracy 
and smaller memory demands as well. 


7 Conclusions 

The parametric surface intersection method presented gives a good combination of 
speed and accuracy, comparing well with the Newton method and being superior to 
other accurate methods. The method works in optimal memory space and it does 
not need any preprocessing. As compared with object space subdivision [12], the 
method seems to be extremely well suited for special hardware implementation. 
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For optimal speed with ray tracing parametric surfaces it is necessary to localize 
the ray intersections to very few surface patches. The localization can be done 
efficiently with adaptive space subdivision. The described implementation finds 
intersection point with about two intersection tests per ray. 
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8 Captions to color figures 


Figure 6: Surface patch with subdivision levels 0 - 6. 


Figure 7: Car prototype in mirror room. 
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Figure 8: Glass set and a distorted mirror. 
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Abstract 

In this paper it is shown that traditional (coordinate-based) approaches to 
geometric programming lead to programs that are geometrically ambiguous, 
and potentially geometrically invalid. To combat these deficiencies, a geomet¬ 
ric algebra and an associated coordinate-free abstract data type are outlined. 
The algebra and the abstract data type are founded on two basic principles: 
affine/Euclidean geometry and coordinate-freedom. 

Programs written using the abstract data type are geometrically unambigu¬ 
ous; moreover, they are guaranteed to be geometrically valid. We believe that the 
use of the abstract data type also results in programs that are easier to develop, 
debug, and maintain. The development and debugging phases are improved due 
to the high degree of type-checking that is possible. Maintainability is improved 
because the abstract data type forces the applications programmer to clearly 
define coordinate systems and geometric spaces. This extra level of specification 
allows programmers other than the original author to quickly understand the 
geometric behavior of the code. 


1 Introduction and Motivation 

Computer graphics, computer aided geometric design (CAGD), and solid modeling 
applications are traditionally constructed by using a matrix package that implements 
homogeneous coordinates. Although this practice is widespread and successful, it does 
have its shortcomings. The basic problem with the traditional coordinate-based ap¬ 
proach is revealed once it is recognized that there is a difference between matrix com¬ 
putations and geometric reasoning. Although these types of programs require geomet¬ 
ric reasoning, traditional approaches offer only matrix computations; the geometric 
interpretation of these calculations is left to the imagination and discipline of the pro¬ 
grammer. 

*This work was supported in part by the the National Science Foundation under grant numbers 
DMC-8602141 and DMC-8802949, and the Digital Equipment Corporation under a Faculty Program 
award. 




Unfortunately, a given matrix computation can have many geometric interpreta¬ 
tions. For instance, the code fragment 


P «- {Pi Pi)\ 



P' h PT; 


can be geometrically interpreted in at least three ways: as a change of coordinates, as a 
transformation from the plane onto itself, and as a transformation from one plane onto 
another (see Figure 1). The interpretation as a change of coordinates leaves the point 
unchanged geometrically, but changes the reference coordinate system (Figure 1(a)). 
The interpretation as a transformation of the plane onto itself moves the point, keeping 
the coordinate system fixed (Figure 1(b)). Finally, the interpretation as a transforma¬ 
tion from one plane onto another involves two coordinate systems, one in the domain, 
and one in the range (Figure 1(c)). 

A common response to this ambiguity is that it does not matter which view is 
taken. Indeed, this is the response that most students of computer graphics come to 
believe: 
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“We have been discussing transforming a set of points belonging to 
an object into another set of points, with both sets in the same coordinate 
system. Thus the coordinate system stays unaltered and the object is trans¬ 
formed with respect to the origin of the coordinate system to obtain proper 
size. An alternate but equivalent way of thinking of a transformation is as 
a change of coordinate systems.” 

— Foley and Van Dam [4], p. 262 

Unfortunately, this is not quite correct since it is possible to distinguish between the in¬ 
terpretations. In particular, lengths and angles don’t change in the first interpretation, 
but they can in the second and third interpretations. 

Above it was argued that a matrix computation could have many geometric in¬ 
terpretations. It is also the case that a matrix computation can have no geometric 
interpretation. As a particularly egregious example, suppose that P is a point in the 
projective plane having homogeneous coordinates [1,0,1]. The rules of homogeneous 
coordinates state that multiplying through by any non-zero factor does not alter the 
point being represented. Thus, P is also represented by the homogeneous coordinates 
[—1,0,—!]. Now, suppose we add these two matrix representations together: 


[l,0,l] + [-l,0,-l] = [0,0,0], 

which is certainly valid as a matrix computation. The difRculy is that [0,0,0] is not 
a valid homogeneous coordinate in that there is no point in the projective plane with 
homogeneous coordinates [0,0,0] (cf. [8]), implying that the matrix computation we 
performed is not geometrically valid. 

Although the previous example is particularly nasty, there are more common errors 
that can occur when using traditional coordinate-based approaches. Some errors are 
allowed to occur because distinct coordinate systems are not explicitly represented. 
The applications programmer is expected to maintain a clear idea of which coordinate 
system (e.g., world coordinates, viewing coordinates, etc.) each point is represented 
in. As a consequence, the burden of coordinate transformations must be borne by 
the programmer. If extreme care is not taken, it is possible (and in fact common) to 
perform geometrically meaningless operations such as adding the coordinates of two 
points that are represented relative to different coordinate systems. 

Fortunately, the problems of ambiguity and validity can be solved. The solution 
presented here consists of two sub tasks. The first task is the identification of a geo¬ 
metric algebra (i.e., a collection of geometric objects and operations for manipulating 
them) that provides concepts and computational tools necessary for typical graphics 
and CAGD applications. The second task is to implement this algebra as an abstract 
data type (ADT) that presents the underlying geometric concepts in a clean, clear fash¬ 
ion. The algebra and the ADT are, of necessity, very closely related. In particular, the 
collection of objects in the algebra become the types of the ADT, and the operations in 
the algebra become the procedures of the ADT. Although the ADT is ultimately imple¬ 
mented as a collection of coordinated matrix computations, the abstraction presented 
to the programmer is a purely geometric one. The algebra and ADT are constructed so 
that only geometrically meaningful operations are possible. Moreover, all operations 
are geometrically unambiguous and their interpretation is clearly reflected in the code. 
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At the heart of the algebra and the ADT are two central themes: affine (and Eu¬ 
clidean) geometry and coordinate-freedom. The use of the theory of affine/Euclidean 
geometry facilitates the identification of useful geometric entities and operations; the 
use of coordinate-freedom forces the programmer to use geometric operations rather 
than coordinate calculations. The ADT is then given the responsibility of translating 
the geometric operations into coordinate calculations at a level beneath the program¬ 
mer. 

Unfortunately, abstraction does not come without expense. In this instance, the 
expense is three-fold: 

1. The coordinate-free approach to affine/Euclidean geometry must be learned by 
applications programmers. 

2. The ADT we are proposing is more difficult to implement than standard matrix 
packages. In fact, the ADT is most conveniently built on top of a matrix package. 

3. A run-time performance penalty is incurred. There are two sources of degraded 
performance. The first occurs due to run-time type checking. Actually, this is 
only a problem if the ADT is implemented in standard languages such as C, 
Modula 2, and Ada. If the ADT is implemented by defining a language and 
compiler, then most of the required type-checking can be done at compile-time. 
The second source of performance degradation is a result of coordinate-freedom. 
In the coordinate-free approach, the programmer does not have control over the 
coordinate system in which the geometric objects are represented. Consequently, 
geometric operations may not be performed as efficiently as otherwise possible. 
As a specific example, if complete control over coordinates is possessed by the 
programmer (as is typically the case), then the test to determine if a line segment 
crosses the x — 0 plane can be accomplished simply by checking the signs of 
the ^-components of the endpoints. In contrast, if the programmer uses the 
coordinate-free ADT, this test requires six multiplications and eight additions. 

The important tradeoff then is between ease of development, debugging, and main¬ 
tenance on one hand, and raw performance on the other. This is, of course, one of the 
classic tradeoffs in software development. It occurs, for instar , any time a high-level 
language is used in place of assembly language. 

The remainder of the paper is divided into two major parts. The first part, con¬ 
sisting of Sections 2 and 3, briefly develop the geometric algebra based on affine and 
Euclidean geometry. The second part, consisting of Section 4 describes the abstract 
data type, along with an example of its use. The implementation of the ADT is rela¬ 
tively straightforward and is omitted here. Implementation details can be found in [1]. 


2 The Search for a Geometric Algebra 

To address the first task, that of identifying an appropriate geometric algebra, we 
note that the theory should provide a model of the geometric spaces one encounters in 
typical graphics and CAGD applications, suggesting that Euclidean geometry may be 
the correct choice. In fact, Euclidean geometry (and the closely related theory of affine 
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geometry) will be the one presented here. However, before developing that theory 
and the ADT based on it, it is worthwhile discussing two other candidate theories; 
namely, the theory of vector spaces (linear algebra), and the theory of projective spaces 
(projective geometry). 

The connection between linear algebra and geometry is a common topic in elemen¬ 
tary linear algebra courses. The theory successfully models some aspect of geometry 
in that it can be used to derive matrices that describe rotation, scaling, and skew. 
The theory of vector spaces has an unfortunately subtle shortcoming: in every vector 
space there is a distinguished origin or zero vector, whereas in the geometric spaces 
encountered in graphics and CAGD, there is no absolute origin. This seemingly minor 
difference has striking undesirable implications for graphics and CAGD applications, as 
has been detailed by Goldman [5], [6], and others. Thus, vector spaces do not provide 
an appropriate abstraction for these endeavors. 

We turn now to projective geometry. Historically, projective geometry was invented 
to eliminate certain nagging degeneracies that are encountered in Euclidean spaces. 
However, the notion of parallelism is forfeit in projective geometry. This is dreadful 
in the context of graphics and CAGD applications since the notion of parallelism is 
absolutely essential. In fact, without parallelism it is not possible to define “free vec¬ 
tors,” the kind of computationally useful vectors one encounters in vector analysis and 
physics. 

3 The Geometric Algebra 

Although the geometric ADT will ultimately be based on Euclidean geometry, many 
of the geometric objects and operations that find use in computer graphics and CAGD 
are founded in the more general field of affine geometry. 

In the following sections it is assumed that the reader is already familiar with the 
basic notions of affine geometry. It is therefore not our purpose to provide a tutorial 
on the subject; rather, these sections are intended to summarize those portions of 
affine geometry that are directly useful for geometric programming while ignoring other 
aspects of the theory. For a more detailed development of affine geometry, the reader 
is encouraged to consult the excellent treatment in Dodson and Poston [2]. A tutorial 
development from the perspective of computer graphics and CAGD together with a 
more complete development of the geometric algebra can be found in [1]. 

3.1 Spaces, Points, and Vectors 

The most basic objects in the geometric algebra are Euclidean spaces. For our purposes, 
a Euclidean space is an affine space together with a distinguished inner product. An 
affine space in turn consists of a collection of points together with a collection of vectors. 
More formally, an affine space A is a pair ( V,V) where V is the set of points and V 
is the set of vectors, and a Euclidean space £ is a pair (*4, <, >) where A is an affine 
space and <,> is the distinguished inner product. In much of our discussion the 
inner product is immaterial so we will tend to blur the distinction between affine and 
Euclidean spaces, referring instead simply to spaces. We shall use the notation S.V and 
S.V to refer to the points and vectors of a space S . The set of vectors are assumed to 
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form a vector space, implying that the operations of addition and scalar multiplication 
of vectors is defined. Further operations relating points and vectors are provided by 
the following fundamental axioms: 

(i) There exists an operation of subtraction that satisfies: 

a. For every pair of points P, (?, there is a unique vector v such that v = P — Q. 

b. For every point Q and every vector 5, there is a unique point P such that 
P - Q = v. 

(ii) Every triple of points P, Q and P, satisfies 

{P-Q) + (Q-R) = P-R. 

These axioms together with the vector space structure of S.V can be used to define 
other operations including the addition of points and vectors, and affine combinations 
of points [1]. 

3.2 Frames 

To ultimately implement the algebra in common computer languages, and to facilitate 
the conversion between coordinates and geometric entities, we must understand how 
spaces are coordinatized. This will be done by adding the notion of a coordinate system 
or frame to the algebra. Let S = (V,V) be an n-space, let O be any point, and let 
■ * •, v n be any basis for S.V. We call the collection (O, vi, • • •, t? n ) a frame for 5. 
Once a frame is chosen, every point and vector can be specified by giving its coordinates 
relative to the frame. 


3.3 Affine and Projective Transformations 

The next geometric object to be added to our collection is the affine transformation. Let 
A and B be two spaces. A map F : A.V m► B.V is said to be an affine transformation 
(also called an affine map) if it preserves affine combinations. Although an affine map 
is defined as carrying points to points, the domain can be extended to include vectors 
as well. Let F : A.V »—> B.V be an affine map, let v be any vector in AV, and let P 
and Q be any two points in A.V such that v = P — Q. We define F(v) to be the vector 
in B.V given by F(P) — F(Q). It is not difficult to show that the definition of F(v) is 
well-formed in the sense that if P,Q and P',Q' are two pairs of points whose difference 
is t>, then F(P) - F(Q) = P(P') - F{Q'). 

It is a simple matter to show that an affine map is completely determined once its 
action on a frame or a simplex is known. This simple observation can be put to practical 
use; in particular, the geometric ADT uses this fact as the basis for a coordinate-free 
method of specifying affine transformations [l]. 

Projective transformations can be defined as maps that carry lines to lines and 
preserve cross ratios. The cross ratio along a line segment PQRS is defined as a ratio 
of ratios: 

PQ QS 

CrossRatio(P, Q, R, S) = YrJrS' 
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Even though projective transformations carry points to points, 1 lines to lines, and 
more generally, hyperplanes to hyperplanes, they do not preserve the structure of 
affine spaces since they do not map vectors to vectors. That is, it is not possible to 
extend the domain of a projective transformation to include vectors [1], The fact that 
projective transformations can’t map vectors must be reflected in the geometric algebra 
and the ADT. The geometric algebra can deal with the situation simply by leaving it 
undefined; the ADT can handle the problem by signaling a type-clash if a request is 
made to map a vector through a projective transformation. 

Above it was mentioned that an affine map is completely characterized if its action 
on a frame or a simplex is known. A similar result holds for projective maps: A 
projective map from an n-space is completely characterized if its action on an n-simplex 
plus one other point is known (cf. [3]). 

3.4 Normal Vectors and the Dual Space 

In many graphics and modeling applications it is convenient to introduce the idea of a 
normal vector. For instance, in polygonal modeling it is common to represent objects by 
polyhedra where each vertex is tagged with a normal vector that is used in Gouraud 
or Phong shading. Normal vectors are also important for ray tracing applications 
since the surface normal determines the direction of a reflected ray, and is one of the 
determining factors in the direction of a refracted ray. 

Unfortunately, the term “normal vector” implies that these objects behave just 
like other vectors. While this is nearly correct, there are important situations where 
subtleties can occur. A simplified situation is shown in Figure 2 for a hypothetical two- 
dimensional polygonal modeling application. The left portion of Figure 2 represents 
the definition space of a polygonal approximation to a circle. The right portion of the 
figure is the image of the polygon under the indicated non-uniform scaling. Notice 
that if the normal vectors are transformed as vectors, then their images don’t end up 
being perpendicular to the image of the circle (an ellipse). In fact, they have become 
more horizontal when they should have become more vertical. This rather unexpected 
behavior can also occur in ray tracers that model objects hierarchically by applying 
transformations to subobjects when instancing them into higher level objects. The 
visual effect is to produce incorrect shading and reflections. Fortunately, there is a 
remedy that is firmly rooted in the fundamentals of geometry. The idea is to represent 
normals not as vectors, but as elements of the dual space (cf. [2], [7]). 

Let us leave the realm of affine and Euclidean spaces for the moment and work 
instead in the contex of vector spaces. An inner product on a vector space can be used 
to establish an association between primal vectors (elements of the vector space) and 
dual vectors (elements of the dual space). In particular, if v is held fixed, the expression 
< v 9 u > is a linear functional whose argument is u; that is, A(u) :=< u, u > is a linear 
functional on V and is therefore a dual vector (associated with the vector u). To avoid 
having to invent a symbol to act as the argument u, it is more convenient to write 
A :=< v y >. Using this association, we can define the functional < u, > to be the 
dual of v . In equation form, :=< 5, > . Intuitively, dual vectors represent oriented 

1 Actually, some points in the domain can be mapped to points at infinity in the range. These 
points therefore do not have images in the affine range space. 
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hyperplanes, the hyperplane being defined as the set of vectors that are annihilated by 
the dual vector. 

To translate the above results from vectors in a vector space into a Euclidean 
setting, we observe that the freedom of vectors to move about in Euclidean space 
means that a dual vector defines only the orientation of the hyperplane, but does not 
fix it absolutely in space. The hyperplane can be fixed by specifying a point through 
which the hyperplane must pass. Thus, in a Euclidean space an oriented hyperplane 
is represented as a point together with a dual vector. For instance, the hyper plane 
defined by a point P and a dual vector T>$ is the set of points {Q\D${Q — i 3 )} = 0. The 
point Q is on the positive (negative) side of the hyperplane if — P) is positive 

(negative). 

In preparation for Section 4.3, we observe that hyperplanes represented by a point 
and a vector can also be thought of as affine functionals defined on points (an affine 
functional is an affine map from an affine space into the reals). To see this, consider 
the oriented hyperplane plane passing through a point P normal to a vector v. We 
define a functional w : S.V —► R by: 

*(Q) = V,{Q - P), Q e S.V. 

From linearity of T> s, it is easy to show that 7r is actually an affine functional. Geomet¬ 
rically, the value 7r(Q) measures the (signed) perpendicular distance from the point Q 
to the hyperplane. Specifically, if <Iq represents the true signed perpendicular distance 
from Q to the hyperplane, then 

r(Q) = Vv(Q-P) 

= v- (Q — P) 

= \v\\Q-P\cos0 

= |£|d<2> 

showing that 7 r(Q) is a fixed scalar multiple of the true distance. 

At this point it is not clear that we have gained any new insight from the introduc¬ 
tion of dual spaces and dual vectors. After all, one could interpret the above discussion 
as saying nothing more than a plane is defined by a point P and a vector v. The real 
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power of the dual vector approach is in the determination of how dual vectors, and 
hence planes and hyperplanes, transform under affine maps. 

Let F : A i-* B be an invertible affine map and let v be a vector in A.V. We 
would like to extend the domain of F to include the dual vectors in such a way that 
perpendicularity is preserved. This goal can be achieved if we define the action of F 
on a dual vector T>$ as F{V$) := o F _1 . 

4 The Geometric Abstract Data Type 

An abstract data type is a collection of data types together with a collection of oper¬ 
ations or procedures that manipulate instances of the types. The abstract data type 
presented here for geometric programming is based on the geometric algebra described 
in Section 3. In particular, the objects in the algebra are the types of the abstract data 
type, and the operations in the algebra are the procedures of the abstract data type. 

The supported data types are: Scalar, Space, Point, Vector, Normal, Frame, 
AffineMap, and ProjectiveMap. Except for the Space data type, the connection 
between these types and the geometric objects in the algebra should be apparent. The 
Space datatype corresponds to a Euclidean space (as opposed to the more general 
affine space) of the algebra. For a more complete description of the procedures of the 
ADT, see [1]. 

Use of the geometric ADT necessarily changes the style in which geometric programs 
are written. This occurs because applications programmers are generally forbidden 
from performing coordinate calculations. They must instead use the geometric opera¬ 
tions provided by the ADT. Perhaps the best way to demonstrate the use of the ADT 
is by considering the solution of a problem that is typically accomplished by appealing 
directly to coordinates. In [1] the construction of a wireframe display program is dis¬ 
cussed in detail. Owing to length considerations, we present here only the subproblem 
of clipping three dimensional line segments to viewing volumes. Before describing the 
implementation of clipping in Section 4.3, we first describe the general philosophy of 
the ADT in Section 4.1, then reexamine the issue of ambiguity in Section 4.2. 

4.1 General Workings 

The discussion of the ADT assumes a working knowledge of the C programming lan¬ 
guage. C was chosen for the following discourse because it seems to be the most 
wide-spread implementation language in graphics and CAGD. Unfortunately, C is not 
the most ideal language for geometric programming since it is not possible to overload 
arithmetic operators, as is desirable when manipulating points, vectors, and so on. 
More appropriate are languages such as C++ [9] that do allow operator overloading. 

Where possible, the following convention is used to name procedures: the first 
several letters (A, F, N, P, or S) indicate either the types of the arguments expected or 
the type of the return value. Here, A stands for AffineMap, F for Frame, N for Normal, 
P for Point or ProjectiveMap, and S for Space or Scalar. 

The ADT provides for the creation of Euclidean spaces using the SCreate proce¬ 
dure. The calling sequence in our C implementation is: 
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#define WorldFrame StdFrame(World) 

Space World; 

Point Eye; 

Vector View, ViewX, ViewY, ViewZ; 

Frame Camera; 

World = SCreate( "World", THREESPACE); 

/* Build the viewing frame */ 

Eye = PCreate( WorldFrame, 1, 2.5, 2); 

View = VCreate( WorldFrame, -1, -2.5, -2); 

ViewZ = VNormalize( View); 

ViewX = VNormalize(WCross( ViewZ, Fz( WorldFrame))); 
ViewY = WCross(ViewX, ViewZ); 

Camera = FCreate("Camera", Eye, ViewX, ViewY, ViewZ); 


_ Figure 3: The construction of a viewing (camera) frame. _ 

Space SCreate( name, dim) 
char *name; 
int dim; 

where name is a character string used for debugging purposes, and dim is the dimension 
of the space to be created. When a Euclidean space S is created, it comes “pre- 
equipped” with a Cartesian frame referred to as StdFrame(S) (in the case of a three 
dimensional space, the frame is defined to be right handed). This frame is used to 
boot-strap the creation of points, vectors, other frames, and the like. For example, 
the code fragment shown in Figure 3 creates a Euclidean 3-space called World, then 
constructs a new Cartesian frame called Camera. The Camera frame is constructed so 
that its origin is at the point Eye, and its basis vectors form a “left handed” Cartesian 
frame. 

Notice that the point Eye and the vector View are defined by giving their coordinates 
relative to the standard frame in the World space. Even though they were created 
by using coordinates, once created, they take on a meaning that is independent of 
coordinate systems. The programmer is therefore freed from having to remember 
which coordinate system they are represented in. Moreover, since all geometric entities 
are tagged with the space in which they “live”, the system can do a substantial amount 
of type checking. For instance, before FCreate returns the new frame, it checks to see 
that the origin and the vectors live in the same space and that the vectors form a basis. 

To demonstrate that points and vectors have meaning that transcend coordinate 
systems, imagine creating two points Q1 and Q2 in the World space by giving their 
coordinates relative to different frames: 


Q1 = PCreate( StdFrame(World), 10, 1,0); 
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Q2 = PCreate( Camera, 0, 0, 1); 

These points can now be treated without regard frames. For instance, if we ask for the 
distance between these points: 

d = PPDistCqi, Q2); 

we obtain the geometrically correct value of 2.256. 

The use of PCreate above shows that points can be created by giving their coor¬ 
dinates relative to arbitrary frames. Conversely, coordinates of points, vectors, and so 
forth can also be extracted relative to arbitrary frames. For instance, the coordinates 
of Q1 relative to the Camera frame can be extracted and placed in the variables Qx, Qy, 
and Qz as follows: 

PCoordsC Ql, Camera, &Qx, &Qy, &Qz); 


4.2 Ambiguity Revisited 

In Section 1 it was claimed that the ADT solves the ambiguity problem in that a given 
code fragment can have one and only one geometric interpretation. As a demonstration 
of how this is accomplished, we refer again to the code fragment of Equation 1, the 
geometric interpretations of which are shown in Figure 1. If the programmer intended 
a change of coordinates as indicated by Figure 1(a), the appropriate code fragment 
would be similar to 

Frame framel, frame2; 

Point P; 

Scalar px, py; 

P = PCreate( framel, pi, p2); 

PCoords( frame2, &px, &py); 

where framel and frame2 are two frames having the geometric relationship indicated 
in Figure 1(a). If the programmer was instead intending to effect a transformation on 
the space as indicated by Figure 1(b), the appropriate code would be similar to 

AffineMap T; 

Space S; 

Point P, Pprime; 

T = AScale( FOrg(StdFrame(S)), 2, 1); 

Pprime = PAxform( P, T); 


where the call to AScale returns the non-uniform scaling indictated in Figure 1(b), and 
where PAxf orm applies the transformation T to the point P. Finally, if a transformation 
between separate spaces is to be applied as indicated by Figure 1(c), the code would 
be similar to 
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AffineMap T; 

Space SI, S2; 

Point P, Pprime, Oprime; 

Vector xprime, yprime; 

Compute Oprime, xprime, and yprime in S2 

T - ACreate( StdFrame(Sl), Oprime, xprime, yprime); 

Pprime = PAxform( P, T); 


where ACreate returns the affine transformation that carries the standard frame in the 
space SI onto Oprime, xprime, and yprime in the space S2. The ADT maintains the 
knowledge that T has SI as its domain and S2 as its range. The procedure PAxf orm 
uses this information to verify that P is in the domain of T and tags its return value 
as a point in T’s range. This kind of extensive type checking proves to be extremely 
valuable when debugging programs. When debugging is complete, the program can be 
optimized by turning off dynamic type checking. 

To reiterate, each of the code fragments above has an unambiguous geometric in¬ 
terpretation that is undeniably apparent from the code. The fact that identical matrix 
computations are being performed at a lower level is invisible and irrelevant. 

4.3 Clipping 

In this section we consider the problem of clipping line segments in a three dimensional 
space to a viewing volume [4], where the viewing volume to be clipped to is represented 
as a collection of oriented planes. Each plane is represented as a point and a normal (or 
as described in Section 3.4, as affine functionals), with the orientation of the normal 
chosen so that the interior of the clipping volume corresponds to the negative side of 
the plane (the negative half-space). The clipping volume is then defined to be the 
intersection of the negative half-spaces defined by the boundary planes. Line segments 
can be clipped to volumes defined in this way by successively clipping against each of 
the planes. It is therefore sufficient to describe the clipping of a line segment against 
a single plane. 

The clipping of line segments to planes making explicit use of coordinates is well de¬ 
scribed in standard graphics texts (cf. [4]) Our approach will, of course, be coordinate- 
free. First, we shall find it desirable to think of planes, or more generally of hyperplanes, 
as affine functionals (see Section 3.4). It is therefore convenient to define a procedure 
EvaluateHyperplane that evaluates the affine functional associated with a hyperplane 
at a given point. The coordinate-free clipping of a line segment to a plane proceeds 
by evaluating the affine functional at each of the endpoints of the segment; call these 
numbers di and d 2 , respectively. Recall from Section 3.4 that d x and d 2 are scalar 
multiples of the signed distance of the endpoints to the plane. If both d\ and d 2 are 
positive, the segment is entirely outside the clipping volume. This corresponds to the 
traditional trivial reject condition of the Cohen-Sutherland algorithm. If both di and 
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d 2 are negative or zero, the segment is entirely inside the clipping volume. This corre¬ 
sponds the traditional trivial accept condition. The final case occurs if d x and d 2 have 
differing signs, implying that the segment intersects the plane at some point I. Using 
similar triangles it is straightforward to show that the point I breaks the line segment 
into relative ratios |di| : |d 2 |. 

A C implementation of this algorithm is: 

typedef struct { 

Point b; 

Normal n; 

> Hyperplan©; 

typedef struct { 

Point pi, p2; /* The endpoints of the segment */ 

> LineSegment; 

/* 

** Clip the line segment seg against a Hyperplane Pi, placing the 
** result in clipped. 

** 

** Return TRUE if clipped is not the null segment; 

** return FALSE otherwise. 

*/ 

int ClipLineAgainstHyperplane( Pi, seg, clipped) 

Hyperplane Pi; 

LineSegment seg, *clipped; 

Scalar dl = EvalHyperplane(Pi, seg.pl); 

Scalar d2 = EvalHyperplane(Pi, seg.p2); 

Point I; 

/* Both points outside - trivial reject. */ 

if (dl > 0 && d2 > 0) return FALSE; 

/* Both points inside - trivial accept. */ 

if (dl < 0 && d2 < 0) return TRUE; 

/* 

** The line intersects the Hyperplane at the point 
** I that breaks seg into relative ratios 
** abs(dl):abs(d2). 

*/ 

I » PPRelativeRatio( seg.pl, seg.p2, fabs( dl), fabs( d2)); 

/* Determine which portion of segment to clip away. */ 
if (dl < 0) { 

/* Clip off the segment from I to seg.p2 */ 
clipped->pl = seg.pl; 
clipped->p2 = I; 
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> else { 

/* Clip off the segment from seg.pl to I */ 
clipped->pl = I; 
clipped->p2 = seg.p2; 

> 

return TRUE; 


The coordinate-free implementation of clipping has the added benefit that the code 
has no notion of the dimension of the space in which the line segments live. This 
means that the procedure above can be used for 2D as well as 3D line clipping. For 2D 
clipping, the oriented hyperplanes are the oriented lines that bound the visible window. 
Notice too that the hyperplanes are not required to be in any special orientation (as 
long as the clipping volume is convex). This allows irregular windows and clipping 
volumes to be used without increasing the complexity of the code. 


5 Summary 

It was shown that traditional coordinate-based approaches to geometric programming 
lead to programs that are geometrically ambiguous, and potentially geometrically in¬ 
valid. To combat these deficiencies, a geometric algebra and an associated coordinate- 
free abstract data type were defined. Programs written using the abstract data type are 
geometrically unambiguous; moreover, they are guaranteed to be geometrically valid. 

We believe that the use of the abstract data type also results in programs that 
are easier to develop, debug, and maintain. The development and debugging phases 
are improved due to the high degree of type-checking that is possible. Maintainability 
is improved because the abstract data type forces the applications programmer to 
clearly define coordinate systems and geometric spaces. This extra level of specification 
allows programmers other than the original author to quickly understand the geometric 
behavior of the code. These beliefs are substantiated from experience gained in using 
the ADT to teach an introductory computer graphics class. 
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Abstract 

A family of algorithms is presented for solving problems related to the one of 
whether a given object fits inside a rectangular box, based on the use of Minkowski 
Sums and convex hulls. We present both two and three dimensional algorithms, 
which are respectively linear and quadratic in their running time in terms of the 
complexity of the objects. In two dimensions, both straight sided and curved sided 
objects are considered; in three dimensions, planar faced objects are considered, 
and extensions to objects with curved faces are discussed. 


1 Introduction 

Computational Geometry has wider uses than just the design of solid objects. Here, 
we present a family of algorithms for solving a class of problems concerning whether 
a given object will fit into a rectangular box or not. The potential for application of 
such algorithms is widespread. If we are manufacturing two dimensional objects, our 
raw material will often come in rectangular sheets; similarly, in three dimensions, the 
starting point is often a rectangular block of material. We may need to tell which of 
several standard sizes of material is large enough for our object to be manufactured 
from. Related algorithms can be used to tell us what length of stock is required if the 
material comes in the form of a bar with rectangular cross section. A further possibility 
is that we wish to package an object in a rectangular case or crate, when the cost of the 
packing crate depends on its surface area, so we may wish to find the rectangular box 
of minimum area which encloses our object. 

Further from end-user applications, but still of great importance, is the idea often 
used in solid modellers of placing boxes around objects as a crude filter when computing 
intersections between objects. Obviously, the closer each box is to the original object, 
the better the filtering will be, and the greater the saving in computational time. Thus 
algorithms which find minimal boxes containing given objects are also of direct use in 
geometric modelling systems. 

We will give algorithms both in two and three dimensions for solving a variety of con¬ 
tainment problems. The starting point will be the following: given an arbitrary polygon 

•This work was supported by an SERC ACME Grant, Number GR/D 59434 
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and a two-dimensional rectangular box, we wish to decide whether the polygon will fit 
into the box, and if so, how to translate and rotate the polygon so that it does fit. 

We will then see how the basic ideas involved can be extended in a variety of ways, for 
example, to more complex objects with curved sides, and to solving related problems such 
as the minimum perimeter rectangular box the object will fit in. Finally a generalisation 
of the ideas to three-dimensional objects and boxes is presented. 

We would like to point out that the algorithms we present are of direct practical 
use. They take linear time (in the number of sides of the object) in two dimensions, 
and quadratic time in three dimensions, as will be shown later. Furthermore, they are 
reasonably straightforward to implement even in three dimensions. 

2 Related Work 

Chazelle [4] gives a general algorithm for deciding whether a polygon P will fit into a 
convex polygon <2, which is obviously a more general case than the basic problem we are 
considering here (but is still not completely general - note that Q must be convex). His 
method takes time 0(pq 2 ), where P has p vertices and Q has q vertices. However, his 
method is quite complex, and he does not mention what happens if P has curved sides, 
or how his method might be extended to higher dimensions. Because we are dealing with 
the special case of a rectangular box, we are able to take advantage of this fact to produce 
a simpler algorithm. 

Another piece of work by Toussaint [15] shows how to compute the minimum area 
bounding box of a polygon P in time 0(p). He uses a method which he calls “Rotating 
Calipers”, and an observation by Freeman and Shapira [5] that the polygon will have one 
of its edges (at least) touching one of the sides of the box. The method we give below has 
some similarities to the ideas Toussaint uses, although we prefer to think of the object as 
rotating, rather than the box. Our work goes further in that we have used our method to 
solve a wide range of problems, and also have shown how the ideas can be used in three 
dimensions. 

Although Freeman and Shapira’s paper has the title “Determining the Minimum Area 
Encasing Rectangle for an Arbitrary Closed Curve”, they replace the curve by an approx¬ 
imating polygon; also their method requires quadratic running time. 

O’Rourke [13] has given an algorithm for finding minimal enclosing boxes for a set of 
points in three dimensions, but his method takes time 0(n 3 ) when there are n points, 
whereas our method requires only quadratic time in three dimensions. (The convex hull 
of a set of points can be found in less than quadratic time, so the fact that our method 
deals with polygons rather than point sets is not an important difference with regard to 
the running time.) 

3 Vector Sums 

This section considers some theoretical ideas for deciding whether an object will fit in a 
box, based on the concept of Vector Sums, or Minkowski Sums as they are sometimes 
called. We will only develop them here as far as is necessary for helping with boxing 
problems. However, they are of wide use in Computational Geometry and Geometric 
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Modelling and interested readers may care to refer to [6,7,9,11]. It is interesting to note 
that we start from the vector sum, and use it to gain insight into boxing problems, whereas 
Toussaint [15] gives as one use of his rotating calipers idea the computation of the vector 
sum of two convex polygons. 

The definition of the Vector Sum A®B of two geometric objects A and B is all points 
which are the (vector) sum of some point in A with some point in B: 

A 0 B = {a 4- b|a E A, b E B}. (1) 

It should be noted that although the position of the resulting object depends on the initial 
choice of origin, the shape of the result does not. 

We will also need to consider the complement A! of an object A, which is given by the 
set of all vectors not in A , 

A'={a?A}. (2) 

Let us look at the two dimensional problem of whether a polygon will fit inside a 
rectangular box. We will denote the box by A , and the object that we wish to fit into it 
by B, For the moment, let us just consider B in a single orientation. In the simple case 
that B is a convex polygon, A 0 B can be found algorithmically by merging the edges 
of A and B in slope order. More interesting, however, is the observation that for general 
planar shapes B> if we form (A* © B)\ the result will be a new rectangle which has shrunk 
horizontally and vertically by the width and height of B> assuming that A is large enough 
to contain B (otherwise the result will be the empty set). These ideas are illustrated in 
Figure 1. Perhaps an easier way of regarding the set (A* ® By is to think of it as telling 
us the amount of play there is when we put object B inside object A. 

The problem we are trying to solve is rather more complex however, as we wish to see 
if B will fit inside A in any orientation. Conceptually we do this by forming the vector 
sum for every possible angle 0 as we rotate B through 180° (not 360°, because of the 
symmetry of the rectangle) while keeping A fixed. The result is a set in x y y y 9 space. If 
this set is not empty, a value for 0 can be found such that the object will fit in the box. 
Possible positions and orientations in which it does fit can easily be deduced from the set. 

It is not too difficult to see that such ideas can readily be extended to tell whether a 
three dimensional object will fit inside a three dimensional box. 

In practice, although this vector sum approach is useful for considering the problem, 
it turns out that we do not need vector sum algorithms for solving the problem. Instead, 
by considering the result of the vector sum described above, we can use as a basis for 
our algorithm the following observation: the object will fit in the box if and only if, 
simultaneously for some rotational orientation of the object, the width of the object is 
less than or equal to the width of the box and the height of the object is less than or 
equal to the height of the box. 

4 Does a Polygon Fit in a Box? 

As will be explained as we go along, the algorithm presented here for solving this problem 
has two main parts to it. There is an algebraic part which tells us for a given configuration 
whether there is a solution, and there is a control part which tells us when we need to 
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Q- (A’ © B)' 


Figure 1 - Vector Sum Operations 
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change from one configuration to the next, which is determined by considering the vertices 
of the polygon. 

4.1 Algebraic Basis of the Algorithm 

We will first present a simplified version of the problem which naturally leads to the more 
general version. 


4.1.1 Does a Rectangle Fit in a Box? 

The simpler problem which we will consider first is whether a given rectangle of width a 
and height 6 fits inside a given box of width w^ ox and height h^ ox . We start by making the 
trivial check of whether the rectangle fits without rotation, i.e. a < w^x and b < If 
these conditions are satisfied, we have no more to do. 

If we rotate the rectangle through an angle 6, then if there is a solution, there must 
be one in the range 0° < 0 < 90°, by symmetry. Limiting ourselves to this angular range, 
we can express the new width tn, and height h of the rectangle as 

w = a cos 5 + isin0, h = 6 cos 0 4* asin0. (3) 

The rectangle will fit in the box for a given value of 9 provided that, simultaneously, 
w < tvb ox and h < h^ox- 

If we eliminate 9 (using Grobner Basis Algorithms [2]) from these two equations we 
obtain 

b 2 w 2 + a 2 w 2 — Aabwh -f b 2 h 2 -f a 2 h 2 — b 4 + 2a 2 6 2 — a 4 = 0. (4) 

If we let a = r cos <f> and b = r sin <f> then w = r cos(0 — <f>) and h = r sin(0 + ^), with 
both of these angles being positive, as can be seen by drawing a diagram. The signs of 
these angles tells us which of the roots gives the correct solution, namely 


2abw + (a 2 - b 2 )Ja*+ P - u; 2 
a 2 + b 7 


We may now substitute Wf, ox for w in this expression. If the resulting value of h is less 
than or equal to we have solved the problem, provided, of course, that we can find 
a corresponding value for 0 from these values of w and h. This requires that h must be 
in the range 

min(a, b) < h < y/a 2 + IP (6) 


This value of 9 gives a solution in which the rectangle fits exactly across the width of the 
box. Thus we can place the rectangle into the box by first rotating it through 9, and then 
translating it so that its lowest and leftmost vertices touch the bottom and left hand sides 
of the box respectively. 

In practice, we may need to interchange the roles of width and height to find a solution 
if the box is very wide. However, this will be ignored at present, as the control part of 
the algorithm will take care of this in the general case. 



312 


4.1.2 Does a Convex Quadrilateral Fit in a Box? 

Let us now consider the problem of testing whether an arbitrary convex quadrilateral fits 
in the box. We start by performing the check for a trivial solution, as described above. 
Let the top, left, bottom, and rightmost points of the quadrilateral have coordinates 
and (x r ,y r ) respectively. These points may not all be distinct. 
For example, the same point may be both topmost and rightmost; this will not affect 
what follows. Slightly more problematical is the case when two (or more) points are 
equally rightmost (for example). In this case, we choose the lower one, because after a 
small rotation this point will remain rightmost, and the other(s) will not. Similar logic is 
applied to other special cases. 

If we now rotate the quadrilateral through an angle 0, small enough that the same 
points remain the top, left, bottom and rightmost points (which also implies that 0 is in 
the range 0° < 0 < 90°, as before), then after rotation these points will have moved to 
(x{,y() etc. where 


x\ = x t cos 0 — y t sin 0, y[ = x t sin 0 4- yt cos 0, (7) 

and similarly for the other points. We can now express the width w and the height h of 
the quadrilateral as 


w = x* r — x\ = (x r - xi) cos 0 - (y r - y t ) sin 0, (8) 

h = y[ - y[ = (x t - x h ) sin 0 + {y t - i /&) cos 0. (9) 

This can be written in the form 

w = acos0 + 6sin0, h = dcos0 4- esin0 (10) 

for short, which is now similar to the previous case. This time we find on eliminating 0 
that 

(e 2 4* <P)w 2 — 2(6e + ad)hw + (a 2 + b 2 )h 2 — a 2 e 2 + 2 abde — b 2 d 2 = 0, (11) 

and that the root which gives the correct answer is 

L _ (ad 4* be)w + (ae — bd)y/a 2 + b? —w 2 / x 

h - jTV* • (12) 

Again, if we can find a value for 0, we can rotate and position the quadrilateral in 
the box, given one condition. This is that the value of 0 found must not be so large that 
any of the top, right, left or bottom points has been replaced by a different vertex of the 
quadrilateral. In other words, the topmost point must remain topmost and so on after 
this rotation. If this condition is not satisfied, we must repeat the process with a different 
configuration for the quadrilateral. This will be explained further in the next section as 
it is, in fact, the same as the control part of the algorithm used in the more general case. 

Also, as we will again see in the next section, the calculations described above are 
sufficient to decide if any polygon will fit inside a rectangular box. 
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4 



Figure 2 - Finding the Next Active Vertex 

4*2 Control Part of the Algorithm 

A simple, but useful, observation also made previously by Toussaint [15] is that if a given 
object will fit inside a rectangular box, then the convex hull of the object must also fit 
inside the box. This is easy to see. If any two points on the boundary of the object are 
taken, the straight line joining them lies inside the convex hull of the object; the line 
must also lie inside the box because the box is convex. Thus, as a first step, we take the 
convex hull of the polygon we are testing. The convex hull of a polygon with n sides can 
be computed in 0(n) time [8], thus allowing our final algorithm to still be linear. 

There are several advantages in finding the convex hull as a preprocessing step, even 
though it may be possible to devise an algorithm which does not explicitly do so. The 
first of these is that it is simpler to only consider convex polygons, both when designing 
the algorithm, and when implementing it. The second is that the convex hull of a complex 
polygon may have considerably fewer vertices than the polygon itself, which means that 
the fit testing algorithm will have less work to do. 

A key observation which makes the quadrilateral algebra of the previous section espe¬ 
cially important is as follows. At any given orientation of the polygon, we can tell whether 
the polygon will fit inside the box by examining only four of its vertices, which are the 
topmost, leftmost, bottommost and rightmost ones. The positions of the other vertices 
are not important, as they can not prevent the polygon fitting in the box, providing that 
these four extremal vertices lie inside it. Thus, we can use the algebra given above for a 
quadrilateral to tell if the four extreme vertices lie inside the box. The only problem we 
now have to solve is how to decide which are the extremal vertices, and at what angles of 
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Case A 



Case B 


Figure 3 - Coping with Narrow Objects 


rotation this set of extreme vertices changes. We shall refer to these as the active vertices . 

A simple scan through the vertices of the polygon enables us to find the initially 
active vertices, which we check for a trivial fit. Next, taking the initial orientation of the 
polygon, we define the solution region as all angles between zero, and the minimum one 
required such that one (or more) of the four active vertices is replaced by a new vertex as 
the polygon is rotated (anticlockwise). This is the minimum of the four angles shown in 
Figure 2. 

We now use the quadrilateral algebra to look for a solution using the initial four active 
vertices. If the algebra gives a solution for 6 , we must check that it lies within the solution 
region. If 0 lies outside this region, it does not correspond to a useful solution, as it implies 
that the polygon has been rotated so far that the same set of four vertices are no longer 
the active ones. On the other hand, if we do find a solution within the solution region, 
we have solved the problem. To fit the polygon in the box, we rotate it through the angle 
found, and place the leftmost and lowest vertices against the left and bottom sides of the 
box. Alternatively, if we find no solution, or we find a solution outside the solution region, 
we must then rotate the original polygon through the minimum angle found above, giving 
a new set of active vertices, in which one (or more) of the original vertices is replaced by 
its clockwise neighbour. This process is repeated until either we find a solution, or we 
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have rotated the original polygon through more than 180°, when by symmetry we know 
there can be no solution. 

The algorithm as it stands has a small difficulty. The polygon may be so narrow that 
for any orientation the set of active vertices can not become as wide as the box, and so 
looking for solutions with w = tvt, ox is not valid. However, we may avoid this problem 
as follows. Let us orient the box so that we may assume w^ x > h^. Now, consider an 
object which fits into the box as shown in the first diagram in Figure 3,touching the box 
at top and bottom. If we rotate the object anticlockwise, one of two things must happen, 
depending on the exact shape of the object. In Case A, where the object can become as 
wide as the box, we may make the assumption that w = w^ x as before. In Case B, the 
object will have either its top or bottom side running along the top or bottom side of the 
box, and will still be inside the box. 

This leads to two modifications of the original version of the algorithm. At each change 
of active vertices we must perform a trivial test to decide whether the object is already 
inside the box to allow for Case B. Secondly, when we solve for h after setting w = u>6 or , 
and find the corresponding value of 0, we must substitute this value of 0 back into the 
expression for w and check that it is indeed equal to Wb ox . This will ensure that the 
solution we have found is a valid one, and that the solution is not a spurious one based 
on a set of vertices for which w cannot be equal to Wb ox . 

It is easy to prove that this algorithm takes linear time in the number of vertices of 
the polygon. Each configuration of active vertices is tested in constant time. We only 
need to consider the immediately adjacent vertex to each active vertex when finding the 
next set of active vertices because we are testing a convex polygon, so this step, too, takes 
constant time as there are always four active vertices. Finally, as the polygon is rotated, 
each edge can become horizontal or vertical only once, so the number of possible sets of 
active vertices is linear. 

It should be noted that the only non-trivial calculations involved are square roots 
which means that the problem can be solved directly, without the need for an iterative 
method. This fact combined with the linear time complexity of the algorithm makes it 
fast in practice. 

5 Does a Curved Object Fit in a Box? 

Most theoretical computational geometers tend to restrict themselves to polygonal (or 
polyhedral) objects. However, many objects of real (industrial) interest have curved sides 
(or faces). Thus, we feel that it is important to show how our algorithm can be extended 
to cope with such objects. In particular, we will look at objects whose sides consist of 
straight lines and circular arcs, and we will also briefly discuss more generally curved 
shapes. 

Fortunately, many of the same ideas can be used as before. Again, we start by comput¬ 
ing the convex hull of the object. One of the few authors who has considered theoretical 
computational geometry for curved objects is Souvaine. She gives an algorithm for find¬ 
ing convex hulls of “splinegons” (polygons generalised to include possibly curved sides) 
in linear time, using an approach based on bounding polygons [14]. 

Let us initially consider a polygon which includes a single circular arc edge, as shown 



Figure 4 - Including Curved Edges 


in Figure 4. The rightmost point of the shape now lies on the circular arc, and slides 
around it as we rotate the polygon, rather than being fixed at a vertex of the polygon. 
Thus, we need to generalise the idea of active vertices to the active points , which are still 
the extrema of the object in the horizontal and vertical directions. From the diagram, we 
can see that the width of the object as it is rotated is given by 

to = a cos 0 + 6sin0 + r a , (13) 

where a and b are measured to the point at the centre of the circular arc, and r a is its 
radius. 

More generally, any or all of the active points of the shape may lie on such curved 
sides, and the height and width of the object are given by 

w = a cos 6 + 6sin 0 + £, h = dcosfl + e sin# + z (14) 

where a, 6,d and e are measured either to vertices, or the centres of circular arcs as 
appropriate, while g and z are the sums of the radii of any circular arcs involved in the 
appropriate direction. 

As before, we can eliminate 0 from these equations to find an expression for h in terms 
of w. The appropriate solution is 

(15) 

Having now established the necessary algebraic conditions for finding a solution, we 
must now see how the controlling part of the algorithm is affected by allowing curved 
sides. If one of the active points lies on a curve, the angle used for this point to determine 


(a 2 + b 2 )z + (ad + be)(w — g) -|- (ae — bd)^a 2 + b 2 — (w - g) 2 

a 2 + b 2 
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the solution region is now just the angle subtended by the arc from the point to the end 
of the arc, as shown in Figure 4. A further possibility which did not arise in the straight 
edged case is that two successive edges may now join tangentially to each other. If this is 
so, we need not consider the end of the edge as a vertex in its own right, as there is only 
a single orientation (not a range) for which this vertex may take part in a solution. (The 
vertex can only instantaneously become active as the object is rotated.) Finally, a curved 
edge may turn through more than 90°, in which case it may contain both the leftmost 
and rightmost points, for example. A simple way of avoiding any problems which might 
arise, both algebraically and algorithmically, is to use a preprocessing step which splits 
such arcs into two adjacent segments. 

By a simple extension of Figure 3 we can see that cases where the object is not able 
to become as wide as the box can always be detected at a changeover of solution regions, 
as in the polygonal case. 

If we allow objects with more generally curved sides, we need to find analogous expres¬ 
sions for width and height as a function of angle, which would mean expressing the curves 
in polar form. Because the radius of the curve would now depend on 6 , it is unlikely 
that we would be able to eliminate 9 from this pair of expressions. Instead, an iterative 
method would be required to find 0 and h simultaneously given w. 

On the other hand, the control part of the algorithm would remain unchanged. Indeed, 
one of the strengths of our method is that the control part of the algorithm is clearly 
separated from the geometric part, allowing different geometries to be used in conjunction 
with the same control mechanism. 

6 Related Algorithms 

In fact, by changing the algebra used, the same control mechanism also can be used to 
solve other related problems, as well as allowing for different geometry. Some typical 
examples are given below. 

6.1 Minimum Area Bounding Rectangle Of A Polygon 

We can use the theorem proved by Freeman and Shapira [5] quoted above to solve this 
problem without any algebra at all! Because the minimum bounding box for a polygon is 
guaranteed to contain the polygon with one of the polygon’s edges lying along one of the 
box’s edges, all we have to do is to rotate the polygon so that its edges are successively 
vertical or horizontal. This is exactly what the control part of the algorithm does, so all 
we have to do is compute the bounding rectangle and its area at each changeover of active 
vertices, and remember the smallest rectangle and its corresponding configuration as we 
go along. In this particular case, our method is then identical to the method described 
by Toussaint [15]. 

6.2 Minimum Area Bounding Rectangle Of A Curved Object 

Unfortunately, this simple trick no longer works when we have curved edges. Instead, we 
proceed as follows, using the control algorithm as if we were trying to find whether the 
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object would fit inside a rectangle, but we use different algebra to search for a solution 
between changeovers. 

As stated before, the width and height of the object are given by 

w = acos0 4 frsinf? 4 <7, h = dcosO 4 esin# 4 z. (16) 

Thus, the area A of a bounding rectangle is given by A = wh. This will be minimum 
when dA/dO — 0. This condition leads to the following equation for 9 : 

(be — ad) sin 29 4- (ae + bd) cos 2 9 — (az 4 dg) sin 9 4 (bz 4 eg) cos 9 = 0 (17) 

giving the minimum rectangle between changeovers. This can be reduced to the quartic 
equation below where u = tan 9/2 ; note that once again no iteration is required to find a 
solution: 


(bz + eg — ae — bd)u A 4 2 (az 4 dg — 2(ad — 6e))u 3 4 6(ae 4 bd)u 2 4 

2 (az 4 dg 4 2 (ad — be))u — (bz 4 eg 4 ae 4 bd) = 0. (18) 

However, we need to be careful that we have found a local minimum, and not a maximum 
for the area. This can be assured by checking that <PA/d9 2 > 0, i.e. 

— 2(ae 4 W) sin 29 4 2 (be — ad) cos 29 — (eg 4 bz) sin 9 — (dg + az) cos 9 > 0. (19) 

In summary, we thus use the control algorithm as before (excluding the initial triviality 
check and box reorientation), and compute the minimum enclosing rectangle between 
changeovers. We also must find the enclosing rectangle at each changeover. Again, we 
record and update the smallest solution found so far as the algorithm proceeds, until we 
have rotated the object through 180°. 


6.3 Minimum Perimeter Bounding Rectangle Of A Curved 
Object 

In two dimensional problems concerning wrapping, we may be more interested in perime¬ 
ters than areas. By performing a similar analysis to the previous one, we start by ex¬ 
pressing the perimeter P of the box is given as P = 2(iu 4 k). This is an extremum when 
dP/d9 = 0, which requires us to solve 

e 4 b 

tan 9 = ——. (20) 

a 4a v 

This extremum will be a minimum when d 2 P/d9 2 > 0, and thus when 


(e 4 b) sin 9 4 (a 4 d) cos 9 < 0 


( 21 ) 


which simplifies using the previous equation to 


1 

cos0 


< 0 . 


( 22 ) 


Because we are rotating the object anticlockwise, and because we have split any arcs 
which subtend an angle of more than 90 degrees, any solution of interest must be in the 
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range 0° < 0 < 90°. This contradicts the requirement that l/cos0 < 0. Thus, as in 
the case for for finding the minimum bounding area rectangle for a polygon, the solution 
must lie at one of the orientations where we change from one solution region to another, 
and not between them. Thus, we proceed as in that case, by finding the perimeter of the 
bounding rectangle at each changeover, and recording the minimum value found (and the 
corresponding rectangle) as we rotate the object through 180 degrees. 

6.4 Minimum Height Rectangle Of A Given Width 

Another problem assumes that we wish to cut an object (possibly curved) from a rect¬ 
angular strip of material, and we wish to know what is the minimum height (or as more 
usually stated, length) of strip required. The solution can be found by a simple extension 
of the original problem of whether the object will fit in a given box. The only differ¬ 
ence now is that instead of stopping when we the first value of A < h box , we continue, 
remembering the minimum value of h found as we rotate through 180°. 

By analogy with a possibility mentioned in connection with the original algorithm, the 
problem is complicated by the fact that the object may be so small that it is smaller than 
the width of the strip. In this special case, the problem reduces to finding the minimum 
height of the object as it rotates. In fact, by using a very similar argument to the one used 
for finding minimum perimeter boxes, we can show that a minimum height can only occur 
at the changeovers between solution regions, and not between them. Thus, in fact, the 
algorithm given above will solve the overall problem for any object provided that we take 
care to include the calculation of the height of the box at changeovers of active points, as 
well as between them. 

6.5 Does a Box Fit Inside an Object? 

Just to show that we do not think that our algorithm can solve every problem, we will 
briefly mention one seemingly similar problem for which our methods are not appropriate. 
This is the problem of whether a box fits inside a given object, which in some senses is 
the opposite problem to the original one. The basic problem is that we have relied on 
the convexity of the box to generate the algorithm, and a general object may well not be 
convex. A second and weaker point is that we have also used the fact that a box has only 
four sides to guarantee the linear time complexity of the algorithm. 

Baker [1] gives an algorithm for deciding if a convex polygon will fit inside a generally 
non-convex one, but with the very restrictive condition that rotation is not permitted. 


7 Does a Polyhedron Fit Inside a Box? 

If the above ideas are going to be of wide use, they must also be extended to cope with 
three dimensional objects. We will concentrate on the simple case of deciding whether a 
polyhedral object fits in a box. Similar generalisations may be used to cope with objects 
with curved faces as curved arcs in two dimensions. However, spherical patches are much 
less frequently used in three dimensions than circular arcs in two dimensions, so a simple 
repetition of the arguments is not particularly helpful. The emphasis here will be on 
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the control part of the algorithm, to which the user may add the algebra appropriate to 
variations on the basic problem. 

7.1 Convex Hull of a Polyhedron 

Various algorithms exist for finding convex hulls in three dimensions. If we start with a set 
of n points, it can be shown in this case to require at least 0(n logn) time [12]. However, 
it still seems to be an open question if we can do better than that if we start with a 
simple polyhedron rather than an arbitrary set of points. One method which is fairly 
easy to understand, and not too difficult to implement, even if not the most theoretically 
efficient, is the “Gift-Wrapping” method of Chand and Kapur [3]. It can be used in both 
two and three dimensions, and has the advantage of being readily adapted to cope with 
curved objects if necessary. 


7.2 Algebraic Basis of the Algorithm 

To see if a polyhedron will fit in a box, we must consider rotations about two different 
axes, which obviously makes the algebra more complicated (and the control part of the 
algorithm too). In fact, the extra difficulties with the algebra are greater than they may 
appear at first sight, because not only do we have three relations now for height, width, 
and thickness, but in fact two of them are inequalities rather than equations. If we position 
the object so that it just fits in across the height of the box, we must then check whether 
it also fits in across the width and thickness simultaneously. We start by generalising the 
two dimensional equations for width and height of the object as it is rotated to a set of 
three equations for its width, height and thickness, where thickness is measured in the z 
direction. We assume the first rotation is through an angle 0 about the 2 -axis, and the 
second through an angle <t> about the t/-axis. The resulting expressions for the extent of 
the object in terms of the original coordinates of the active vertices are 


i o = a cos# cos ^4* 6 sin 0 cos <f> -+* csin^, 

(23) 

h = d cos 0 4- e sin 0 , 

(24) 

t = / cos 0 sin <j> + g sin 0 sin <j> + k cos <f> . 

(25) 


We shall call the two new active vertices “far” and “near”; their respective coordinates 
are (x/, y/), (x„,y n ), with the near point having the largest z coordinate. The values of 
the constants given above are 


t ^ Vl Vri 

C — Z\ Z T , 

(26) 

d = y t -yb , e = x t 

X&, 

(27) 

- Zf, f = X n - Xf, 

9 = yj - Vn> 

(28) 


If the polyhedron fits inside the box in some orientation, it must simultaneously satisfy 
tv < u>box, h < h ozy and t < f&or- By using a similar approach to the method used in 
two dimensions, we start by setting k = choosing k because it depends on only one 
of the angles. (The permissibility.of this choice will be justified when we consider the 
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control part of the algorithm.) This gives a value for 9 which can then be substituted 
into the other two inequalities. Unfortunately, in three dimensions, the method no longer 
only involves square roots, but inverse trigonometric functions must be computed: 

<29) 

When we substitute this value into the equations for the width and the thickness, it can 
be seen that we end up with expressions of the form 

w = a cos <f> + 0 sin t — 7 cos <f> -|- S sin <j>. (30) 

The problem is now to find a value of (f> which causes both w < Wf, ox and t < t box to 
be satisfied simultaneously. However, the form of these equations is exactly the same as 
those we already know how to solve for the two dimensional problem. We thus use the 
following strategy. First, we check if at <f> = 0, before rotation about the second axis, both 
w ^ w box and t < < 60 *> in which case we already have a solution. Secondly, we can set 
w = w box and solve for t. If t < t& ox we have a solution, otherwise we finally set t = t^ ox 
and solve for w> checking if w < Wb ox • (In each case, we must check that the values of 6 
and <j> found do lie within the solution region.) If none of these cases are satisfied, there 
is no solution within this solution region, so the control part of the algorithm must step 
on to the next solution region. Otherwise, we now have values for 0 and <f> which will fit 
the object inside the box. 

There is one small problem with the method as it stands. When we try to find 0, it 
may be the case that we are unable to compute the sin ” 1 required, as its argument may 
be greater than 1 . This will happen if the object is not large enough to be able to attain a 
height hf, ox on rotation through any value of 6 . We must trap such cases to prevent them 
from causing arithmetic errors, but otherwise they are ignored because the control part 
of the algorithm will ensure that solutions involving such configurations are still handled 
correctly. 


7.3 Control Part of the Algorithm 

Having now discussed the algebra necessary for finding a solution if it exists within a 
single solution region, i.e. with a given set of active vertices, we must now examine the 
control part of the algorithm which tells when to change sets of active vertices. 

As in the two dimensional case, it is necessary that if the object fits in the box at all, 
either the object fits inside the box with a pair of its vertices touching a pair of opposite 
faces of the box (which we assumed to be the top and bottom in the previous section) or 
it will fit inside the box with one of its faces lying in contact with one of the faces of the 
box. The second possibility will be detected like the analogous case in two dimensions by 
testing for a fit when we change over between active vertices. 

The simplest way of ensuring that we do not miss any solutions is to repeat the 
following process with each of the box’s three principal axes considered to be the height 
of the box in turn. 

We take each face of the object in turn, and position the object on that face on the 
x-y plane, which is the far plane of the box. (Let such a face of the object be ABODE in 
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Figure 5 - Fitting a Three Dimensional Object in a Box 


Figure 5.) Any of the vertices of that face may be the far vertex after rotation. We also 
determine which vertex is the near vertex (vertex K in Figure 5). There may be more 
than one vertex which can be the near vertex, in the case when a near edge or near face of 
the object is parallel to the far face. In such circumstances they must all be considered. 
We are going to make a rotation first about 0, then about <j>. Thus, as long as we do 
not rotate too far about 0, the rightmost of the vertices on the far plane (vertex C in 
the figure) must be the far vertex in any solution we find using our algebraic method. 
Similarly, if there is more than one possible near vertex, the leftmost one will be the near 
vertex after the <j> rotation, provided we do not rotate too far about 0. 

Thus, given the object in its initial orientation, we first check to see if the object already 
fits without rotation. We then solve the algebra given above to obtain a potential solution 
for 0 and <f>. We must now test whether the same vertices remain active after rotation 
through these angles. This can be done using the following important observation. All 
changeovers are now determined by the 0 rotation. The far vertex changes when a new 
vertex on the far face becomes rightmost (when vertex C is replaced by vertex B in the 
figure). A similar test is used to find the 6 rotation necessary for the near vertex to change 
if there is more than one candidate near vertex. Finally, we can tell when the leftmost, 
rightmost, top and bottom vertices change by considering those vertices connected by 
edges running in a direction of decreasing 0 from the current leftmost, rightmost, top 
and bottom vertices. (Vertex F is originally the leftmost vertex; after rotation vertices 
A and J are the ones which may replace it, for example.) We can now see that none of 
the active vertices will change provided that we restrict ourselves to the minimum of the 
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three 9 values found above. 

The limit for the <t> rotation can be found by considering the possible successor vertices 
to the near, far, leftmost and rightmost vertices. Again, the possibilities are the ones 
which are connected to them by an edge, in this case the ones which run in a direction 
of decreasing <{>. (In the figure, K will be replaced as the far vertex by one of F, G, or J, 
while C must be replaced by H as rightmost.) 

A solution is sought with the given set of active vertices. If one is not found, we rotate 
the object through the minimum 6 found above to move to the next configuration, and 
try again. We continue doing this until either we find a solution, or we have increased 9 
through 360°. Note in this case we cannot use the 180° symmetry of the box as we are 
insisting that the <f> rotation must be positive. 

As mentioned above, this process is repeated for each face of the object until either 
we have found a solution, or we have tried every possibility. In the latter case, the object 
must be too large to fit in the box. 

We can justify that all possible configurations have been tested as follows. Although 
not all vertices may become the near vertex as various faces are laid flat on the far face of 
the box, all possible pairs of vertices which can occur as a pairing of far and near vertices 
will be tested at least once. In other words, some such pairings will be tested both ways 
round (with both possibilities for one vertex occurring as far and the other as near as 
different faces are laid flat on the far plane), but all such pairings will be tested at least 
one of the ways round. To see this, consider the object in some position with a given 
vertex as the near one, and another vertex as the far one. There is now a minimum angle 
of rotation such that one of the faces (or both) containing one of these vertices becomes 
parallel with the x-y plane. This pair of vertices will be a far-near pair when that face is 
the far face: the vertex of the pair which is not in that face must still be the near vertex, 
because of the way we chose the face. 

7.4 Time Complexity of the Algorithm 

As stated in the introduction, the algorithm presented above has quadratic running time, 
which we will now prove. We will also make an observation that will avoid recomputing 
various quantities more often than necessary. In the following discussion, we assume that 
the object has / faces, e edges, and v vertices. 

In the outer loop of the algorithm, each face is chosen as the far face in turn, and in 
the inner loop the object is rotated through 9 . As we do this, we find the minimum 9 
for new active vertices, which involves searching the vertices connected by an edge from 
the current top, bottom, leftmost and rightmost vertices. However, as we rotate the 
object, each vertex can be in each active position only once. If we sum the number of 
edges leading away from every vertex of the object over all vertices, we just get twice the 
number of edges, as each edge is connected to exactly two vertices. Thus, at most we only 
need to perform 0(e) tests for 9 limits for each face. (This spreading of the cost over all 
possible vertices is an example of an amortized analysis . For further examples in the field 
of Computational Geometry,.see Guibas and Stolfi [10].) 

The same technique can be applied to the tests for the leftmost and rightmost 
vertices. However, the <j> test for the far and near vertices requires a little more care. The 
reason is that as we rotate the object in 0, the same vertex may remain the near vertex, 
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and it may be connected to 0{v) other vertices, which have to be tested every time that we 
consider each of the perhaps 0(v) possibilities for the other active vertices. This problem 
which if unsolved would increase the time complexity of our algorithm can be avoided 
as follows. For each choice of the far face, before we start carrying out the 0 rotations, 
we can determine just once all of the neighbours of the set of possible near vertices, and 
decide which one will be active over various ranges of 0. Secondly, we can decide which of 
its neighbours will be the one which will determine the <j> limit as 0 changes. By removing 
these decisions from the inner loop, we can just update a pointer to this list of possibilities 
as 0 increases. There are obviously 0(e) edges to consider in making this list; the list can 
be created in linear time on the assumption that we are dealing with a polyhedron, and 
so the vertices around a face, and the edges around a vertex are already sorted. 

Similar ideas can be applied to the <j> limit for the possible far vertices. 

Thus, both types of limit tests within the loop can be performed in order 0(e) time, 
while we have a total number of faces 0(/) to check as candidates for the far face. Thus, 
overall, our algorithm has quadratic running order 0(/e) as claimed. 
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Abstract 

We present a new and more efficient way to store polygonal and polyhedral data. 
Generalizing the splitting rule of the polytree, we obtain a storage requirement that is much 
lower and more stable, and actually has an upper bound for any given object Using poly- 
trees as a spatial directory in combination with the boundary representation (which stores 
geometric and topological data), we obtain an integrated data structure that permits the exe¬ 
cution of a broad variety of algorithms for a wide range of applications in reasonable time. 


1 Introduction 

The modeling and manipulation of geometric objects is widely used in 2D and 3D, and is 
becoming popular in 4D to represent time and space in an integrated way [17],[8],[27],[13J. 
For many different applications, algorithms and corresponding data structures have been 
developed, and this has sometimes resulted in a separate data structure for each algorithm. This 
may be worth while for computationally intensive batch tasks, but for interactive design on 
more and more popular general purpose workstations, benefits can be obtained from a compact 
data structure that allows a wide variety of algorithms to be executed without preferring one 
over the other. 

In solid modeling [24] attempts have been made to obtain an object representation that has 
both the necessary theoretical properties [23] and that can be used for many algorithms and 
applications. These attempts have resulted in two main representations, constructive solid 
geometry (CSG) [23,p.448-52] and boundary representation (B-rep) [23,p.452-5]. CSG 
defines objects with set operations on primitives, and is thus well suited for object definition, 
but for display and many other operations, these definitions have first to be evaluated or con¬ 
verted to another representation 1 . B-rep defines objects by their boundaries and the topological 
relationships among them. Both representations are unsuitable for obtaining answers to spatially 
oriented queries; for example in order to decide if a given point is inside or outside the defined 
object, every face or object has to be considered. 


1 An alternative is ray-casting, which is very time-consuming. 
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The main solution to this problem is to introduce spatial subdivision (also called spatial 
hierarchy or spatial index or directory), which will be discussed in section 2 of this paper, 
together with the main predecessors to our space hierarchy, the octree and the polytree. In 
section 3 we then generalize the polytree to eliminate the so-called black holes, a phenomenon 
that frequently takes up a large amount of space. This section also discusses how we integrate 
the new polytree with B-rep. Section 4 outlines the major algorithms, indicating mainly how 
they differ from existing ones. Experiments to show the space and possible time savings are 
presented in section 5, and section 6 contains conclusions and problems for further research. 

The results in this paper apply mainly to 2D and 3D, but one of our main long-time 
objectives is to investigate suitable representations in 4D for an interactive animation design 
system. Due to the problems of coplanarity in 4D [14], we focused our attention on triangulated 
objects. In addition, we limited our research to polyhedral data because this is the only form that 
allows fast and accurate calculations while limiting complexity and permits the representation (at 
least approximately) of a very broad range of forms. 

2 Spatial Subdivision: Previous Approaches 

2.1 Spatial Subdivision 

That spatial subdivision can greatly speed up and simplify operations on solid models has 
mainly been shown by Woodwark and his group ([32],[33] and the earlier works referenced 
therein) for CSG, and by Mantyla andTamminen [18],[29] for B-nep. Basically, a spatial index 
reduces the complexity of operations between two solids to a linear function of the input, where 
formerly the complexity was O(n^) since every element of one solid had to be checked against 
every element of the other solid. An example of such an operation is a set operation carried out 
on a B-rep. Operations that affect only a part of a solid, which were previously O(n), now can 
be reduced to a complexity of O(log n). 

There are many ways in which a spatial index can be organized. Apart from the octree-like 
structures we use in this paper, there are bounding boxes, hierarchies of bounding boxes, grid¬ 
like divisions where every cell has the same size, and many others. A related data structure is 
the BSP-tree [29] that has to rely on heuristics to try to get a balanced hierarchy. 

2.2 Binary Quad/Octrees 

The main data structure used for spatial subdivision is the quadtree (2D) or octree (3D) 2 
[25],[28]. It is based on the equal recursive binary subdivision of a cubic universe into suboc¬ 
tant cells until all the cells are simple enough to be represented directly. These cells are then re¬ 
presented as a tree of outdegree 8 with the universe as root and the undivided cells as leafs. The 
main advantage over other spatial indices is that calculations are simple and positions of division 
planes are not object dependent, so that corresponding parts of two octrees match easily. 

Binary or gray level octrees, i.e. octrees that allow only uniform cells, are widely used in 
picture processing and have also been used for computer graphics [16],[7],[19],[36]. 
However, it became quickly obvious that such systems use too much memory and cannot 
represent certain data vital to computer graphics, such as surface normals. To overcome this 


2 In the following we will use only terms of either dimension, whichever is more appropriate. 
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limitation, a lot of research has been done to represent polygonal and polyhedral data with 
quadtrees. For 2D, many representational forms and variants have been investigated by Samet 
and his group [22],[26],[25,p.244-53]. 

2.3 Polytrees 

For 3D, combining octrees and CSG has been suggested in [9,p. 108/9], and a new sort of oc¬ 
tree, called polytree (for polyhedra tree), has been proposed independently by Carlbom et al.[5] 
and, under the name of nonminimal division octree[l] and later exact octree[3], by Brunet et al. 
In a polytree, cells are divided until they are of one of the types shown below: 

Empty: Completely outside an object. 

Full: Completely inside an object. 

Surface: Contains a surface (fig. 1). 

Edge: Contains an edge and the surfaces connected to it (fig-2). 

Vertex: Contains a vertex and the edges and surfaces connected to it (fig. 3). 

In addition, the type 'gray’ is used to denote nodes interior to the tree. 



Figure 1. Surface cell. Figure 2. Edge cell. 

Compared with the binary octree, the number of nodes is greatly reduced[20,p.94] at the cost of 
only a small increase in calculation time and storage requirement per node, which allows 
accurate representation and calculations. 

Unfortunately, the original polytree definition has a big disadvantage. If a vertex is near the 
border of two octants and the edges and surfaces connected to this vertex pass the border at a 
small angle, division is repeated many times (see fig. 5). In fact, by moving a vertex closer and 
closer to a division surface, it is always possible to produce an octree of arbitrary depth. This 
effect has been known before [6,p.44 & 53]. We termed it black hole because it is ’heavy’ 
(namely it takes a lot of memory), and difficult to ’see' (i.e. when manipulating an object, 
neither can the user see or predict it, nor can the system approximate the space needed). 

To avoid too deep and 'heavy' black holes, the tree depth was limited and for those cells at 
the lowest level that should have been subdivided, a new cell type, called 'nasty' [34,p.8], was 
introduced. This cell type could contain a complicated data structure representing the cell content 
exactly, but then the algorithms had to take care of a general cell type, and the advantage of 
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having only simple cell types would be lost. So nasty cells are just set to full, creating 
inconsistencies in the object definition. This works as long as we know the finally desired 
resolution (for example the resolution of the display). However, if we need different resolutions 
in different parts of the object or do not know the desired resolution in advance, e.g. if we plan 
to zoom in on a part of the model, may be during an animation sequence, then limiting tree 
depth and introducing nasty nodes is no solution to the black hole problem. 



Figure 3. Vertex cell. 


Figure 4. Edge' cell. 



Figure 5. Triangle causing black hole (2D), 
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3 The Integrated Polytree 

3,1 Splitting Rule: Polytree Generalization 

To avoid black holes, we have to generalize the division rule of the polytree. Instead of 
considering as vertex nodes just suboctants that actually contain a vertex, we include suboctants 
that do not contain the vertex itself, but have a geometry that is best subsumed by the geometry 
of the original vertex node. If a cell contains several edges and surfaces which are all connected 
to the same vertex, but does not contain the vertex itself, we do not subdivide it but just 
consider it as a new kind of node. For 3D, this leads to the following list of node types: 

Empty: Completely outside an object. 

Full: Completely inside an object. 

Surface (s): Contains a surface (fig. 1). 

Edge (e): Contains an edge and the surfaces connected to it (fig.2). 

Edge’ (e’): Contains surfaces all connected to the same edge (fig. 4). 

Vertex (v): Contains a vertex and the edges and surfaces connected to it (fig. 3). 

Vertex’ (v'): Contains edges and surfaces all connected to the same vertex 3 (fig. 6). 

Vertex" (v"): Contains surfaces all connected to the same vertex (fig. 7). 



Figure 6. Vertex’ cell. Figure 7. Vertex” cell 

(the vertex is at the bottom). 

It is clear that an infinite subdivision cannot occur any more, because the maximum level of 
subdivision is determined by the smallest distance between two elements (vertices, edges, 
surfaces) that are not connected topologically. So black holes are not possible any more, and 
this makes memory requirements much more predictable. 

In 2D, the splitting rule of the old poly tree is the same as that of the the PMi quadtree of 
Samet and Webber [26,p. 190], which allows uniform, edge and vertex cells, and the 
generalized splitting rule corresponds to PM2 [26, p.192], which additionally allows vertex' 
cells. In [26], the PM2 data structure was only an intermediate result in an evolutionary pre- 

3 Brunet et al. [BR,p.l63] allow nodes of type v’ or v”, but only at the lowest level of 
resolution. 
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sentation of PM 3 , which allows all cells that do not contain more than one vertex. However, for 

us the generalized polytree splitting rule is much more definitive, for the following reasons: 

- For the geographical data in [26], wide angles and vertices with two edges dominate, and 
thus black holes are infrequent and the compaction from PMi to PM 2 not spectacular [26, 
p.207]. This is different for 3D, especially for triangulated objects. 

- Rotations, translations and scaling, which strongly influence the memory requirement of old 
polytrees, have no meaning for geographical data. 

- In 2D, it is possible to find a sorting order for the edges in a cell, easily generalizable from 
(PMi to) PM 2 to PM 3 [26,p.l94]. This does not extend to higher dimensions. 

- The PM 2 splitting rule is the most comprehensive splitting rule that still allows the compact 
representation of leaf cells as presented in the next subsection. 


3.2 Integration with B-rep: The Integrated Polytree 

The most important part of an octree or poly tree definition is the splitting rule, but in order to 
ensure a space-efficient data structure that allows fast operations, due consideration has to be 
given to the method of storing information in each node as well as the actual implementation of 
the tree structure. 

In contrast to the hybrid modeling system of [20] and the simple enumeration of polygons 
of [5], we integrate the octree and the boundary representation (B-Rep) [23, p.452-5]. Of the 
many variants of B-rep available, we used the symmetric data structure of [31] for our 
experiments. The polytree, on the other hand, is stored so that every node is represented by its 
type and a reference. For the interior nodes of the tree, this is a reference to a block of 8 nodes 
(its children). For the leaf nodes, it is a reference to the corresponding element of B-rep, a 
vertex for v, v r , and v M nodes, and so on. 
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Figure 8 . Integration of polytree and B-rep. 

At the implementation level, this results in a very simple tree structure with many advantages. 
Every node of the polytree just uses one word of storage. Application dependent data and 
intermediate results of algorithms can be stored in B-rep. Also, B-rep provides the topological 
information necessary for node type decisions. Cells of the types v and v', for example, refer to 
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the same data, eliminating data duplication. Making the nodes as small as possible and storing 
as much information as possible in B-rep will make the overall space requirement for an object 
much less susceptible to changes in the number of nodes due to translations and rotations. 

B-rep is relatively space efficient, especially in view of the amount of topological and 
geometrical data directly accessible [23,p.454/5]. For triangulated objects, our experiments (see 
sect. 5) let us expect that the additional space used for our polytree is low (20 to 50%) 
compared to the space required by the original B-rep. So, for this kind of objects, the modified 
B-rep results in a variety of additional capabilities and considerable speed-up for only the small 
amount of additional space used to store the polytree which serves as a spatial index to B-rep. 
The concept of B-Rep [23, p.452, fig. 12] is extended to make directly accessible not only 
topological and geometrical information for each element of the object, but also the spatial 
structure of the object as a whole (fig 8). 

Compared to the Box-EXCELL of MantylS et. al. [18], where bounding boxes of faces 
reference face elements in B-rep, we provide a much closer and more direct integration of the 
spatial index with B-rep. 

Referring only to the corresponding vertex for a v' node means that when processing it, in 
many cases we first have to separate the edges and surfaces that actually pass the cell from those 
that do not. This reduced information scheme will affect execution time when compared to 
enumerating all the elements in a cell. However, on average many edges and surfaces can be 
eliminated by just comparing their direction signs and the position of the vertex relative to the 
cell (fig. 9). The direction signs of an edge or a surface normal are useful in many other 
algorithms, so that it is a good idea to store them in B-rep. 



Figure 9. Fast rejection of edges. 
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Depending on the algorithm, this edge rejection will take much less time than the actual 
calculations for the edges that have to be processed, and so the scheme with reduced v' nodes 
will not be much slower than enumeration (see also section 5). For applications where this is 
not enough, an intermediate solution, with one new cell type that uses enumeration, is possible. 
This cell type is a v* cell containing only two edges (and only surfaces that are connected to 
them). 4 This proposal has several reasons: 

- v' cells with two edges are the most frequent ones. 

The relation between the rejected edges and the edges that have to be processed is worst if 
only two edges have to be processed. 

- Enumerating two edges needs less space than enumerating more than two edges. 

- Although this is a new cell type, we can use the same algorithms as for v' nodes, just 
without the edge-rejection stage. 

Another practical solution is to use a bit field with one bit per edge or surface for each v* node. 


4 Algorithms 

In the following, we will give outlines of algorithms for the most frequently used operations. 
We do not present full algorithms, but give references to the literature wherever possible, 
because most algorithms on generalized polytrees work in the same way as those for octrees or 
old polytrees. 

Until now, we mainly showed how to reduce the space requirements of the polytree. But 
what is the effect of this on the complexity of the algorithms? The first aspect of complexity is 
code complexity. New cell types mean that the amount of code that has to be written increases. 
However, in many cases the algorithms used for v nodes can be applied to v’ and v ,T nodes with 
little changes because these cell types are geometrically similar. 

Secondly, allowing more cell types will affect execution time, positively because the number 
of cells for an object is reduced, but also negatively, because cells get more complex. If we 
assume that the time used to process a cell is roughly dependent on the number of elements in 
the cell, then the number of elements in all cells together will give an indication of the overall 
time requirements. In section 5, we give experimental results that show that in this respect, we 
will not loose time against the old polytree. 

4.1 Construction from pure B-rep 

For our experiments, we built the polytree from a boundary representation by using an 
algorithm similar to those in [l,p.56],[3,p.l64/5],[5] (cf. [21,p.244]). The principle is to build 
up a list of all elements in the universe and then recursively distribute them into suboctants until 
no more subdivision is needed. 

Carlbom et al. [51 use polygons as their elements and clip them against the boundaries, and 
Brunet’s group uses surfaces and vertices. We use vertices, edges and surfaces, and use B-rep 
to transmit information between them. At each level of subdivision, the vertices are distributed 

4 In [6], a special edge cell type with two edges connected by a polygon is mentioned. 
Although many cells will satisfy both types, they are not identical. This cell type alone 
eliminates some of the black holes, but not all of them. 
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first* as that is the easiest task. The suboctant of each vertex is entered into the vertex record of 
B-rep, together with a mark to be able to distinguish this entry from those of previous subdivi¬ 
sions. This information is then used to sort the edges. For edges with both vertices in the same 
suboctant or in suboctants with adjacent surfaces, no geometrical calculations are needed, and 
for the others, they are reduced as much as possible. Similar speedup is used for surfaces. 

We then have a number of vertices (#V), edges (#E), and surfaces (#S) in a given 
suboctant, which permits to decide the type of the node as follows: 
if #V>1 then subdivide () 

elsif #V=1 then if Same V (Vertex, Edges, Surfaces) then make (v) 
else subdivide 

elsif #E>1 then if SameVl (Edges, Surfaces) then makefv 1 ) 
else subdivide 

elsif #E=1 then if SameE(Edge f Surfaces) then make(e) 

elsif SameVl(Edge, Surfaces) then make(v f ) 
else subdivide() 

elsif #S>1 then if SameEl (Surfaces) then make(e T ) 

elsif SameV2 (Surfaces) then make(v”) 
else subdivide () 
elsif #S=1 make(s) 
else make(u) 

SameV, SameVl, etc., are boolean functions that decide whether the elements given as their 
arguments fulfill the conditions for the corresponding node type. Since these functions use the 
topological information of B-rep and so do not need floating point operations, they are simple 
and fast. 

The time bound for the above algorithm is difficult to estimate. For conversion from CSG to 
binary octrees, Samet et al. [27,p. 127/8] give a bound linear in the number of nodes, and for 
the old polytrees in 2D, Ayala et al. [1,p.52/3] obtain the same result empirically. On the other 
hand, the algorithm should be 0(v log v) for v vertices, because distributing the vertices can be 
regarded as sorting. The linearity of the algorithm with binary octrees is clearly an effect of the 
large number of nodes produced, and for the old polytrees, this seems to show that the number 
of nodes is still too big rather than indicate that the algorithm is very efficient. 

An alternative to this top-down algorithm is the bottom-up algorithm described in [10]. It 
inserts, one by one, first the vertices and then the edges and surfaces into the tree. It seems 
especially well suited for making small changes to a polytree. 

4.2 Point Queries 

Answering point queries is very simple. We traverse the tree from the root to the leaf cell that 
contains the specified point and then check whether the point lies inside the geometrical object 
associated with this cell. To check whether the point is inside or outside the object in a v' or v" 
cell, we can use exactly the same algorithm as for v cells. A fast algorithm for this 'point in 
vertex' problem is presented in appendix A. This means that the worst case, evaluating the point 
against a very complex vertex, will be somewhat more frequent, but not slower than for the old 
polytree. 
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4.3 Global and Region Calculations 

Simple functions for the whole object, like surface and volume, can be calculated directly from 
B-rep. For the more difficult functions, or if the region of calculation is restricted, the tree is 
traversed and the required value is evaluated for every leaf node. As an example, an algorithm 
to compute the volume of a v, v* or v" node is included as appendix B. 

4.4 Set Operations 

Algorithms for set operations on polytrees have been described in [3,p. 166-168] and [6]. The 
simplicity of these algorithms because of the limited complexity of the cell contents was one of 
the main reasons for the original polytree definition, and it was one reason for the generalization 
presented in this paper hat the complexity of the cell contents was basically not changed 

The algorithms traverse the trees of both objects simultaneously and intersect corresponding 
leaf cells, dividing bigger nodes if the levels do not match. Intersecting individual cells does not 
become more difficult because all the singular intersection cases of [6,p.48-50] remain the same 
and we only have to clip final or intermediate results differently. 

If we just want to detect a null object, the algorithm as outlined above works, but normally 
we want to create a new object. Then even cells that do not change geometrically may have to be 
subdivided or renamed (pointers changed). For example, in fig. 10, the cell v’i, although it 
contains the same two edges that were connected to vi, has to be subdivided because vi is not 
part of the resulting object. 



Figure 10. Possible effect of topology changes on cells that do not 
change geometrically. 

There are two approaches to solve these cases correctly, both needing three stages. The first 
approach calculates only the vertices in the first stage, then analyses the topology as in 
[3,p.l66], and constructs a new poly tree in the last stage. This is basically the same as 
intersecting B-reps by using a spatial directory or octree/polytree [18],[20] and so does not 
make full use of our integrated data structure. The second approach calculates all the nodes in 
the first stage, then decides which edges and surfaces have to be renamed, and in the last stage 
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renames, splits or merges cells where necessary or possible. This approach will especially be 
faster for small changes to a complicated object 

It is difficult to say whether set operations for the old or the new poly tree definition will be 
faster, because there are very favorable examples for both sides. On one side, the deeper 
subdivision of the old polytree can in some cases avoid geometrical calculations because the 
subdivision is just so deep that one of the trees always contains an empty or full cell. On the 
other side, we should note what happens if we have to subdivide a vertex cell. We will build a 
list of all the elements contained in the cell, and can directly use it for all suboctants, without an 
additional rejection stage (as in fig. 9). On the other hand, in the old polytree we risk to create 
new black holes by this subdivision. 

Although we have shown that set operations are possible and fast with our generalized 
polytree, the details of the algorithms have still to be worked out and different variants 
compared. 

4.5 Geometric Transformations 

The simplest way to do geometric transformations, such as scaling, translation and rotation, is 
to calculate the new geometric data of B-rep (this has to be done in any case), and then to build 
up a new polytree. However, the algorithms in [19,p. 136-141],[30] can also be adopted. This 
would eliminate the log v factor of the construction algorithm. 

4.6 Display 

Algorithms for hidden-surface display are given in [5,p.30] and [20,p.96]. The advantages of 
the integrated polytree depend heavily on the display model. The new cell types will especially 
be advantageous if the number of polygons to display is the time-limiting factor. 

Ray tracing algorithms for octrees are contained in [12], [11] and [35]. The cell content is 
different, but the next voxel algorithms can be used without change. 

5 Experiments 

With the experiments in this section, we show the difference between the storage and time 
requirements of old and generalized poly trees. We used relatively simple objects as prototypes 
of various application fields. Two objects are platonic solids [2], the cube and the icosahedron. 
The icosahedron represents an ideally triangulated shape. The next object (fig. 11) is a simple 
mechanical part, inspired by examples in [37]. The last two objects are cylinders represented 
polyhedrically. For cylinder A, all the outside surfaces have the same width, but for cylinder B, 
two surfaces are very narrow (actually narrower (only 2°) than shown in fig. 11). 

We carefully randomized object sizes and positions to eliminate any underlying relationship 
between size, location or direction of the objects and the octree grid. This corresponds to the 
fact that users will place their objects without knowing or caring for the orientation and location 
of the grid. 

All objects were defined inside a sphere inscribed in the first suboctant. They were then 
rotated by three random angles, two of them between 0° and 360°, and one the arc sine of a 
random value between -1.0 and 1.0 to assure even distribution, scaled by a random factor 
between 1.0 and 0.5 (logarithmized with the function 2@ x -2)), and translated in all coordinate 
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directions by between 0.0 and half the side length of the universe. Choosing a scale factor 
smaller than 0.5 leads to similar configurations as its double, with slightly more empty nodes. 
This can be shown by adapting an argument of [15, p.78], [25,p.218], The sample size was 
10,000 for each object, except for cylinder B, where it was 4,000. The experiments were 
carried out on a Apple Macintosh If™ with the programming language C. 



Figure 11. Objects used for experiments. 

Table 1 shows the averages and maxima of the number of nodes for old and new poly trees. The 
last column gives the size of the objects in a space efficient B-rep implementation without any 
application data, in units (words it 4 bytes) directly comparable to the other figures. The 
icosahedron shows that for triangulated objects, the additional memory required for the spatial 
index is small compared to the original B-rep, and that the new subdivision rule clearly reduces 
the number of nodes. For other objects, this is not so clear, but except for cylinder B, where 
our representation is clearly not suitable, the difference of the maxima is still striking. This is 
even more so as the experimental maximum for the new polytree is near the theoretical 
maximum, whereas for the old polytree, there is no theoretical maximum. 



av old 

av new 

max old 

max new 

size 

Cube 

103.1 

48.6 

977 

121 

184 

Icosahedron 

364.1 

109.1 

841 

209 

446 

Mechanical Part 

692.1 

464.6 

2577 

745 

576 

Cylinder A 

795.4 

623.0 

1713 

857 

594 

Cylinder B 

2520.6 

2321.6 

3561 

3353 

594 


Table 1. Number of nodes for several solids. 


The maximal depth used was 20. That this is not too high is shown in fig. 12 for the icosa¬ 
hedron. The difference between level 10 and level 20 for the old poly tree is not very big, but 
even at depth 19, there still are some nasty cells. We clearly see that to determine a maximum 
depth for the old polytree is difficult. To eliminate the worst effects of deep black holes 
appearing by chance, we have to cut of a fair amount of valuable detail in the average case. On 
the other side, there is no way to place an icosahedron of the size used here so that the 
generalized poly tree is more than 5 levels deep. For cylinder B, this value changes to 11. 
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max level 


Figure 12. Average number of nodes for the icosahedron at various levels of depth. 

Table 2 presents the averages of different node types for the icosahedron. The number of v" 
nodes is particularly low, and our experience indicates that there is not much to be gained from 
differentiating v 1 and v" nodes. The number of node types then grows with O(k) instead of 
0 (k2) for higher dimensions. 



Table 2. Average number of different node types for the Icosahedron. 

To indicate the performance of both subdivision schemata, we measured the time needed for 
building up the tree from pure B-rep. Table 3 shows the average time in seconds for the old 
polytree in column 1) and that for the new polytree in column 2). Our implementation is not 
particularly optimized, but wherever possible, the same functions were used for both cases, 
granting a fair race. That the differences are not as large as for the number of nodes is due to the 
initial sorting-like stage with the log v factor and to the part of the algorithm which decides on 
cell types, which is somewhat more complex for the new subdivision rule. 


1) 1 2) | 3) | 4) | 5) 


1 Cube 

0.1398 

0.0866 

126.7 

94.8 

91.9 

IKSK1539H 

0.5821 

0.2886 

456.3 

324.4 

264.3 

Mechanical Part 

1.1797 

0.9333 

774.8 

656.8 

635.4 


1.4365 

1.2302 

904.5 

809.2 

798.8 


3.5946 

3.3700 

2542.8 

2434.9 

2422.7 


Table 3. Time for buildup and cumulated number of elements. 

The time for various application algorithms depends mainly on the number of elements 
(vertices, edges, and surfaces) contained in each node. In column 3) of table 3, we therefore 
show the average sum of the number of elements in all nodes for the old polytree. Column 4) 
shows this number for the elements of the new polytree before rejection, and column 5) after 
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rejection (see fig, 9). The difference between column 4) and 5) in some way represents the time 
we could gain by enumeration. However, the relative time used for rejection and for the actual 
processing have to be considered. 

Table 3 shows again that the type of objects best suited for the polytree are triangulated 
objects, and that for these objects, the new subdivision scheme can lead to considerable 
improvements. For other types of objects, polytrees are not that suited, but the integrated 
polytree still has some advantages. If this is not very clear for the average case, it is definitely 
so for the worst case, because this is where black holes appear. 

6 Conclusions and Future Research 

By generalizing the splitting rule of polytrees, we have eliminated the black holes and thus 
reduced the storage requirement and made it more predictable. Integrating this tree with B-rep, 
we derived a data structure which allows the execution of a broad range of operations in 
reasonable time and is thus well suited for interactive applications. 

As polyhedral data is represented by polygonal surfaces connected at vertices and edges, we 
chose to eliminate the resolution problems at edges and vertices (black holes), where the poly¬ 
gons will meet in any case. If we want to represent for example vertices that lie on a face, then 
we have to choose an appropriate topology for the B-rep. If however the vertex comes very 
near to the face without touching it, we need a very high resolution. This can lead to problems, 
especially in the case of almost touching edges or faces (see cylinder B). Here, we have to 
consider other splitting rules. 

Also, the complete implementation of all the algorithms presented will lead to many 
interesting questions. Other areas where additional research is possible are surfaces other than 
planar ones[34],[35],[4]. The extension to 4D will need much work on the B-rep side. 
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Appendix A: Point in Vertex Algorithm 

To decide if a point P in a v, v\ or v" cell is inside the object or not, we have to check whether 
P is inside the conelike structure associated with V, the vertex of our cell. For simple cases, like 
that depicted in fig. 3 or 6, the solution seems very simple, but a vertex can have concave 
edges, and the edges can point in all directions, forming labyrinthine structures. 

Our algorithm solves the point in vertex problem by reducing it first to a point in polygon 
problem on a sphere and then on a plane. Its characteristic is that the only case where floating 
point operations are necessary is the evaluation of P against the halfspaces supporting the 
surfaces connected to V ; and this has to be done only for those surfaces that actually pass the 
octant, seen from V , that contains P . For the other surfaces an all the edges, only the signs of 
their direction resp. normal vector and a few integer operations using lookup tables are 
necessary. This is similar to the rejection of edges shown in fig. 9, but works for v cells, too. 

In the following, we will first explain how to reduce the problem to a point in polygon 
problem. Then we will adapt an existing point in polygon algorithm to fit our needs. A step by 
step description for a particular surface and an overview of the final algorithm follow. Finally, 
we discuss degenerate cases. 

For the ease of explanation, we assume, without loss of generality, a right-handed 
coordinate system and z/><0, xp^O and y/>^0. Now, we imagine a sphere Q 

centered at V, project P from V on Q, getting P\ and intersect all the surfaces and edges 
connected to V with Q. The intersections will trace out a Jordan curve separating the inside and 
the outside of the object, and the position of P' on one or the other side of this curve will 
determine whether P is inside or outside the object. 

Next we select a singular point R on Q to make a hole in Q and unfold Q onto the plane G 
(ground) parallel to the xy-plane with z<min 2 (Q). For R, we would like to select the point X 
where the positive x-axis intersects Q , but we have to offset R by two small amounts 5>0 and 
£>0, as shown in fig.Al, to avoid hitting a projection of a surface. S and £ have to fulfill two 
conditions: Firstly, no projection of a surface should cross the triangle XRT, excluding XT, but 
including the other edges. Secondly, zp*<-£ and for all edges E\ connected to V, zec <-£ if 
Z£i <0. We can always find such S and £, because we can just make them smaller if the 
conditions are not fulfilled. 

Unfolding Q onto G, the Jordan curve on Q will become a Jordan curve on G. When 
unfolding, we take care that everything on Q with z<-e will be point projected from V onto C, 
denoting the circle formed in this way with H. P ' projects to P n . For the objects on the sphere 
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with z^-e, topology only is relevant. With this, our problem is reduced to a point-in-polygon 
problem where the exact geometry of the polygon outside H is unknown. 

xz-plane 


R 

Figure Al. The situation on Q , seen from V in the direction of the 
positive x-axis. 

The point-in-polygon algorithm we use here is the one presented in [A2,p.l03], in the form that 
appears in [Al,p.32]. For a simple polygon, a boolean term for each comer is calculated, and 
the point is inside the polygon if all terms XORed together give false. Each term is the product 
of predicates that are true if the point lies inside the supporting halfspaces of the sides meeting at 
the corresponding comer. Walking around the polygon, and denoting the predicate for the 
incoming edge with a, that for the outgoing edge with ft, and negations with —», the term is —ab 
for convex and a —»ft for concave comers. 

This algorithm is suitable for us because it works completely locally. However, we have to 
adapt it somewhat. For a simple polygon in a plane, it will identify as inside the closed inside of 
the polygon even if all the supporting halfspaces face outwards. This can be seen by noting that 
negating all the halfspace literals results in the same as changing the direction of going around 
the polygon, which can not change the overall result as the algorithm is invariant to reflection. 

To decide whether the inside of the object corresponds to the inside of the projected polygon 
or to the outside, we simply decide to move along the polygon with the inside of the object to 
the right, and sum up the direction changes. If the inside of the polygon is the inside of the 
object, this sum will be -2it, otherwise +2rc. We have to consider these direction changes at 
every corner of the polygon (edge of V), but only in units of it/2, so no floating point 
operations are needed. This applies to the angles mentioned later, too. 

We also adapt the algorithm to permit parts of the polygon not to be specified geometrically. 
It is possible to show that for any convex region C in the plane with C we can ignore the 
form of the polygon outside C and simplify the formula so that: 

- a comer (edge) in C produces the usual term 

- a comer (edge) outside C does not produce a term 

- a side (surface) leaving C does not produce a term 

- a side (surface) a entering C produces a term a if the direction changes since leaving C are 
positive, and if negative. 

Expressed in the language of [A2], this can easily be seen by thinking about the net number of 
times the headlight of the car will pass any region inside C while moving around outside C 
without intersecting its own traces. 

In our case, C = {(x,y )I (x,y)eH a a y>0), so that P"eH. This means that we only 
have to evaluate P" with respect to the halfspaces of the projections of the surfaces which pass 
the octant, seen from V, which contains P. Evaluating P“ towards a halfspace of a projection 
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gives the same result as evaluating P towards the half space of the surface itself, so we never 
actually have to calculate P", 

The direction change angles, as well as whether the surface projection actually passes C, can 
be derived from the directions of the two edges of the surface, the direction of the surface 
normal, the fact that we keep the inside of the object to the right and the convexity (or 
concavity) of edges and surface angles at V . Direction changes outside H are counted separately 
and corrected by table lookup, considering the direction we left H and the direction we enter H 
again. This table is carefully set up to avoid angles that would mean that we passed the positive 
x-axis of G outside //. 

Let's illustrate this in an example. Assume we denote the main directions of a vector with 
three bits, meaning x£0, y£ 0, z> 0. Then take a surface S\ and its edges Eo and E\. Knowing 
the normal (pointing inside) of Si to be 101, we know that the projection of its supporting plane 
will cross C.With the direction bits of both Eo and E\ 000 (they project to the third quadrant of 
//), and the fact that Si is concave at V t we know that the projection of the surface itself will 
cross C. Adding the fact that we keep the inside of the object to our left, we can conclude that 
Si will enter C, leave C, leave //, and then enter H again. 

Entering C, we check the total angle since we last left C, evaluate P with respect to the half¬ 
space of Si, giving a, and XOR a for positive angles and -»a for negative angles to the inter¬ 
mediate inclusion result. Leaving C, we only have to reset the cumulated angle outside C to 0. 
Leaving //, we note that we leave it in the first quadrant and set the cumulated angle outside H 
to 0. Entering H again, we note that we enter it from the third quadrant. This, and the fact that 
we left H in the first quadrant, will give us the information that we have to add In to the 
cumulated angle outside //, which stayed 0. The final value of +2 tc means that in the topology 
of G, we turned right all the time, reaching the third quadrant via the second. Having processed 
Si, we pass to the next surface, S2♦ 

For the algorithm as a whole, we first decide which permutation of coordinates and octants 
and changes of signs will satisfy our inequality conditions for the coordinates of P and V, and 
select the corresponding entries of a lookup table set up for this purpose. To translate V to the 
origin is not necessary. We then assign initial values for angles, etc., and select a surface and its 
next edge so that we move with the inside of the object to the right. For the first surface, we 
have to store several values that are needed to connect the loop correctly. We then construct a 
bit-pattern altematingly for an edge and for a surface, and use a table to determine the sequence 
of actions we have to take. 

It remains to discuss degenerate cases. The case V=P is detected when we decide on the 
permutation of octants, etc. For edges and surfaces lying parallel to one of the coordinate 
planes, it is important that < or etc. are chosen correctly in every place. The case of a surface 
lying in the xy-plane needs some additional code to determine its correct contribution to the 
cumulated angle outside H. To avoid inconsistent results when P lies on the object boundary, 
we have to maintain two booleans with the cumulated result, based on open and closed 
halfspaces, resp. When there is no surface projecting to C, we have to revert the final result. 
For non-manifolds, we apply the algorithm to each loop of V and then combine the results. 

With this description, the reader should be able to implement the algorithm. This will be 
somewhat tedious because there arc a lot of cases to consider, but will not present any basic 
difficulties, and the algorithm will e:.cc • re very fast if look-up tables are used appropriately. 
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This algorithm is a good example for the fact that v, v* and v" cells can be processed in the 
same way. It is difficult to imagine a more efficient algorithm for any of the three cell types. 
Also, the large amount of data stored for each cell in [6,p.54] is not necessary here, but the 
surface normals, not directly stored there, are vital. 
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Appendix B: Volume of a Vertex Cell 

To compute the volume of a v, v\ or v n cell, we project (in contrast to appendix A parallel) the 
vertex geometry onto a plane subtending one of the surfaces of the cell, hereafter called floor, 
for v' and v" cells possibly so that the projection of the vertex lies outside the cell surface. We 
then calculate the volume contribution of each surface using the volume between the floor and 
its projection. This is similar to calculating the volume of B-rep from the volumes formed 
between one point and all the surfaces of the object. 

Treating one surface after the other, and for common edges using already calculated values, 
we first reject surfaces whose projection does not intersect the floor square, using techniques 
similar to those in appendix A. Then we project the surface, ignoring any but the two edges 
connected to the vertex, and clip it against the floor square and against the projection of the 
intersections of the surface with the floor and with its opposite plane, called ceiling. For 
surfaces with their inside facing to the floor, the volume corresponding to this convex polygon 
is then evaluated by calculating the height (from the floor) of each of its points, cutting the 
polygon into triangles, and for each triangle, multiplying its surface with the average height of 
its corners. For surfaces with their inside facing upwards, the same volume is evaluated, but 
counted negative. 

In addition to that, we calculate the surface of the parts of the ceiling square that are inside 
the object, using the same technique as described above, just with one dimension less. At the 
end of the algorithm, this surface is multiplied by the height of the cell and added to the volume 
summed up so far to get the final volume. To calculate this surface, we will have to calculate the 
length of those parts of one of the edges of the ceiling square that are inside the object. This 
again means that we have to know whether one of the endpoints of the edge is inside the object 
or not, which can be decided by checking the orientation of the surface crossing the cell edge 
next to the endpoint, or if there is no such surface, by using the algorithm described in appen¬ 
dix A. 

For this algorithm, the additional data stored in [6] could be used, reducing the amount of 
calculation. On the other hand, the algorithm does not get simpler if only v cells have to be 
treated. 
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Abstract 

Several solid representation schemes exist today in solid modelling. As none of them 
has properties that are uniformely better than any other , the need for modelling systems 
working on two or more different schemes which perform every operation in the most suitable 
scheme, become evident. Then it is necessary to provide geometric modelling systems with 
the ability of converting from one scheme into another. 

Boundary Representation (BR) and Constructive Solid Geometry (CSG) are those rep¬ 
resentation schemes most widely used in Solid Modellers. Besides them Extended Octrees 
(EO) is a new representation scheme the importance of which is growing due to its capability 
of integrating spatial subdivision with boundary representation. 

In this paper we present two scheme conversion algorithms. Firstly we give the con¬ 
version algorithm of BR representations of a restricted class of polyhedra into CSG binary 
trees and then, we give an algorithm which converts an EO into a binary CSG tree. 


1 Introduction 

Original solid modellers use one representation scheme for modelling three-dimensional solid geometry. 
As [Requicha 80] shows, none of the existing schemes for representing solids have properties that are 
uniformly better than other. Efficient support of a variety of applications therefore requires the existence 
of multiple representations, which must be consistent Then, building well-engineered modelling systems 
with ability to convert representations in a scheme into corresponding representations in another scheme 
is of capital importance. 

Useful Geometry Systems [Requicha 80] should, 

1. solve reliably and automatically a well-defined set of problems. 

2. be extensible with regard to geometric coverage and with regard to the range of applications 
supported efficiently, and 

3. exhibit a variety of other characteristics which range from being congenial to users to being 
transportable. 

The main implications of these requirements are the following: reliability requires that all repre¬ 
sentations in a Geometric Modelling Sistem (GMS) be valid and that algorithms be correct; geometric 
extensibility implies that the representation schemes must be capable of covering a large domain; to 
support new geometric applications, at least one representation must be unambiguous. 

Precedent considerations suggest that a Modeling System be regarded [Requicha 83] as (Figure 1), 
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1. a collection of representations -some exact, some approximate, some auxiliary- at least one of 
which is valid and complete. 

2. a collection of procedures for managing representations and peforming geometrical calculations. 

3. a collection of procedures for performing representation conversions. 



) APPLICATIONS 


Figure 1: Advanced Geometric System. 

Table 1 summarizes the state of representation conversion as far as we know [Requicha 83], [Sabin 
87], [Navazo 87]. 

Conversion of Boundary Representation into CSG in 3-D and of Extended Octtree into CSG are the 
subject of the work. 

Due to the lack of space the results are not proved in this paper, the reader is referred to (Juan 88a] 
for the full developement 


2 Boundary to CSG conversion 

Most of this work has been developed following the ideas oudined in [Peterson 84] for a two-dimensional 
case and in [Woo 82], 

2.1 Mathematical fundamentals 

We shall be dealing with simple polyhedra wich are defined by a finite set of adjacent plane polygons 
such that every edge of a polygon is shared by exactly one other polygon and no subset of polygons 
has the same property [Preparata 85] that is, the polyhedra are two-manifolds. 

A polyhedron P may be represented by a specification of its faces, c< which define its boundary, 
and written as 


P = {cuc 2 ,-..,c { ,...,e n } 
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Table 1: Capabilities of representation conversion . 

Each face c< is defined by an ordered set of edges e^ t 

= {eo | 6],..., . , € m } 

and each edge is defined by two ordered vertices {tn, vf). Then, a face c< can be defined by an ordered 
set of vertices, 

= Kn,..., y v m } 

where {v*, G {0, m} and j = i+ 1 mod(m + 1) defines edge e*. 

For any face a let Hci denote the planar halfspace whose boundary passes through the vertices 
which define c* and the normal n for Hci is outward pointing. In other words, if (xj, zf) is a vertex 
of face a then, (Figure 2), 

Ha = {(*, y , z) e E 3 : (* - y - y j} z - Zj)- n< o} 

We shall use the expression Ha or He or H+ to denote the halfspace associated with face c { . And 
we shall use the expression R(P ) to denote the bounded component of E 3 determined by polyhedron 
P and Vol(P) to denote the volume of 7?,(P). 

2.2 Rectangular polyhedra 

Definition 2.1 Rectangular polyhedra are those polyhedra which have all of their faces parallel to the 
coordinate planes of a trirectangle trihedron. 

A subset C of the faces of a rectangular polihedron is said to be a rectangular set. 

Definition 2.2 Let C be a connected set of faces of a rectangular polyhedron P. The Rectangular Hull 
of C, RH(C), is the smallest rectangular hexahedron that contains C. 
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Figure 2: Half space Hci associated with face C{. 


2.3 RH-decomposable rectangular polyhedra 

Let C be a connected set of faces. RH(C) splits C if C is composed of several connected sets of 
faces each of them being bounded by edges of C such that all points of the edges belong to RH(C ) 
(Figure 3). Each connected set is a RHxonnected set. 





Figure 3: a) Connected set of faces b) Rectangular hull, c) RHjconneted 
sets. 


Definition 2.3 Let C be a connected set. Then C is RHjdecomposable if 

• C is a connected set of faces such that all of them belong to RH(C) and we will say that it is a 
convex connected set of faces , or , 

• RH(CT) splits C into two or more RHxonnected sets , all of them being RH-decomposable. 

Figure 4 depicts a rectangular polyhedron which is RHjdecomposable and Figure 5 depicts a non 
RH-decomposable polyhedron. 

The following definitions refer to Figure 6. 

Definition 2.4 For any connected set of faces C the deficiency sets A are the RHxonnected subsets of 
C that are disjoint from RH(C). 
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Figure 5: Non RH-decomposable connected set. 




d 


Figure 6: a) Polyhedron P. b) Deficiency set A. c) Set of faces 
{c: c e P and c € RR(P )}- d) Completing set r associated 
to A. 
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2.4 External representation of rectangular polyhedra 

Lemma 2.1 If P is a convex polyhedron with Vol(P) > 0, then R(P) is the intersection of the half spaces 
associated with the faces of P. 

This Lemma is simply a statement of the fact that the convex hull of a convex polyhedron is equal 
to its external representation. [Bronsted 83]. 

The Lemma is also true with the regularized intersection which replaces the ordinary intersection 
[Requicha 78] and it allows us to write, for the region in E 3 closed by a rectangular hexahedron P , the 
following CSG binary tree, 

R(P)^ H x n'H 2 n'} fciY&rr H s n*H 6 

Furthermore, if we consider the case depicted in Figure 7 we can write for the enclosed region in E 3 
the CSG tree 

R(P) = (Hin*H 2 n*H i n*H A n*H5r\ 0 H 6 )-*Wn*Hin*ff2n*H3n*Hsn*H6) 

where H< is the complemented halfspace associated with face c*. But, for this simple example, it is also 
clear that, 

R(P) = (H x n'H 2 n* H 3 n'H A n'H s n'H 6 )n* 

(Hi n* Hi n* H 2 n* H 3 n * F 5 n* H*)' 

= (H\ n* H 2 n* H 3 n* H A n* Hs n* H6)n* 

(Hn U* FgU* Hi U* Hi U* Hi U* Hi) 

= (Hi n* ff 2 n* h 3 n # ff 4 n* H s n • H 6 )n'( JT 7 u* Jig) 



Figure 7: Non convex rectangular polyhedron. 

where the region (i^u* Jig) is defined only by halfspaces associated with faces in a deficiency set. This 
approach will worit in general for rectangular RH.decomposable polyhedra. 

We will now establish some properties of the CSG binary trees associated with rectangular polyhedra. 
Figure 8 shows a two-dimensional representation for the following Lemma. 

Lemma 2.2 Let P be a rectangular polyhedron , let A be a deficiency set on P, and let A be a CSG 
binary tree such that R(P) = Jln*i2(4) where A = f|* A{ and Ai is a halfspace of RH(P) or a binary 

i 

tree which depends only on halfspaces associated with the faces of a rectangular set . Then we have 
A C P|* Hcj where Hcj are the half spaces associated with the faces cj of P such that Cj £ RH(P). 
j 
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Figure 8: Poligon P, deficiency A, tree A and associated regions . 


We are now in a position to establish the main result. 

Theorem 2.1 Let P be a rectangular RH-decomposable polyhedron with non empty enclosed volume. 
Then R(P) is representable as the regularized intersection of a collection of sets in E 2 , one associated 
with each RHxonnected set resulting when spliting the set offaces of P by Rff(P). The set associated 
with each RHxonnected set is either, 

• the half space associated with the face of P, if the RHxonnected set is a face in RH(P), or 

• a binary tree whose root node is either U* at recursion level {1, 3, • - •} or n* at recursion level 
{2, 4, • • •} and such that its leaves are half spaces associated with the faces of the RHxonnected 
set if it is a deficiency set. 

Furthermore, the number of leaves of the binary tree is equal to the number of faces of P. 

2.5 Conversion algorithm 

If we have the procedures, 

PROCEDURE Write_boolean_op (OB) 

(* Adds to the CSG tree an internal node representing 
boolean operation OB *) 

ENDPROCEDURE 

PROCEDURE Write_halfspace (H) 

(* Adds to the CSG tree a leaf node pointing to the 
halfspace H *) 

ENDPROCEDURE 

If OB (0) represents boolean operation n* , 0B<1) represents boolean operation u*, and r is the 
recursion level we can write an algorithm which converts a set of rectangular RH-decomposable set of 
faces C as follows, 

PROCEDURE Compute_CSG_tree (C r RH, r) 

Compute_RHconnected_sets (C, RH, convexes, deficiencies) 
i := 1 

WHILE convexes(i) <> nul DO 

FOR all faces c in convexes (i) DO 
Write_boolean_operation (OB(r)) 

Write_halfspace (He) 

ENDDO 
i := i + 1 
ENDWHILE 
i := 1 

WHILE deficiencies (i) <> nul DO 
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Write_boolean_operation (openparenthesis) 

Compute_RH (deficiencies (i), RH) 

Compute_CSG_tree (deficiencies (i), RH, (r+1) mod 2) 

Write_boolean_operation (close_parenthesis) 
i := i + 1 
ENDWHILE 
ENDPROCEDURE 

PROCEDURE Compute_RHconnected_sets (C, RH, convexes, deficiencies) 
i := 0 
j : = 0 

First_face (C, face) 

REPEAT 

IF face in RH THEN 
i := i + 1 
convexes (i) := nul 

Connect_convex (face, C, RH, convexes (i)) 

ELSE 

j := j + 1 

deficiencies (i) := nul 

Connect_deficiency (face, C, RH, deficiencies (j)) 

ENDIF 

Search_face_not_connected (C, found, face) 

UNTIL NOT found 
convexes (i + 1) nul 
deficiencies (i + 1) := nul 

ENDPROCEDURE 

If the CSG binary tree and the pointer to the next node are held in static variables, the initial call to 
the recursive procedure is, 

PROCEDURE Convert_BR_CSG (P, CSG) 

Compute_RH {P, RH) 

P 0 

Compute_CSG_tree (P, RH, 0) 

ENDPROCEDURE 

If polyhedron P is non RH.decomposable the algorithm does not converge. In this case, procedure 
ComputeJtHconnectecL.sets returns an empty list in convexes and a list with just one set in 
deficiencies. 


2.6 Case study 

Figure 9 shows how the proposed algorithm works. 

Let P be the polyhedron. RH(P ) splits the set of faces of P in one convex connected set 
{c \, <=2i «3, C4» C5> C6> 07} plus diree mutually disjoint, connected deficiency sets, {eg, C9, cio}, {cn, cj2, c\$ t 014,015] 
and {ci6,ci7,ci8,ci9,c2o,C2i}» then, 

R(P) = Hin'H 2 n'Hin*H A n'H 5 n'H 6 n*H 7 r\' 

CSG ] (Hg, ff 9t ffio)n 0 

CSG l (Hu t ...,Hu) 

Recursive application of the algorithm on each deficiency set yields, 

CSG'(H», H 9 ,H w ) = HtO'HtVHio 

CSG\H n . Hu) = H u U'CSG\Hu, H n )WCSG 2 (.Hu, Ha) 
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Figure 9: Conversion process. 
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CSG\Hn,Hu)=H n r\'Hu 
CSG 2 (H l A,H l s) = Hun t H l5 

CSG l (H l6 . H 2l ) = H\6U'CSG 2 (H[t, Hh)U'CSGHHi 9 , H w , Hn) 

CSG 2 (H„, H n ) = Hnn'Hu 

CSG 2 (ff„, Hx, Hn) = H^n'CSG^Hm, Hn) 

CSG\Hn % Hn) = HwU'Hn 


Then the CSG binary tree which defines the region of E 3 enclosed by P is, 

R(P) = Hin* H 2 r\* H 2 n* H 4 r\* Hsn* H 6 n* H 2 n* 
(HzU'H 9 v'H w )n' 

(H { i u* (ff u rV ff 13 )u* (H H n* His))n* 
(jr,6U’ (Hnn‘ Hit)U'(Hi 9 n' (H W U' Hn))) 


2.7 Algorithm complexity 

The measure for the input size will be the number n of vertices in the polyhedron, and the basic operation 
we choose is to visit a vertex. 

It is easy to see that all procedeures but Compute_CSG_tree are 0(n). Let T(n) be the time 
complexity for the recursive procedure Compute-CSG-tree. 

We have the worst case when for each recursive call RH(C) splits C into one connected convex set 
which has one face with four vertices plus a deficiency set with the other faces of P. In this situation 
the loops in the procedure Compute-CSG.tree are executed just once. Then the whole complexity 
can be stated by, 

7 Y s _ / c. if n = 4; 

JW “ \0(n) + T(n-4), if n > 4. 

Using the relation itself and except for a constant factor. 


v * 2 
= G(n 2 ) 

3 EO into CSG conversion 

3.1 Extended Octrees 

The Extended Octree (EO) [Ayala 85], [Navazo 86], [Carlbom 87], [Durst 88] is a regular cellular 
decomposition of the universe. The root cell corresponds to the whole universe, which is subdivided to 
leaf cells such that they can be described in a simple form. In a EO the leaf cells can be one of five 
types. 



• White cell : Homogeneous cell lying entirely outside the object (Figure 10a). 
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Figure 10: Terminal cells in Extended Octrees, a) White, b) Black, c) 
Face . d) Edge, e) Vertex. 


• Black cell: Homogeneous cell lying entirely inside the object (Figure 10b). 

• Face cell: Non homogeneous cell containing part of a face from the represented object (Figure 10c). 

• Edge cell: Non homogeneous cell containing a portion of an edge from the represented object and 
part of the faces sharing the common edge (Figure lOd). 

• Vertex cell: Non homogeneous cell containing one vertex and the set of edges connected to it 
(Figure lOe). 

Nonterminal nodes are called Grey cells and do not satisfy the above criteria. 

3.2 Analogy between the Boolean and sets domains 

The analogy between Boolean switching functions and sets in E* [O’Rourke 82] is itemized in Table 2. 


BOOLEAN DOMAIN 

SETS DOMAIN 

variable / literal 
product 
sum 

expression 

disjunctive normal form 
a covers (3 
|3 implies a 
a is an implicant of O 

closed halfspace 
regularized intersection 
regularized union 
set 

union of convex sets 
j?(a)2*(P) 

/?(P) eRCcQ 
R(a)QR(0) 


Table 2: Analogy between the Boolean and Sets Domains. 

The analogy is not perfect, however. First in order to avoid asymmetry, it is necessary to define the 
complement h\ of a halfspace fu as including the halfspace boundary. Then, we must use the regularized 
intersection operator in order to ensure that hiCfh'i = 0. 
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Secondly, n Boolean variables are independent, but n planar halfspaces in E 3 with n > 2, are not: 
there are at most 0(n 3 ) distinct regions [Edelsbrunn 83]. This implies that a Boolean product term maps 
into one convex set, but the mapping in the other direction is one-to-many. 

Two of the Boolean product terms corresponding to a convex set will be specifically distinguished 
[O’Rourke 82]: the most terse term and the most verbose. If a represents a convex set formed by 
intersecting some subset of the halfspaces or their complements, then the most terse Boolean product 
term a T includes literals only for those halfspaces whose faces form part of the boundary of a, and 
the most verbose product term oy includes every literal that can be included without changing the 
correspondence to a. 



Figure 11: Half spaces in E 2 . 

The convex set defined by h'lCfhirthU in Figure 11 maps to ay = A'^A^ and to ay = 
A'iA 2 A 3 A'4A'5A'6. 

In order to make the analogy between Boolean and sets domains exact, it is necessary [O’Rourke 
82] to redefine the fundamental relation between switching functions: coverage. If a and (3 are both 
product terms, the definition of coverage can be stated as: a covers p iff every literal in a also appears 
in f3. The definitional change we will use is as follows. 

Definition 3.1 A product term a covers a product term (3 iff every literal in a also appears in pv> the 
most verbose form of [O’Rourke 82]. 

3.3 Analogies and Extended Octrees 

We will present now the maps between the polyhedral regions defined in E 3 by the octree leaf nodes 
and the Boolean domain. 

Definition 3.2 Let there be a cubic universe with origin (zo t zq), and size given by scale. The region 
of E 3 enclosed by the universe is, gin*^n*$ 3 nV 4 n V 5 n V 6 where, 

9i = {(*»V,z) 6 R*:z > z 0 } 

02 = {(x t y t z) € rt 3 :y > yo} 

93 = {(as,J/,z) € R*:z > z 0 } 

94 = {(x i y t z)e R 3 :x> *o + scale} 

95 = {(x>y,z) € R 3 '-y>yo +scale} 

96 = {(*,y»s) € > *0 + scale} 
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Let qi be one of those halfspaces which define the cubic universe or the complemented and let hi be 
the halfspace which supports face c* of the polyhedron represented as an octree. The following maps 
can be established. 

Black cell (Figure 10b), Ji(a) = 

Face cell (Figure 10c), R(a) = qiD'qz ...n*q n n*h, 3 < n < 6 

Edge cell (Figure lOd), R(a) = gin*#...rVq n rYfcin*/i 2 , 2 < n < 6 

If the edge is concave (Figure 12) then, £(a) = qin*q 2 ... C\*q n r\*(h\U*h 2 )y 3 < n < 6 



Figure 12: Concave edge . 

Vertex cell (Figure 10e), R(a) = q\^*qz • *«n*q n n*/iin*/i 2 ... h mt 1 < n < 6,m being the number of 
faces connected to the vertex. 

If the vertex is not convex, (Figure 13), the region enclosed is, R(a) = qi n*# •. • 0*^0* C , 1 < n < 6 
where C is a term in the sets domain defined by the configuration cell [Navazo 86] which depends only 
on the halfspaces associated with the faces connected to the vertex. 



Figure 13: Concave vertex. 

The following definitions will be useful in the sequel. 

Definition 33 A q-literal is a literal in the Boolean domain which maps to a halfspace of those that 
define the cubic universe boundary. 

Definition 3.4 A h-literal is a literal in the Boolean domain which maps to a halfspace associated with 
a face of the polyhedron boundary. 

Definition 3.5 A c-literal is a Boolean term composed of h -literals which maps to the region defined 
by the configuration of a concave edge or a concave vertex. 

Bearing in mind that a concave octree cell does not map to a product term in the Boolean domain, 
we will generalize the product term as follows, 
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Definition 3.6 A generalized product term is a Boolean product term including q-literals, h-literals and 
c-literals . 

Now we can establish the mapping between the covering Boolean relation and the containing sets 
domain relation for EO trees. 

Lemma 3.1 Let a and 0 be two generalized product terms and, let R(a) and R(fi ) be the corresponding 
regions in E 3 . Then, a covers 0 iff R(a) D R(0). 

The consensus of two Boolean product terms is defined [Birkhoff 70] as, 

Definition 3.7 Let a t 0, be two Boolean product terms. Then the consensus is defined only if exactly 
one literal in a appears complemented in f3. The consensus XXa,/3) is formed (Figure 14) by deleting 
the opposing literals from both a and 0, and concatenating the remaining literals. 
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hi 

j ; - 

¥ 

r-r-ry V 


q'S 

£ 


** f 

' h2 q3 


q2 q2 q2 


b 

Figure 14: Consensus of two product terms. 

We apply this definition and the ones to follow only to octree nodes of equal size. For the case 
depicted in Figure 14 we have, 

£(0102 0*4 0*5 *Mi 020*405*12^3) = 01020*4**1 **2**3; £(010*5 ^l*^ 0305**1 **2) = 0103**l**2 

We extend this definition to two more complex cases. 

Definition 3.8 Let a be a product term and 0 a generalized product term such that one and only one 
q-literal of one term appears complemented in the other term, and either, 

• all h-literals in a are literals of 0 or they are in the c-literals of 0. (Figure 15a), or, 

• none of the h-literals in a appears in 0 (Figure 15b). 

Then the consensus £)(<*,/3) is formed by deleting the opposing literals from both a and 0, deleting 
those h-literals in a that appear in the c-literals of 0 and concatenating the remaining literals. 

For the case depicted in Figure 15 we have, 

5^(01020*4 0*5 (**1 + W» 020*305^2) = 01020*30'4(*M + W 

^(01020'WstfM + *2), 020*30*405*13) = 01029*30 , 4(* l l + **2>**3 





Figure 15: Consensus of a product term and a generalized product term . 


Definition 3.9 Let a and 0 be generalized product terms such that one and only one q-literal in one 
term appears complemented in the other term and either, 

• c-literals are equal in both terms (Figure 16a), or 

• none of the h-literals of one of the terms appear in any form in the other term (Figure 16b). 

Then the consensus £(a, P) is formed by deleting the opposing literals, h-literals and c-literals from 
both a and ft, and concatenating the remaining literals. 

We will interpret £(a, 0) = a and £(0 »®) = 


hi 



Figure 16: Consensus of two generalized terms. 


For the case depicted in Figure 16 we have, 

y^(g3g7gW5g ; 6(fel + ^X^J + kj), qiqW\<l*sQ*6^ 7(91 + 22 X 93 + 94 )) = 
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+ ^2X^3 + Jm) 

YX* W4^s(^i + ^2)1 42ffW4fi(A3 + ^4)^5) = gi + ^2X^3 + Jm)J*5 

In this context taking the consensus of two Boolean terms, corresponds to merging two sets that abut 
against the same halfspace face from different sides by removing the halfspace boundary from each and 
intersecting the remaining halfspaces. This idea is formalized as follows. 

Lemma 3.2 Let a and be product terms, whether or not generalized. If the consensus £(<*«,&) is 
defined then , £)(<*« «&) covers a and covers p. 

Lemma 3 3 Let a and P be product terms, whether or not generalized, a mapping to R(a), and p 
mapping to R(P) in E 2 . If the consensus ^(ct,/3) is defined then , £(£(<*,/?)) = R(a)\J*R(J3). 


3.4 Conversion algorithm 

If the EO tree and the pointer to the node under study p are held in static variables, and we have the 
arrays, dx = (0,1.0. lA 1,0,1), dy = (0,0,1,1,0,0,1,1), dz = (0,0,0,0,1,1,1,1) we can write 
an algorithm which builds the CSG tree t as, 


PROCEDURE Consensus (x, y, z, scale, t, type) 

IF Grey (p) THEN 
FOR i = 0 TO 7 

p := p + 1 

Consensus (x + dx(i)*scale/2, y + dy<i)*scale/2, 

z + dz<i)*scale/2, scale/2, tq(i), typeq(i)) 

ENDFOR 

FOR i = 0 TO 6 STEP 2 

Compute_consensus (tq(i), tq(i+l), typeq(i), typeq{i+l), 
tq (i/2), typeq(i/2)) 

ENDFOR 

FOR i = 0 TO 2 STEP 2 

Compute__consensus (tq(i), tq(i+l), typeq (i), typeq (i+1), 
tq (i/2), typeq(i/2)) 

ENDFOR 

Compute_consensus (tq(0), tq(l), typeq(0), typeq(1), t, type) 

ELSE 

Compute_product_term (x, y, z, scale, t, type) 

ENDIF 

p := p + 1 

ENDPROCEDURE 

The algorithm which computes the consensus of two Boolean terms ta and tb of types typea and 
typeb, can be written as. 


PROCEDURE Compute_consensus (ta, tb, typea, typeb, t, type) 

IF (NO Union (typea) AND NO Union (typeb)) THEN 
Search_qliteral (ta, tb, found, q) 

IF found THEN 

IF (Product (typea) AND Product (typeb)) THEN 
Concatenate (ta, tb, q, t) 
type := type_product 
ELSE 

IF (Generalized (typea) AND Generalized (typeb)) THEN 
Generalizedconsensus (ta, tb, q, t, type) 

ELSE 

IF Product (typea) THEN 

Mixed_consensus (ta, tb, q, t, type) 

ELSE 

Mixedconsensus (tb, ta, q, t, type) 

ENDIF 
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ENDIF 

ENDIF 

ELSE 

Union_consensus (ta, tb, t, type) 

ENDIF 

ELSE 

Union_consensus (ta, tb, t, type) 

ENDIF 

ENDPROCEDURE 

From the preceding definitions and lemmas it is easy to prove the following theorem. 

Theorem 3,1 Let EO be a finite and correctly defined Extended Octree with origen at (0, 0, 0) 
and edge size at the beginning of max-scale. Let the EO tree and the pointer to the current node 
under study p be held in static varibles with p pointing to the EO root. Then, the call 

Consensus (0, 0, 0 f max-scale, t, type) 

builds a CSG tree t such that it correctly represents the region of E? enclosed by the Extended Octree. 

3 J> Case study 

Because the analogy between the Boolean domain and sets is independent of the dimension of the space 
of sets [O’Rourke 82], and to improve readability, we will present a case in E 2 . The EO depicted in 
Figure 17 can be written in Depth First Method [Oliver 83] as, 

i = (V3V 2 (EaV a (E5VsV 6 E 6 E 6 V i 



Figure 17: Polygon and space partition. 

The obvious CSG tree is, 

R(P) = (q'lqzfahflU'faiqih] h2)l>*(q , iq4h4)U*(q\q t 2 q$q4(h3U*h4))\J*(q t s q6h5) 

u *(9 , 39 , 495?6*4WtJ # (g'5g , 6 /i5h6)U # (g , 3«5g' 6 /i6)U*(g' 1 g39 / 4^6)U*(gig , 2^i^) 
Then the CSG tree after applying the consensus algorithm is, 

R(P) = (q2h\h2hi)\J*(q\q , 2^(h3U*h4))li*(q\q , A hAhsh6)U*(q\q t 2h\k6) 
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3.6 Algorithm complexity 

The measure for the input size will be the number of nodes in the EO, and the basic operation we choose 
is to visit an EO node. 

As the algorithm visits once and only once each EO node, the complexity is 0(»). 

Let jb be the depth of an EO. It is easy to show by induction on k that the number of calls to 
Compute_consensus is 0(2 3 * — 1). 

4 Conclusion 

First we have considered the family of rectangular polyhedra and we have defined the RHjdecomposa - 
bility property. The general theory of external representation of polyhedra has allowed us to establish 
that a rectangular RH_decomposable polyhedron can allways be represented as a binary CSG tree which 
is optimal in the number of nodes. The algorithm exhibits a quadratic time complexity in the number 
of verteces of the polyhedron. 

The analogies between Boolean algebra and set algebra together with a suitable generalization of the 
coverage relation of switching functions establish a framework which allows us to apply the Switching 
Theory to polyhedral domain expressions. In this framework a generalization of the consensus operator 
has allowed us to write an algorithm which builds a CSG tree from an EO. The algorithm has linear 
complexity in the number of nodes of the input EO. 
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Abstract Active zones were introduced by Rossignac and Voelcker to 
speed certain geometric computations over Constructive Solid Geometry 
(CSG) representations. The active zone associated with a CSG node is, 
essentially, the region in which the shape of the set associated with the node 
is important. An active zone is defined algebraically as the intersection 
of certain nodes of the whole CSG tree and thus its CSG expression is 
always readily available for each node. Alternate representations of active 
zone (such as boundaries) need never be precomputed, and each calculation 
on active zones is carried out using the exact sets. On the other hand, 
the performance of most application algorithms (whether they are based 
on active zones or not) can be considerably improved by precomputing 
enclosing boxes around the contribution of each primitive. Cameron studied 
the generation of such optimal boxes, which he calls S-bounds. His approach 
assigns regions of space to nodes, but is couched in terms of an inductive 
refinement process rather than algebra. Active zones and S-bounds have 
been used to improve the efficiency of various geometric algorithms, such as 
boundary evaluation, shading, and null object detection. By establishing 
the relation between these two schemes, we justify the use of S-bounds as 
approximations for various computations on active zones, and provide a 
simpler characterisation for S-bounds. 


1 Introduction 

The use of Constructive Solid Geometry (CSG) in geometric modelling has proved 
popular. A CSG description of a solid is comprised of a number of primitive shapes 
combined through set theoretic operations. Thus a CSG description can be represented 
as a tree of Boolean set operations, whose leaves denote known primitive sets. 

Active zones were introduced by Rossignac and Voelcker [RV 89 ] to speed up certain 
algorithms (in particular, boundary evaluation and interference detection); they are 
based on the idea of temporarily treating any single primitive or node within the 
CSG tree as a variable, and considering where the primitive or node can vary without 
affecting the resultant shape. The active zone Z r(A) of a CSG node A in a tree T 
is the region where changes to the set represented by A affect the solid represented 
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Figure 1: Example of Active Zones 


by T. Figure 1(a) shows the active zone, Zr(A) = B — C, of the primitive A in 
T = (A * B) + C 1 . Figure 1(b) demonstrates that the solid associated with T, is 
not modified by changes to the shape of A that occur outside of Z r{A). We can say 
that the active contribution of A to T is the intersection of A with Zt(A). Indeed, 
Rossignac and Voelcker show that the set represented by T is the union of two disjoint 
sets: the active contribution of A and the the set represented by a version of T obtained 
by replacing A by the empty set (Propositions 10 and 11 of [RV89]). Confining the 
calculations that process each primitive to its active zone allows certain algorithms to 
dramatically reduce their search space , and so leads to a considerable improvement in 
processing speed. Detecting that a primitive does not intersect its active zone requires 
a partial boundary evaluation of that intersection, unless one can produce simple outer 
bounds around the primitive and around its active zone and detect that these two 
bounds do not intersect. 

S-bounds may be used to address the problem of finding simple outer bounds; 
existing algorithms based on S-bounds use approximations to shapes which can be 
rapidly computed [CA88]. S-bounds have been successfully employed in interference 
detection computations, which are of great interest in many applications, including 
robotics [Cam89b]. As for active zones, the S-bound associated with a CSG node is 
a region outside of which the shape of the node is irrelevant. Unlike active zones, 
a general S-bound is an upper bound which can be computed using approximation 
techniques, that make it easy (and quick) to compute. In this paper we prove that the 
S-bound of a node A contains the intersection of A with its active zone, no matter what 
approximations were used to compute the S-bound. One might expect that, if instead 
of approximations, such as simple bounding boxes, we use exact sets to compute the 
S-bound, then the S-bound of A would be equal to the intersection of A with its active 

1 +, * and — are labels denoting the set operations of union, intersection and difference. We usually 
use the symbol T to denote an entire CSG tree. 
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zone. This is not true in general, and in this paper we analyze the differences, and 
derive an exact formula which captures the relation between the active contribution of 
A and the associated S-bound. 

2 Active Zones and S-bounds 

Here we summarise the construction of active zones and S-bounds. 

We follow the practice, employed in [Cam89b], of distinguishing a CSG tree from 
the set it denotes. Explicitly, a CSG tree consists of internal nodes, labelled +, * and 
— (for set union, intersection, and difference), and leaf nodes, labelled conveniently (A, 
L, etc.). To compute its denotation, we employ an interpretation function^ | |, thus: 

o Interpretation Function 

If L is a leaf node, then |L| = i(L), where t is some user-defined function 
between leaf nodes and sets: otherwise, \T\ *T r | = |Tf|0|T r |, where 0 is 
the set operation corresponding to * (U for O for *, and \ for —). 

Occasionally we make use of the unary operation of set complement ; we write the 
complement of a set X as X, and the corresponding CSG tree operator as 

2.1 Active Zones 

According to the definitions in [RV89], the Active Zone, Zr(A), of a node A (with 
respect to a node T that contains A in its defining tree) is the difference 

Z r(T) = Ir(T)\U r (T), 

where I t(T) and U'p(T) are the I-zone and U-zone of A in T. CSG expressions for the 
I-zones and U-zones of all nodes can be computed recursively by traversing the tree 
top-down, as follows: 

At the root, T, we have: 1t{T) = Cl and Ut(T) = 0 (the universal and empty set, 
respectively). 

Once the I-zone and U-zone of a node T have been computed, the CSG expressions 
of the I-zones and U-zones of its left and right children can be easily obtained if the 
sign of T in T is known. The sign of the root, T, is positive, and for each difference 
node, the signs of all the nodes of the right subtree are inverted. Nodes with a positive 
sign are called positive , the others are called negative 2 . 

For a positive node T: 

• If T = Ti + T ry then I r (T,) = I r (T) and U r (T,) = U t (T) + T r (with similar 
results for T r since + is commutative). 

• If T = T) * T r y then Ij(T/) = It(^ 0 * T r and U*j-(J|) = U t(T) (with similar 
results for T r ). 

2 The order of a subtree is the number of times that it is differenced out of a tree; thus an alternative 
characterisation of positive subtrees is that they are even ordered. 
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• If T = T,-T r , then I t (T,) = I t (T)*T p , U t (T,) = U r (T), Ir(T r ) = Ir(T)*T,, 
and Ur(T r ) = U t (T) 

For a negative node T : 

• If T = Tj + T r , then I r (3J) = I t (T)* 57, u rW) = U r (T), I r (T r ) = I r (T)*57, 
and U r (T r ) = U r (T). 

• If T = T, * T r , then I r (^) = Ir(T), U r (T,) = U r (T) + 57, I t (T p ) = Ir(T), 
and U T (T r ) = U r (T) + T,. 

• If T = T, - T r , then I T (I») = Ir(T), U t (T,) = U r (T) + T r , I T (T r ) = Ir(T), 
and U T (T r ) = U t (T) + T,. 

The above construction assigns the zones to all nodes in a CSG tree. Since the CSG 
expressions for the zones can be easily derived on the fly for each node, [RV89] provide 
algorithms for computing on the zones without constructing them explicitly. 

We also define the auxiliary functions V and U 7 as follows: 

4(A) = l T {A) * A and U' r (A) = U T (A) + A 

for any node A in any tree T. Z' r (A) = Zt( A) * A is the active contribution of A to T, 
and thus A may be shrunk to ZV(A), withou t affecting the shape of |T|. On the other 
hand A can also be expanded to A + Zr(A), without affecting |T|. 

The CSG expression for I^(A) is often simpler that the CSG expression for Z' T (A) 
and, because for any A, Zr(A) C Ir(A), Ix(^) ma y be used as an upper bound 
for Zy(A). Simila rly, the CSG expression for U^(A) is often simpler that the CSG 
expression for A + Zt-(A), and may be used as a lower bound for it, because U 71 (A) = 
A + U r (A) C A + Z r (A) = A + I r (A) + U T (A). 

From Propositions 3 and 4 of [RV89], we have 

14(A)! C |T| c |U^(A)|. 

Several applications of Active Zones are discussed in details in [RV89]. For instance, 
Rossignac and Voelcker show that if a node A does not intersect its active zone, it can be 
replaced by 0; and similarly, if a node A contains its active zone, it can be replaced by O, 
and this without affecting the set represented by the whole tree. These results provide 
an efficient algorithm for testing whether any particular node is redundant [Til84]. 
Furthermore, algorithms for the detection of interferences among solids defined in CSG 
and for the generation of shaded pictures directly from CSG by ray-casting or depth- 
buffering, are based on facilities for classifying subsets of the boundary of primitives 
against the CSG tree. Rossignac and Voelcker have shown that the performance of 
these algorithms may be improved using the I-zones of these primitives, and not the 
whole CSG tree for this classification. 

2,2 S-bounds 

2 . 2.1 Motivation 

The motivation for S-bounds can be demonstrated by means of a two-dimensional 
example. Consider figure 2 (a), which shows a small CSG tree built using three two- 
dimensional primitives. Each primitive shape is a polygon, shown within a frame that 
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Figure 2: Two-Dimensional Example of S-Bounds 


simply serves to illustrate the relative positioning of each shape. We can then form 
rectangular bounds for every node in the CSG tree as follows: for the primitive shapes, 
form a bounding rectangle around each shape; for the internal tree nodes, use the 
universal set (SI) as a bound. These initial bounds are shown in figure 2(b)—note that 
the bounding rectangles are aligned. 

We now argue as follows. We can construct the union of the bounds that are found 
about the child nodes of the + operator; this shape must be a bound on the shape 
given by the subtree with the + operation as its root. However, to keep the bounds 
simple, we can choose to form an aligned rectangle around this new shape. This bound 
is shown in figure 2(c), together with the outline of the two bounds being unioned. 
Similarly, we can take this new bound, intersect it with the bound of the rightmost 
primitive shape, and form a bound on the root node of the entire tree. This gives us 
the bounds shown in figure 2(d); note that each bound is a bound on the shape of the 
appropriate subtree. 

The bound on the root node of the entire CSG tree is a region that contains the 
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object— so we can reduce the bounds on the child nodes to their intersection with the 
bound on the root node. This gives us, in particular, a new rectangle at the + node; we 
can then intersect this rectangle with the bounds at each of its children. This gives us 
the rectangles shown in figure 2(e). Note that these rectangles are not bounds in the 
usual sense, as they are not upper bounds on each subtree. (In particular, there is now 
an empty ‘rectangle’ at the leftmost primitive.) Instead we call these S-bounds; they 
are bounds in the sense that each subtree does not matter outside of its S-bound. In 
[Cam89b] S-bounds are defined in terms of having the “doesn’t matter” property, viz., 
we can intersect the shape given by any subtree with its S-bound, and the shape given 
by the entire tree will not be affected. It is then shown that the rules we have described 
for refining the bounds up and down the tree preserve S-bounds. In particular, we can 
continue to apply the rules until we reach a convergent state: for the two-dimensional 
example, this state is shown in figure 2(f), and is reached after one more upward pass, 
followed by a downward pass. (In [CY] it is shown that the order of rule application 
doesn’t matter for aligned rectangles, as we reach the same convergent state. Thus, in 
practice, we apply the rules in alternate phases, in which we apply the ‘up’ rule about 
each internal node working up the tree, followed by the ‘down’ rule starting at the 
root node and working down the tree. This is shown to converge in, at most, n passes, 
where n is the number of leaves in the original CSG tree.) 

2 . 2,2 General S-bounds 

The example of figure 2 uses a special (and practically very useful) type of S-bound, 
namely aligned rectangles, which can be extended to n-dimensional aligned boxes. 
However, S-bound theory allows any type of bound to be used, provided that we 
start with bounds that are supersets, and refine the bounds using rules that obey the 
following conditions: 

o S-bound Conditions 

Let ft(T) denote the initial bound at a general node T. Then the following 
rewrite rules preserve the S-bounds property: 

(i) If T is an internal node with children T/ and T r , replace the bound at 
T with a superset of 0(T) D 5, where 

f /?(Tf) U /3(T r ) ifT = T, + T r 

S = < /?(T,)n/?(T r ) if T = T* * T r 

[ /?(!}) if T = Tj - T r 

(ii) If T is a node with parent node T p , replace the bound at T by a 
superset of /3(T P ) fl /?(T). 

A rewrite rule that obeys (i) is called an upward rule ; one that obeys (ii) is called 
a downward rule. 

Although in practice a set of S-bounds based on approximations may be used to 
improve system speed, the theory allows us to consider the limiting case where we 
start with bounds at the primitives that are the exact shapes themselves, and use the 
exact expressions given by the S-bound condition, rather than supersets. This S-bound 
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system, called exact S-bounds , converges after one up pass, followed by one down pass 

[cy]. 

For each node JV, the S-bound is an upper bound of the region whose intersection 
with N can be used instead of N. We can also consider a ‘dual’ system of bounds, 
called <r-bounds, which are lower bounds on the region whose union with N can be used 
instead of N 3 . These <r-bounds are generated by starting with initial bounds that 
are subsets of the primitive shapes, and then use rules obeying the following conditions 
[CY]: 

(i) If T is an internal node with children T/ and T r , replace the bound at T with 
8{T) U 5, where 

f 0(T,)u/?(r r ) ifr = T, + T r 
S=l 0(T,)n0(T r ) if T = T,*T r 
{ 0(T,) if T = Ti — T r 

(ii) If T is a node with parent node T P , replace the bound at T by /?(T p ) U ft(T ). 

We can give an equivalent definition of exact S-bounds and cr-bounds: 


o Exact S-bounds and cr-bounds 

Let [T] denote the set formed by starting with the exact sets at the root 
nodes, and using the exact form of the upward rule only throughout T. 

(This is equivalent to computing |T + |, where T + is derived from T by 
ignoring any negative subtrees.) Also, denote the exact S-bounds and <7- 
bounds of a node A (with respect to a superior node T) by S r{A) and 
<T7-(i4) respectively. For the root node T we have S?-(T) = cr<r(T) = [T], 
otherwise if T has parent node T p , 

S r(T) = S r (T p )n[Tl 
a r (T) = ot{T p ) U [T] 

Note that for positive trees we can replace the f| function by ||. 

2 . 2,3 Three-Dimensional Example of S-bounds 

Figure 3(a) shows two robot arms which are almost, but not quite, interfering. Each is 
modelled using a CSG tree containing 19 primitive shapes; we can test for interference 
by (symbolically) taking their set intersection, and checking whether the intersection is 
the null set [Til84,Cam89b]. To form S-bounds, we find aligned boxes for the primitive 
shapes; these are shown in figure 3(b). We can now apply the S-bound rules as in the 
two-dimensional case; one upward-then-downward pass gives us the bounds in figure 
3(c), and a further pass allows us to consider only the (very small) region of space shown 
in figure 3(d) when checking for interferences. Although such dramatic localisations 
are not guaranteed using S-bounds, they are by no means uncommon when performing 

3 tr-bounds are not exact duals of S-bounds, as explained in [CY]. 
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intersection operations. In particular, we will often be able to prove non-interference 
by only considering the S-bounds. 

S-bounds are not restricted to rectangular regions in 3-dimensions: [Cam89a] de¬ 
scribes the use of prismatic bounds in four dimensions (space-time) to perform collision 
detection in a robotics environment. 


2.3 Example of Active Zones and S-bounds 

In figure 4 we show a small CSG tree (with the same structure as that used in the 
example of §2.2.1), together with the various zones and bounds for each node. Each 
zone/bound has been simplified, using the standard rules for the set algebra. We have 
not shown the functions t or U' in the figure, since they turn out to be equal to S and 
a for every node. This is not a coincidence, as shown in §3.1. 


3 Relationship Between Active Zones and S-bounds 

CSG trees that do not have any difference operator are called positive trees. Each CSG 
tree can be rewritten as a positive tree (possibly with complemented primitives) by ap¬ 
plying De Morgan’s laws. Studying active zone properties and writing algorithms that 
exploit these properties is much simpler for positive trees. The algorithms for active 
zones described in [RV89] accommodate all CSG trees by calculating, on the fly, the 
equivalent positive tree. (They simply treat the difference operators as intersections 
and apply the complement to their right child. The resulting intersection and union 
operators of negative internal nodes are swapped and the negative leaf nodes are com¬ 
plemented.) The active zone for any node is the same whether the original tree or its 
positive form is used . On the other hand, S-bounds are sensitive to tree reformulation 
and the use of positive forms for the CSG trees may result in looser bounds. Therefore, 
we study the relation between S-bounds and active zones separately for positive trees 
and for general trees. 

3.1 Positive trees 
o Relationship Between I, U, S and a 

For any node 

St(A) = |I^(A)| MA) = \U't(A)\ (1) 

and so, as corollaries 

S t(A) D |Z t (A) * A| a T (A) C |ZHA) * A| (2) 

Proof Proof is by induction. If L is a leaf node of a tree T, let dr(L) denote the depth 
of L in T. If A is the entire tree then d^( A) = 0, and the result holds trivially. Assume 
the result holds for all trees in which A has depth less than k . Then if dr{A) = fc, we 
have, without loss of generality, T = T/ +T r with dr,(A) < k , and so 

S Tf (A) = I Tf (A)n|A| = I , 7} (A) and a Tt (A) = U r ,(A) U |A| = U^A) 
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Figure 3: Three-Dimensional Example of S-bounds 
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I: ft 

S:(|A|u|2?|)n|C| 

U : 0 

a : (|A| U |5|) n |C| 

Z : ft 



I:|C| 

S : (|A| U |B|) n \C\ 

U : 0 

<7 : |A| U \B\ 

Z:|C| 



I:|A|U|5| 

S:(|A|U|B|)n|C| 

U : 0 

<7=|C| 

Z:|A|U|S| 


1:\C\ 

S:|B|n|C| 

U : |A| 

v:\A\u\B\ 

Z:|C|\|A| 


I:\C\ 

S:|A|n|C| 

U:|B| 

cr : |A| U |B| 

Z:|C|\|B| 


Figure 4: Example of I-zones, U-zones and S-bounds 


Now consider the cases of ★, and how we can build up the zones/bounds recursively at 
T given the zones/bounds at Tj. If ★ is +, then the exact S-bounds within T\ will not 
be affected, as the bound passed down from T will be |T/| U |T r | D |T/|, but the cr-bound 
will be affected, becoming |T/| U |T r |. Further, the I-zone is not altered, whereas the 
U-zone is, and so: 

St(A) = S r ,(A) = Ir,(A)n |A| = Ir(A)n|A| = l! T (A) 

<rr(A) = <r r ,(A) U |T r | = U T , (A) U |A| U \T r \ = U r (A) U |A| = U' r (A) 

as required. The case where ★ is * is similar. QED 

We see that exact outer S-bounds are equivalent to the intersections of each node 
with its I-zone and that exact inner S-bounds are equivalent to the union of each node 
with its U-zone. Consequently, the intersection of a node with its active zone provides 
a bound on the region where that primitive is important that is “tighter” than the 
S-bounds. This should not surprise us unduly: in a real sense, active zones are the 
tightest zone/bound possible [RV89]. However, S-bounds are computationally easier 
and faster to work with when computed using simple approximations of the primitive 
shapes. 

Note that the CSG expressions of the final exact bounds requires simplification. For 
example, Sy(A) is derived by simplifying ((|A| U \B\)n \C\) H \ A\. The relation between 
S-bounds, cr-bounds and the various zones suggests a more efficient computation of 
the exact bounds for positive trees. As explained in [RV89], U and I (and thus S 
and <j) can be computed simultaneously for all nodes by a single top-down traversal 
of the tree, which eliminates the need for simplification. At each intersection node of 
the top-down tree traversal, the CSG expressions for the outer node is passed to the 
children unchanged. At union nodes, the CSG expression for the inner bound is passed 
unchanged. 
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Figure 5: Example of S-bounds in Equivalent Trees 


3.2 General trees 

In this subsection, we address the case of general CSG trees. 

Applying boxing or other bound-based techniques to the positive formulation of 
CSG trees as described in §3.1 will yield results consistent with equations (1,2). The 
CSG tree and its positive form represent equivalent sets. However, for boxing purposes, 
the expression of a CSG tree in its positive form results in a surprising loss of the 
information about the localisation of the nodes that have been subtracted. 

As an example, the tree A — (B — C) is shown in figure 5(a), together with algebraic 
expressions for the exact S-bounds of each node (shown boxed). Figure 5(b) shows 
an equivalent, positive tree with algebraic expressions for its exact S-bounds, viz. A * 
(-B + C ) where - is the set complement operation (the S-bound rule for set complement 
can be derived from that for set difference) 4 . It can be seen that the S-bounds for 
the two trees differ; in particular, information about B can propagate around the right 
subtree in the original tree, but not in the positive formulation. We may summarise 
this behaviour by saying that the transformation of the tree into positive formulation 
destroys some local information in the tree. Figure 5(c) shows a situation where the 
difference in the computed S-bounds would be significant: C can be shown to be 
redundant in the original tree by computing the S-bounds, but not in the positive 
formulation. 

Note that in our example, Ir(C') = A and U r{C) = B. Consequently, Z' T (C) = 
An B, and replacing B by 0 in 7l T {C) yields S^C). Note that B is the only primitive 
in Z^(C) that is negative in T. This is not a coincidence, and we derive below a 
general formula that permits to extract exact S-bounds from active zone expressions. 

4 We do not discuss <r-bounds here because the only propagation rule that makes any sense assigns 
0 to any difference nodes. 
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o Relationship Between I, U and S 


For any node 

and so, as a corollary 


s t(A) = [Z T (A)1 0 [A] 
S t (A) D |Z t {A) * A\ 


Proof We use induction on d^(T), the depth of A in T. If cU(T) = 0 then T is A, 
Sr(A) = [A], and Zr(A) = f2. So assume that the result holds whenever the depth is 
less than fc. If da(T) = fc then T = T/ *T r for some operator ★, and either < fc 

or d,4(T r ) < A; (depending on whether A is a subtree of T; or T r ), We consider the 
cases where * is a union, intersection, or difference operator separately: 

• Case where ★ is +: Without loss of generality assume d/i(Xj) < k. By lemma 
A.l, Z r (A) = Z Ti (A) - T r . Therefore, \Z T (A)] = \Z Tl (A) - T r ] = \Z Tl {A)\ 
Further, S t{Ti) C S t(T) (as the exact S-bounds decrease in size as one works 
down any branch of the tree), and so S t{A) = Sr, (A) (lemma A.2), as required. 

• Case where * is *: Without loss of generality assume d>*(T/) < k. By lemma 

A.l, Z t (A) = Z T ,(A)*T r , and thus \Z T (A)] = [Z T/ (A)*T r l = \Z Tl (A)]n \T r ], 
Further, Sr(TJ) = S^(T) = Sr,(T/)n [TV], and so Sr(A) = Sr, (A) Pi (lemma 

A.2), as required. 

• Case where ★ is —: First assume that cU(T/) < A;. By lemma A.l, then Zr(A) = 
Z r ,(A) - T r , and thus fZ r (A)l = \Z T| (A) - T r ] = \Z Tl (A)]. Further, S r (T f ) = 
S t(T), and so Sr(A) = Sr, (A) (lemma A.2), as required. 

If dyi(T r ) < k then by lemma A.l, Zt(A) = Zr P (A) * T*, and thus \Zt(A)] = 
[Zr r (A) * T{] = rZr r (A)l H fTil. Further, S T (T r ) = S Tr (T r ) n [T|], and so 
S7’(A) = Sy r (A) Pi fT/l (lemma A.2), as required. 

3.2.1 Corollaries 

• Sr(A) is the intersection of \A] with a set that is independent of A. 

• Note that fA] can be simply obtained by replacing in A all negative primitives 
by 0, or equivalently replacing by 0 all non-zero-order primitives. Note that when 
A is a primitive: 

S t (A) = fZr(A)] * A 

• The set expression for St{ A) is simpler than Zr( A) because it only has zero-order 
primitives. 

3.3 Using S-bounds and Active Zones to Simplify CSG Trees 

As described in §2.2.1, S-bounds may be used to identify nodes in a CSG tree that 
can be replaced by 0 without affecting the shape given by the tree. Identifying such 
redundant nodes is useful, as the time taken to run many algorithms that work on 
CSG trees increases dramatically as the size of the tree increases. S-bounds have the 
property that a set of S-bounds for a given tree is also a set of S-bounds in a simplified 
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tree. Active zones can also be used to identify redundant nodes (including those that 
can be replaced by ft); however a set of active zones for a given tree is not necessarily 
an set of active zones for a simplified tree. [RV89] explains when active zones may 
have to be recomputed, and for many algorithms this possibility is not a problem, as 
the active zones are, effectively, only computed incrementally. However, this difference 
between S-bounds and active zones should be remembered when designing algorithms 
that use them. 

4 Conclusions 

The relations derived in this paper may be used on one hand to improve the computa¬ 
tion of accurate S-bounds, and on the other hand to provide computationally efficient 
approximations to active zones. Although we have concentrated on the exact S-bounds 
(and cr-bounds) to highlight the relationship with active zones, the extension to con¬ 
sider arbitrary S-bounds is achieved simply by noting that exact S-bounds are the 
smallest that can be generated. Similarly, we can consider approximations to active 
zones by imagining that the approximations are exact active zones for some other tree. 
These connections allow us to consider algorithms that use a layered approach, bas¬ 
ing approximate active zones on approximate S-bounds to achieve speed, before using 
exact active zones in the final stages. 
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Appendix 

A.l Active Zone Results 

Lemma A*1 If A is an internal node of a CSG tree T, 

1. IfT = Ti + T r then Z T (A) = Z T| (A) - Tr 

2. If T = T{ * T r then Z^A) = Zji(A) * T r 

3 . If T = T/ — T r and A is a subtree of T/ then Zt(A) = Zx t (A) — TV 
//T = Ti — T r and A is a subtree ofT r then Zt(A) = Zr r (^) * Ti 

Proof This is easier if we note that active zones are the same in equivalent positive 
trees, and that in this formulation they may be expressed as the set intersection of each 
branching node for A , or the complement of the branching node 5 [RV89]. Then cases 
1. and 2. follow immediately as we just add the extra branching node. Case 3. follows 
from the identity Zt(A) = Zt^A) * (-T r ), and case 4. by Zt(A) = Z-r r {A) + TJ, and 
noting that the active zones are the same in a complemented tree. 

A.2 S-bound Results 

A set of bounds f3 is called stable if it is not affected by any of the rules for exact 
S-bounds. 

Lemma A,2 If P is a stable set of bounds for a tree T, construct a new set of bounds 
(3* by setting the bound at T to ft(T) H X for an arbitrary set X } and performing a 
downward pass on this new bound set (using the rules for exact bounds). Then f3* is 
also a stable bound set. 

Proof Note first that /?*(T) = /?(T) fl X for all T. (Proof by induction. It is true 
for the root node. If it is true for any node T, and T c is a child node of T, then 
we must have /?(T C ) Pi /?(T) = /?(T C ) as (3 is stable under downward passes, and so 
/?*(T C ) = 0(T C ) n (3*(T) = 0(T e ) H /3(T) flX = j3(T c ) n X as required.) Then if we 
consider the action of an upward pass on we note that we would get the same result 
by an upward pass starting from /?, followed by intersecting the bound at each node 
with X. (Proof by cases, noting the set identities (AUB)nX = (i4fl X) U(Bfl X), 
(AnB)nX = (AnX)n{Bn X) y and (A\B) n X = (A n X)\(B 0 X).) Thus as 0 is 
stable, 0* cannot be affected by applications of the Upward rule. But 0* is obtained by 
application of a downward pass: thus 0* is unaffected by either pass, and so is stable. 


5 If we follow the path from A to the root node then the branching nodes are the ‘other nodes’ at 
each set operation node. 
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ABSTRACT 


Classification of modeling schemes highligt pros and cons of 
main approaches, connecting them to fundamental properties : 

- implicit or explicit schemes, 

- global or local algorithms. 

This classification shows that one has to combine advantages of 
each scheme. Comparison between scheme conversion and 
scheme combination is made as well as a study of connexion 
between exact schemes and polyhedric approximations or 
octree encoding. This study is made with special emphasis on 
requirements for a "good" connexion. 

A new modeling scheme is proposed as solid reconstruction 
provides a link between 2D, 3D-wireframe and surface or solid 
modeling. 

Reconstitution of CSG from B-Reps under pertinent constraints 
remain then the missing link for conversion between main 
modeling schemes. 


As a conclusion selection criteria for modeling schemes are 
presented. 
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INTRODUCTION 


From the very start. Solid Modeling has put emphasis on the 
consistency of models, showing how wireframe could deal with 
ambiguities (Fig.l), 

WHERE'S THE HOLE ? 



How surface modeling lacked inside-outside informations 
(Fig.2), 
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How 2D drawings could represent "impossible" 3D objects 
(Fig.3). 



Actually, to be completely consistent, one has to either choose 
the CSG approach, or bring consistency constraints on B-Rep 
schemes (Fig.4). JL 

c.s.g. Q 
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Most of Solid Modeling efforts are still directed towards robust 
schemes and algorithms able to handle general descriptions 
(including free-form surfaces). 

Nevertheless, one must recognize that in real engineering practices, a 
set of orthogonal views are sufficient to describe standard industrial 
objects. Some extra informations are sometimes needed, such as 
sections or additional views. Generally speaking, one can say that 
ambiguities and impossibilities are less and less likely to occur when 
passing from simple theoretical objects to complex real ones. On the 
other hand, it becomes more and more necessary to add information 
in order to describe details that can be hidden or imprecisely defined 
in the master views. 
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I. CLASSIFICATION OF MODELING SCHEMES 


1.1. CSG and B-Rep approaches 

The first step to classify modeling approaches is to highlight the 
advantages and deficiencies of each one. 

The CSG and "regularized set operators" approach, proposed by 
Voelker, Requicha and Alii of the PADL team, defines a strong basis 
for theoretical robustness (Ref. 5). The main drawbacks of this 
approach are its poor performances and its impossibility to cope 
with local boundary modifications which are the basic tools of free¬ 
form surface modeling. 

B-Rep was historically the first approach towards Solid Modeling as 
Ian Braid pointed out in his thesis on BUILD (Ref. 2). His later work 
on ROMULUS has added the concept of solids' generation through 
line displacement (sweeping) and local operations on boundaries 
(tweaking). The main deficiency of this approach on a theoretical 
point, is that it can’t guaranty the correctness of the result by 
syntactical analysis of projected operations. Some inconsistencies can 
be checked afterwards on the resulting boundaries, then easily 
corrected ; some others (self intersection) need extra algorithms 
close to Boolean operations which means nearly as time consuming. 

Exact surface equations for boundaries are often needed. 
Unfortunately, these are restricted by the present state of the art to 
planes and simple quadrics or, more generally, to implicit equation 
surfaces (f (x,y,z) = 0) which define easily the inside and the outside 
of a solid (f (x,y,z) > 0, < 0). 

So, exact surface equations lead CSG and exact B-Rep to the same 
limitations on shape description. Nevertheless, Exact B-Rep has 
potential advantages in terms of computational speed and flexibility 
for shape descriptions and modifications, and CSG presents scheme 
robustness advantages and a potential parametric definition 
through its tree definitions and modifications. 
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The fundamental advantages and deficiencies of the two schemes 
are based on the very nature of their approach : 

- CSG is an implicit (to be evaluated) and global scheme, 

- B-Rep is an explicit (evaluated) and local scheme. 


1.2. CSG to B-Rep conversion or combined schemes 

To take advantage of each scheme, two cases may be considered : 

- to convert from one scheme to the other 

- to combine the two. 

Conversion from CSG to B-Rep is a common operation, called CSG 
evaluation, the equivalent of Boolean operations on B-Reps. For 
each new visualization of a CSG modeled object, it is necessary to 

evaluate B-Reps or eventually intersection lines only (boundaries 

of surface boundaries). This repeated process is the true reason for 
the pure CSG lack of performance. 

Conversion from B-Reps to CSG is a difficult process, still in the 
research stage, and there is little hope it will ever be usefully 

realized. 

In order to provide a useful pathway from solid modeling to 
surface modeling and back to solid modeling, conversion from B- 
Rep to CSG has to be able to retrieve the original CSG if there is one, 
or find meaningful CSG operations corresponding to the original 

surface modeling ones. 

But retrieving the original CSG is not enough, one has also to find 
the right modifications or additions to the original surfaces of the 
original CSG. This can be the most difficult part of the job. 

The conversion between CSG and B-Rep looses interest if it has no 
performance enhancement for CSG and no way to get back from B- 
Rep after local operations are done on the B-Rep. 

Fortunately, combined modeling schemes are tractable, with some 
differences depending on the basic scheme used. 
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Adding complete B-Rep evaluation and recording to a CSG system 
boosts the performance of the latter one, but to take complete 
advantage of this performance enhancement, one has to evaluate 
boundaries in an incremental way, as in a pure B-rep system. 
Basically, such a system is still limited to global operations like 
Boolean ones, but can easily lead to a form-feature system and to 
parametric definitions of shapes. 

Adding CSG tree description to an exact B-Rep system is just as 
easy as to record the function calling tree which is necessary to 
produce the final B-Rep. It can be done eventually from the outside 
of the system as it is often the case with ROMULUS. Unfortunately, 
operations other than pure Booleans are sometime difficult to 
record as an extension of classical CSG. Simple sweepings or 
tweakings (translational or rotational) are easy to integrate in CSG 
definitions, but complex ones are not and can lead to an unlimited 
number of special cases. Moreover, tweakings can produce 
unexpected results dued to an inappropriate extension of CSG 
definitions (Fig.5). 



C.S.G. (-) 


Tweaking 


Back to C.S.G. 



Figure 5 


The main deficiency of these combined approaches is to be found in 
their inability to be extended to free-form surfaces. This limitation 
is more fundamental in CSG based systems than in exact B-Rep 
based ones, since for exact B-Rep it is limited to an implementation 
problem (implicit equation surfaces) and an algorithmic state of the 
art limitation (reasonably fast and reliable free-form surface 
intersections). 
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The goal of an industrial system is to provide a coherent frame to 
integrate : 

- Form Features and Parametric approach of CSG 

- Modeling tools flexibility of B-Rep 

- Free-Form surfaces abilities of surface modeling 

- Good performances in an interactive system 

The present state of the art uses polyhedric approximation to 
combine at best these wishes, since polyhedric algorithms are fast 
enough, easy to implement, and can approximate any shape with a 
specified precision. 


1.3. Polvhedric approximation in combined schemes 
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More and more systems are likely to do it, but this is not the sole 
condition : contour lines have to be "good looking" for draftsmen 
which means that they have to look like curves and not like 
polygons. To achieve this goal, one has to use a very high precision 
for shape approximation and/or to refine the result throughout a 
post-process that uses exact surface definitions stored in the 
connected CSG description. The computing cost of high precision for 
polyhedric approximation gives an advantage to systems able to 
refine the result of "efficient” levels of approximation. Such levels 
of approximation can be defined as giving exact topological results 
and realistic enough to be meaningful for the designer’s feelings, in 
order to avoid the costly post-process refinement during the design 
process. 

To be completely efficient, a polyhedric approximation connected to 
an exact CSG description has to be able to produce exact B-Rep 
descriptions even as a batch post-process. 

The to-day advanced systems (EUCLID, CATIA, GEOMOD,...) provide 
this type of connected CSG and polyhedric B-Rep approximation, 
and an evaluation of exact B-Rep is available (or will be in the "next 
release"...). 


1.4. Usefulness of other modeling schemes 

Extending this analysis to other modeling schemes is possible but 
not essential to our goals. Eulerian operators (Fig. 7) for example, 
are a local description of B-Reps which can be used either as a 
polyhedric approximation description or as a modeling tool to 
translate polyhedric B-Reps into exact B-Reps (Ref. 19). Octree 
encoding (Fig. 8) can be used in the same way as polyhedric 
description but it is much more sensitive to precision of 
approximation. Furthermore, it seems very difficult to convert from 
octree to exact B-Reps, and it is a matter of fact that octree is used 
essentially as an algorithmic approach to some modeling problems 
dealing with space subdivision like 3D mesh generation (Ref. 16). 
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1.5. Some conclusions about 3D modeling 

Conversion from one scheme to the other is thus possible from CSG 
to approximated or exact B-Reps. 

If shapes are restricted to implicit equation, one can convert 
directly from CSG to exact B-Reps. 

In order to take into account the free-form surfaces defined by 
parametric equations, the present solution is to use polyhedric 
approximation. These approximated B-Rep have to be connected to 
exact surfaces defined in the CSG, when this connection is well 
thought the polyhedric topology can be used as a starting point to 
compute the exact B-Rep. 

Reverse conversion seems untractable. This means that the Solid 
Modeling approach which deals with global easy to define 
operations, can be used as a design tool, and Surface Modeling as a 
manufacturing one reserved to complex shapes and final filleting or 
blending of designed objects. The Form-Feature definition and 
Parametric description of shapes are added benefits that can be 
implemented in the Solid Modeling approach. 

It is nevertheless necessary to remember the fundamental 
difference between local and global schemes. Advanced solid 
modeling systems have extended CSG from pure Booleans to simple 
sweeping, eventually to some other simple operations, but this is 
not enough to cope with free-form surfaces modeling.To reach that 
goal, it is necessary to convert solid models to surface models 
through exact B-Rep evaluation, but a completely efficient solution 
has to come back from a surface model to a solid one including the 
CSG definition which is still impossible when local operations on 
boundaries have been realized in the meantime . 

Future systems have to think about surface modeling as a global 
scheme instead of a local one in order to be integrated in a coherent 
modeling system. 
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n. SOLID RECONSTRUCTION AS A MODELING 
SCHEME 


Nevertheless, 2D sketching and wire-frame modeling are still 
pretty much used to describe simple shapes. Since they are close to 
traditional design techniques, many designers find this approach 
less disturbing than the Surface or the Solid Modeling one. When 
they prove to be productive tools, their only drawbacks are to be 
found in their inability to compute mass properties, to produce 
pretty pictures or sections, to help design mechanisms, and in their 
lack of consistency checking. 

Conversion from 2D drawings or wireframe into solids can provide 
a solution to these problems. If a given wireframe can be 
ambiguous, simple informations given on projections of the object 
can correct this ambiguity (hidden line information, for example). A 
selection between proposed shapes can also be a solution. 
Conversion from a set of correlated orthographic projections, with 
an eventual addition of sections or partial view along a specific 
direction are also able to provide informations on the drawings' 
consistency aside solid reconstruction usefulness. 

Actually, if a set of correlated drawings is consistent (Figure 9), one 
can derive from this set a wireframe containing all the edges that 
may produce the original drawing (Figure 10). 
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Then the solid reconstruction process adds consistency conditions 
which select the useful wireframe edges and can generate any kind 
of solid model, even a polyhedric one (Figure 11). 



Figure 11 


If the set of drawings is not consistent, the solid reconstruction 
process detects inconsistencies and can pinpoint extra edges or 
missing ones to the users who can then interactively help the 
process through edge selection or addition, either on the wireframe 
or on the drawings. 



397 


To be effective, solid reconstruction from 2D views must take into 
account curved surfaces which are easily defined by traditional 
drafting techniques, even if a lot of wireframe edges needed for 
solid reconstruction are missing on the drawing and must be 
derived through a combination of algorithms and heuristics (Figure 
12 ). 
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Figure 12 


To be used as a modeling scheme solid reconstruction has to 
incorporate analytically defined free-form surfaces as part of the 
boundaries of the resulting solid. This last condition is close to the 
connection needed between B-Reps produced by the solid modeling 
approach (generally connected to CSG tree) and B-Reps added or 
modified through the surface modeling process. 
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The curved surfaces which are easily defined by traditional 
drafting techniques are cylinders, cones, spheres and tori, oriented 
along any axis, but mainly along principal ones. One can note with 
interest that Voelker and Requicha have selected these surfaces as 
PADL primitives, their statistics about mechanical parts showing 
that 80% of them can be defined by this set of primitives. To be 
complete, one has to add that these statistics are limited to 
functional parts which are inside and exclude external shapes 
which provide the good looking packaging so important to sell the 
whole. 

Recent advances in the field of solids reconstruction (Ref. 24 ) 
shows that this approach can be used in future systems as a 
modeling tool complementing sweeping and Booleans for simple or 
preliminary design. 
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HI. SELECTION CRITERIA FOR MODELING SCHEMES 


The final choice of the modeling scheme to be used has to be 
directed by practical and functional criteria from which one can 
derive these simple practical rules : 

a/ When a part seems to be easily defined through 2D traditional 
process, solids reconstruction has to be considered. 

b/ When a part morphology is mainly of PADL type, one can use 
either the solid modeling approach or the solid reconstruction one. 

c/ When functional constraints are defined on plane or rotational 
conditions, Form-Features definition or identification has to be 
considered. 

d/ When a design is a repetitive one, parametric approach has to be 
added either to the CSG tree or to the 2D drawings. The main 
advantage of the solid approach in this case can be found in the 
good relationship between parameters and 3D Form Features 
definition. 

e/ When one has to go from design to manufacturing, 
manufacturability conditions like blends, fillets and corners 
rounding, have to be added. These shape modifications need exact 
boundaries definition for subsequent surface modeling actions. 

f/ When a shape is essentially defined by free form surfaces, either 
for aesthetic purpose or dued to fluid mechanics constraints, 
surface modeling is the right approach. In this case, topologic 
informations have to be added in order to define the resulting 
volume, or help automation in the definition of machining process. 

In a surface modeling scheme, parametrization is not an easy task, 
since one must find a set of dimensions related to the functional 
properties of the shape. Coefficients of the parametric surface 
equation are far from this objective : their number is too high and 
their relations with shape behavior unclear and/or imprecise. 

To allow parametrization surface modeling has to become a global 
scheme. This is probably one area for future research on free form 
surfaces whose importance is not yet clear enough to researchers. 
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Abstract 

Kernforschungszentrum Karlsruhe (KfK) has been developing remote 
handling technology since over two decades. Initially, emphasis was 
laid upon mechanical master-slave manipulators, power manipulators, 
and remotely operated vehicles for application in hostile (radioactive) 
environment. More recently, research and development is 
concentrating on integrating computer-based robotics technologies 
into remote handling applications. In the area of computer aided 
design KfK began to use and develop systems for geometric 
modelling as early as 1969. In a number of present developments 
these two domains (geometric modelling and robotics) contribute in 
a synergetic way to the advancement of technology. A brief 
description of these projects is given, with emphasis on the geometric 
modelling aspects. 


1. Introduction 

Kernforschungszentrum Karlsruhe (KfK) has been developing remote handling 
technology since over two decades. Initially, emphasis was on mechanical master-slave 
manipulators, power manipulators, and remotely operated vehicles for application in 
hostile (radioactive) environment. Since about five years, research and development is 
concentrating on the integration of computer power into remote handling technology [1]. 
Emphasis is still more on applications oriented towards working in areas that are 
dangerous to work in or difficult to access (for inspection, maintenance, and repair) rather 
than on conventional automation of manufacturing processes. This does not preclude, 
however, that the techniques developed may also be utilized fruitfully for manufacturing 
automation (CIM). 

In the area of computer aided design KfK began to use and develop systems for 
geometric modelling as early as 1969. Two-dimensional [2] and three-dimensional [3], 
[4] systems were developed. Since 1984 KfK manages the ESPRIT project 322 (CAD*I) 
CAD-Interfaces which (among other goals) aims at the development of methods for the 
communication of solid models between unlike computer-based systems. 

As it turned out, geometric information plays an important role in robotics applications. 
This paper will briefly summarize the robotics projects which are presently underway and 
the requirements of these projects regarding the handling and communication of 
geometric information. 
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Figure 1. CATROB - An industrial robot mounted on a gantry crane 


2. Description of advanced telerobotics systems 

2A The CAT ROB-sy stem: an industrial robot on a gantry crane 

The CATROB (computer aided tele-robotics) system is designed as test-bed for 
developing and integrating control concepts, sensors, and handling strategies for 
automatically (or semi-automatically) performing remote maintenance and assembly 
tasks. It consists of a six-joint industrial robot (MANUTEC R3) mounted on a X-Y gantry 
crane (Figure 1). The robot has a load capacity of 15 kg and is positioned with a 
repeatability of 0.1 mm. It can exchange automatically its different end-effectors for 
bolting, gripping, etc.. By the carrier the robot is transported over a range of 4*4 meter 
with an accuracy of 2 mm and a maximal velocity of 1 m/sec. The gantry can carry a 
payload of up to 500 kg. The separate controllers of robot and carrier are coordinated and 
supervised by a micro-computer (INTEL 310) which also processes and integrates data 
of multiple sensors. 


2.2 The EMIR - device: a hydraulic driven manipulator with a large reach 

The hydraulically actuated manipulator is shown in Figure 2. It is fixed to the ground by 
a jack with two hydraulic motors allowing for 360 degrees of rotation. Five more joints are 
piston driven, part of them with a special gear consisting of two levers to achieve more 
than 180 degrees of rotation. The axes of these five joints are parallel and normal to the 
arm plane. Therefore, they constitute a kinematic redundancy. The overall workspace is 
approximately a hemisphere of about 22,2 m diameter. Depending on the application, at 
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Figure 2. EMIR - A hydraulic driven manipulator with a large reach 

the tip of the manipulator different platforms, grippers, or tools will be mounted. The 
profiles of the links are specially designed using a sandwich-technique which results in 
a small dead-weight of the structure but a very high payload (1.4 to). The design of EMIR 
(Extended Multi Joint Robot) [5] evolved from a family of concrete pouring machines but 
was modified to provide the operational precision and load carrying capability required 
for a number of remotely controlled applications like inspection and surface treatment of 
building constructions, automated concrete pouring, or rescue operations. The equipment 
is designed to be transported on a vehicle to its various work places. KfK is presently 
developing a control system which will allow computer controlled operation of the 
stationary system. In order to provide for collision avoidance techniques in the control it 
will be necessary to establish a geometric model of the work item and of the environment 
prior to start of operation [6]. 


2.3 The articulated booms: In-torus handling in fusion reactors 

Maintenance work in fusion reactors (e.g. JET: Joint European Torus, or NET: Next 
European Torus) has to be done remotely. Current concepts of remote handling in the 
interior of the fusion reactor vessel [7], [8] are based on a very long articulated arm 
(called: boom) grasping into the torus through a small port (Figure 3). For NET (which is 
presently in the preliminary design stage while JET is already in operation) this boom has 
11 joints with parallel axes for the positioning task. The reach of this carrier is maximally 
25 m, the cross section 1.3 m • 0.35 to 0.7 m which allows operation anywhere in a 
torus-shaped work volume (large radius 5 m, small radius 1.5 m). The boom may 
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Figure 3. The NET boom - An in-torus handling device 

transport various work units with weights up to 2.8 t, and payloads of up to 0.5 t. The high 
kinematic redundancy is necessary for transportations in the geometrically complex and 
narrow environment. Due to a high radiation level usage of sensors is limited. 


2.4 GMS: The remote geometry measurement system 

This project deals with the establishment of high-precision geometric models on the basis 
of triangulation. Fully remote operation is called for as one of its intended applications is 
in the radioactive environment of fusion reactors. In fusion systems, certain large 
components (typical size is 10 m) must be replaced by new ones after certain times of 
operation. Since there may be geometric distortions after longer operation periods the 
newly inserted components must be machined such as to fit precisely intg the remaining 
parts of the machine. This calls for relative surveying accuracies of 10“* which can be 
attained by using computer operated theodolites. This system operates on the basis of a 
geometric model which it receives from a CAD system and it will return to the CAD 
system the geometric deviation of the real object from its design shape. 


3. Utilization of geometric modelling techniques 

In the subsequent paragraphs we will demonstrate that geometric information is an 
essential element in all phases of robotics applications. In most cases, geometry in 
robotics applications is not static as in conventional CAD; motion is involved, and the 
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resulting changes in the geometric model have to be dealt with. In particular we will 
consider: 

1. the design of robotics equipment 

2. the planning and analysis of remote handling operations 

3. the real-time simulation and visualization of motion 

4. the monitoring of robotics operations 

5. the measurement of three-dimensional objects 

6. the transfer of geometric models 


3.1 CAD system application for robotics design tasks 

The design of robotics equipment involves (in addition to all the other aspects which have 
to be considered in a design task) the investigation of the desired and allowable motion 
of the equipment in comparison with its capabilities. The design usually starts with the 
definition of the desired motion of the objects.that are to be handled and the consideration 
of the environment which may impose restrictions on such motion in order to avoid 
collisions (see Figure 4). 


3.2 Design and analysis of remofe handling equipment with CAD 

The design of remote handling equipment deeply interwoven with the analysis of its 
performance. Two important aspects are: 

1. Can all required operating positions be reached? 

2. Can all the operations be performed without collision? 

At KfK the design is normally performed with the CAD system Bravo3. This system 
allows for two-dimensional and three-dimensional design with wireframe, surface, and 
solid models. Reach analysis can be performed with a wireframe model, but for rigorous 
collision checking a solid model is required. Other model types (wireframe and surface 
models) permit collision checking only by visual means. With wireframe or surface 
models the user can merely select a number of suitable views, and when he sees 
clearances between the projections of the component outlines he can conclude that there 
is no interference. Solid models, however, allow to perform a Boolean operation to be 
performed on the parts whose potential collision is to be tested (intersection or 
difference). If the result of that operation is empty the test is passed successfully. 
Improved software may indicate the size and location of the minimal clearance when no 
interference exists. 


3.2.1 Kinematic simulation of object motion 

In a first step emphasis is on the design of the components that have to be handled 
remotely. Can all components of the total machine be assembled or disassembled without 
collision? At this stage the equipment which is to perform that motion is not yet 
considered. 

Kinematic simulation is not directly supported by Bravo3 while naturally the 
elementary operations "translate" and "rotate" are available. These inherent capabilities 
are sufficient to deal with static geometry but not for robotics. Hence, extensions of the 
built-in capabilities are required. The Bravo3 system provides programming languages 
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Figure 4. Simulation of object motion: Kinematic simulation of the removal of a divertor 
cassette from a fusion reactor. This is the wireframe display of the relevant section 
of a larger solid model. 

based on PL/1 (which are either interpreted or compiled) which allow extensions of the 
system functionality by the user. One of the extensions which KfK has developed for 
Bravo3 is BSIM [9]. BS1M adds to the CAD system a new data type called "path". The path 
is a sequence of positions and orientations (the combination of a position and an 
orientation is called "frame"). The user now has the possibility to 

• create and manipulate paths 

• attach objects to paths 

• move objects along the path 

• display the object in its environment along the path and perform collision checks 

• determine traces; 

traces are the curves along which certain selected points of the objects will move 
when the motion is performed. A sufficiently large set of traces defines the complete 
"corridor" of space that will covered by the object during motion. 

Figure 4 shows the application of BSIM for the removal of a divertor cassette from a 
fusion reactor. 


3.2.2 Kinematic simulation of equipment motion 

The next step in the analysis is the study whether the desired object paths are attainable 
with the envisaged equipment. The motion of robotics equipment is more difficult to 
perform than object motion because the kinematic coherence of the equipment must be 
maintained. Rotation of the first axis of the robot must cause all subsequent links in the 
kinematic chain to move consistently. 

In order to perform such simulations KfK has developed another extension to the 
Bravo3 system called ROBOT'[10]. ROBOT extends the CAD system data structure to 
include the topology of kinematic systems (including splitting of the kinematic graph 
which means that there may be more than one successor to one link in the chain). The 
user can 
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attach geometric models (wireframe or solid) to the links 
assign limits to the allowable range of motion for each joint 
select arbitrary axes to be moved and move them 

display the various configurations, determine whether the desired paths can be 
implemented in their entirety by continuous changes of the control variables of the 
axes, and perform collision checks. 


3.2.3 Dynamic simulation 

The motion analysis for robotic equipment starts with kinematics but also dynamic 
analyses (taking inertia into account) must be performed. At KfK this is done with the 
system ADAMS. A significant portion of the input to ADAMS can be derived directly from 
a solids model: geometry and inertial properties. Thus, solid modelling and the possibility 
to transfer solid modelling information into the simulation system are essential for 
effective performance of dynamics analyses. The results of these analyses do not 
normally feed back into the mechanical design but are used for control system 
development. 


3.3 Real-time simulation and programming 

Once the general feasibility of the robotics operations has been assessed in CAD, the 
subsequent steps in the development of a robotics system should not be performed in the 
CAD environment. The principal bottleneck in performing motion simulation in CAD 
systems lies in the data structures of the geometric models which must be effective with 
respect to design changes (changes of the model topology and geometry). Now we reach 
a stage where other types of geometric models are required. In CAD, geometry 
information is implemented in data structures that are optimized to accommodate design 
changes efficiently. Real-time simulation calls for data structures that are optimized for 
fast display with hidden surface techniques. Geometric changes involve the placement 
of objects but do not effect the shape of the objects nor their topology (except for binary 
changes which occur when a previously stationary object is picked up by the manipulator 
and now starts moving). 

KfK has developed such as system (GBSim, [8]) on a SiliconGraphics IRIS 3020 
workstation and is presently enhancing this approach with a new system (KISMET, [11]) 
on a SiliconGraphics 4D workstation. All geometric and kinematic data are input to the 
system via data files. Hence, the software is adapted to new application without 
reprogramming simply by providing new data files either by text-editing these files or 
(preferably) by supplying them in a neutral format from the data base of a CAD system. 

These systems may be used for several purposes in the programming of robotics 
operations: 

• detailed planning of the robotics operations (this is sometimes a trial-and-error 
approach when complicated operations must be performed in narrow space) 

• recording of the motion to be used as program for the control system (off-line 
teach-and-repeat) 

• training of the manual control ability of the remote handling operators. 

Motion programming with KISMET is supported by a special data type called frame 
(position and orientation). Frames can be associated with specific items (fixed or moving); 
their geometric definition is automatically recorded when the operator identifies such 
frames by by their name or by picking them interactively. 
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Figure 5. Graphical man-machine interface for JET in-torus handling: Real-time graphical 
displays of this kind are presently being used at the JET (Joint European Torus) 
establishment to monitor the operation of the articulated boom inside the vacuum 
vessel of the fusion machine. 

First steps in supporting sensor programming were done by visualizing the 
parameters (viewing pyramid) of a camera used for precise position measuring (see 
“Stereoscopic viewing with a vision system”). 

Figure 5 and Figure 6 show two typical displays from the screen of the KISMET 
system. 

A low-cost system with similar characteristics has been developed within the EMIR 
project. It is implemented in wireframe graphics on a PC and displays a simplified 
geometry in two projections (see Figure 7). The reduced capabilities (as compared to 
KISMET) are sufficient for this application. 

In both cases it is possible to store sequences of configurations which were identified 
as satisfactory during the simulation in a file. This file can then be sent to the robotics 
control system and used as a program for the robot motion. This method of programming 
a robot has been called ''off-line teaching" and represents an attractive alternative to the 
conventional teaching or the textual programming of robots. 
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Figure 6. Display of a robotic scenario copied from KISMET: The display of a remote 
assembly test-bed with an industrial robot ready to do dismantle a flange 
connection. The viewing pyramid of a camera is indicated. 

3.4 Monitoring of robotics operations 

A common characteristic of the above robotics applications is the complex geometry of 
the environment and the special kinematics of the manipulators. In many cases, not even 
TV cameras can provide the operator with the proper picture about the actual situation in 
which he has to monitor or to guide the operation of the robotic equipment. A real-time 
computer graphics display which is based on CAD-generated solid models is very helpful 
for this purpose. The model configuration is continuously updated by sensor signals (joint 
angles, assembly status). The synthetically generated view of the reality allows the 
operator to supervise the operations, to interrupt the process when required, and to 
escape to manual control when automatic procedures no longer apply. In addition to 
providing the realistic graphics display the geometric model can be utilized to perform 
on-line collision checking as a safety measure both during automatic and manual control 
operations. 
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The implementation of the KISMET [11] on a SiliconGraphics workstation allows to 
perform such real-time monitoring as well as the off-line simulation and programming 

(see “Real-time simulation and programming”). 

A special feature of KISMET is its hierarchical model structure. Different levels of 
details may be chosen by the user. On a coarse level a component may be characterized 
merely by its enveloping box. This box may be selectively replaced by more detained 
model representations. The advantage of providing such different levels of abstractions 

is: 


• the collision analysis algorithm can be speeded up, 

• the display process can be made more efficient, 

• the operator is not overloaded with details 

in those areas where coarse representations are sufficient. 

One general problem in using computer simulated scenarios is the checking of model 
consistency. For this purpose the possibility to overlay a computer-generated view over 
the actual video picture of a camera has been provided. The system user can thus easily 
check whether all important components in the model are present and at the 
(approximately) correct location. 
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3.5 Measuring three-dimensional objects 


3.5.1 CAD supported remotely controlled triangulation 

The use of triangulation techniques is well-established in the daily work of 
land-surveyors. Their principal tool, the theodolite, is increasingly being employed in 
industrial applications which call for high-precision measurement. The theodolite which 
is used for robotics applications requires digital read-out capability and digitally 
controllable motors. 

The remote surveying system GMS [12] developed by KfK utilizes one such theodolite 
that is equipped with a CCD camera. The video picture is displayed on a video screen. 
At first the operator has to aim at a number of reference points whose coordinates in 
world space are known. The theodolite position is then calculated from the sighting 
angles and the control computer will direct the theodolite axis automatically towards the 
points to be measured; the operator must merely correct any deviation of the actual point 
from its design position. Two angle values are then taken for each point. The same 
procedure is repeated from a different standpoint of the theodolite. The sighting angles 
of the measured points allow to determine the coordinates of these points. The remote 
measurement system is fed with all the geometric information about the reference points 
and the nominal coordinates of the measurement points from a CAD system via a 
standard IGES file. Similarly, the measured coordinates are returned via IGES to the CAD 
system where the actual point coordinates can be used for further geometric modelling 
work. 


3.5.2 Stereoscopic viewing with a vision system 

The CATROB system aims at the application of pre-programmed automatic handling 
routines in an environment that is well-known except for the position and orientation of 
the robot relative to the objects. This uncertainty is due to the large work volume and the 
need to transport the robot of long distances to its actual work place. The carrier system 
will introduce inaccuracies in relative positioning. Other inaccuracies stem from 
environmental effects like temperature, or strain, or radiation-induced creep. Deviations 
from nominal positions in the order of a few centimeters have to be expected and must 
be accounted for. The task is now to recognize objects in the work volume and to 
determine their position (in a coordinate system that is based in the robot). 

The method chosen utilizes a vision system (in the present implementation: a 
black-and-white system) for both the recognition and the measurement purposes [13]. To 
support this process the objects are marked with three white circles. A CCD camera is 
carried by the robot and aimed at the approximate target location from two directions. 
After recognition of the white marker circles in the two images a stereo matching and 
triangulation process produces all necessary data to adjust the robot control to the actual 
situation. Practical tests have indicated that the accuracy that is thus attained is excellent 
with respect to orientation but yet insufficient (in the order of a millimeter) to mate tool 
and object in an assembly operation. The final adjustment is made by providing tactile 
ability to the robot with an appropriate sensor. 


3.5.3 Rapid geometric modelling for the transportable system EMIR 

The principal difference between the application profile for EMIR and the other projects 
is that EMIR is intended to work in different environment typically every few days (in 
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extreme cases possibly in several different environments in a single day). It is, hence, 
important to minimize the time that is required to make EMIR ready for its mission. No 
time-consuming geometric modelling activities are acceptable [6]. Of course, if EMIR can 
be sent out on a mission with a geometric model in its data base that would be the 
optimal situation. At this time, the construction industry is not yet prepared to provide 
CAD models for that purpose, as CAD application has just about reached the stage of 
producing design drawings on a routine basis, but three-dimensional models are rarely 
found. As a consequence, any three-dimensional models that are to support the control 
system have to be made on the spot with a minimum amount of measurements. Among 
several other techniques that are being investigated the provision of a limited number of 
parametric models appears to be most promising. Such parametric models have been 
developed as rather simple approximations (boxes, and cylinders, e.g.) for objects like a 
house, a tree, a ceiling, a high-voltage line, and others. On the spot, the operator would 
invoke the appropriate parametric object models from a library, place them approximately 
in the work volume, and use one of several methods to to fill the parameters of these 
models with data: 

1. He may use the EMIR proper as a measurement tool. This is done by approaching the 
object with the tip of the manipulator arm: the coordinates of the end-position are 
used as model parameters. 

2. He may also use a theodolite (a cheaper version with manual actuation, but digital 
read-out) to perform a triangulation measurement of typical vertices of the object. 

3. He may obtain geometric data from a CAD system data base via a standard file format 
(see "Transfer of geometric models”) provided such a data base is available. 

4. Of course, he may also use conventional measuring techniques or read measures 
from existing design drawings. 


3.6 Transfer of geometric models 

Figure 8 shows the general flow of geometric model information in the previous chapters. 
Geometric modelling starts in the CAD system. However, if the modelling capabilities of 
the CAD system alone are not sufficient. Additional functionality must be provided. Once 
the geometric model is established to the extent that modifications become unlikely this 
model must be transferred into other systems. 


3.6.1 Wireframe geometry 

As far as wireframe geometry (points and lines) are sufficient to describe the essentials 
of the geometric model the popular IGES standard is the appropriate choice for model 
transfer [14], [15]. IGES is available on practically all CAD systems. The limited set of 
entities that is necessary to pass the measurement data from the CAD system to the 
measurement system and the measured point coordinates back to CAD does not present 
any problem. The only requirement is that IGES pre- and post-processors are developed 
for the measurement system for the required subset of IGES entities. 


3.6.2 Solids geometry 

Whenever the application involves collision analysis or realistic synthetic scene 
presentation it is necessary to provide solid models. Such models cannot be transferred 
with presently implemented standards. The upcoming version 2 of SET [16]. and the 
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Figure 8. Flow of geometry information in robotics applications 

international standard STEP [17] will cover solid models. At this time, the only operational 
specification and set of processors which allow solid model transfer has been developed 
within the framework of ESPRIT project 322, CAD-Interfaces, in short: CAD'I. Recent 
summaries on the achievements of this project are given in [18] and [19], The presently 
valid specification version 3.3 will be published soon. The prior version 3.2 [20] may be 
used as a reference. Figure 9 shows a solid model of a robot that was transferred 
between the solid modelling systems of Bravo3 and Euclid. 


4. Conclusion 

We have given a number of examples which demonstrate that geometric models play an 
important role in advanced robotics systems. In some applications the geometric 
information may be condensed into point and line data. This is the case whenever 
location and orientation of single objects are of primary concern while the shape of the 
objects is either less important or well-known (except for small deviations). When the 
shape of objects is a matter of concern the geometric models must have the quality of 
surface models (we have given no examples of this sort) or of solid models. Solid 
modelling is a prerequisite when either collision analysis must be performed or when a 
realistic display is required in simulation, programming, or monitoring applications. 
Geometric models appear in this context in two ways: 

1. geometric modelling techniques to a certain extent become inherent elements of the 
control and supervisory system of the robotic application; 









Figure 9. A three-dimensional model of an industrial robot which was transferred from 
one CAD system into another 

2. Geometric data represent an important type of data that flows into and out of robotic 
systems. Robotics is a special application domain that has an urgent need for 
standardization of information structures and protocols for geometric information. It 
is distinguished from other areas by the fact that kinematic constraints and motion 
are involved. 
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Abstract 

Experiences achieved through participation in industrial projects 
have pointed out the necessity of developing an adjacency analyser for 
building topology structures of sculptured surface geometries. The ad¬ 
jacency analyser enables efficient processing on assemblies of such ge¬ 
ometries, e.g. transfer of geometry data to finite element systems. The 
adjacency analyser utilize boundary representation (B-rep) to follow 
international standards, and B-spline based calculations to increase 
the stability. In this paper we will describe both the functionality of 
the adjacency analyser and applications where it is used. 


1 Why an Adjacency Analyser? 

Through advanced industrial projects, both with Norwegian and foreign com¬ 
panies, we have experienced that it is not sufficient for a application to handle 
only its ’’own” geometries. The ability to efficiently process geometries gen¬ 
erated on and transfered from other C AD-systems is vital in many industries. 

To transfer geometries between systems, standard formats like VDA-FS 
and IGES are usually used. One of the main deficiencies with the currently 
most used versions of these two formats (VDA-FS version 1.0 [1] and IGES 
version 3.0 [2] is that they are not capable of transferring topology infor¬ 
mation. The CAD-systems need this kind of information mainly for visual 
effects, e.g. to display trimmed surfaces and solids. In industry applica¬ 
tions, e.g. utilizing FEM-techniques, topology information is often essential 
to achieve an efficient processing. Different applications will be described in 
chapter 5. 

CAD-systems today very seldom have possibilites of building topology 
structures of transferred geometries. Usually the complete geometry has to 
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be remodelled, resulting in loss of time and the possibility of introducing 
errors. To avoid these problems, we have developed the adjacency analyser 
[3], described in chapter 3, whose task is to (re-)build the topology structure. 

The adjacency analyser works in environments where our B-spline tech¬ 
nology, described in chapter 2, constitutes the foundation. The analyser itself 
utilize B-spline based calculations, which are more stable numerically than 
power expansion based calculations. 

With this tool we can efficiently handle both our ”own” and transferred 
geometries, and we do not have to wait until new or improved transfer for¬ 
mats capable of handling topology information are well established and used 
by the industry. It should also be mentioned that we have experiences (with 
VDA-FS version 2.0) showing that even when such formats are used, nec¬ 
essary simplification and modification performed by the application on the 
transferred geometry make the topology information transferred partly use¬ 
less. By transferring topology information one may also inherit unnecessary 
structures from the sending system. 

2 The B-spline environment 

The main part of our R&D efforts are directed towards extending the func¬ 
tionality of our C and Fortran B-spline libraries [4j. The Fortran B-spline 
library constitutes the core of our APS Sculptured Surface Modeller. The 
B-spline based modeller containes several curve and surface definition meth¬ 
ods, along with many useful calculations and intersection algorithms (e.g. 
surface/surface intersection [5]). The software, both of the B-spline libraries 
and the modeller, is modular and easy to implement in different applications. 

Almost all our B-spline based algorithms, also the adjacency analyser, 
work both in the parameter space and the 3D Euclidean space. The trans¬ 
formation from one space to the other is taken care of by the B- spline 
mathematical description used. Generally a curve in the parameter plane 
of a surface will be depicted as a curve on the surface in 3D space. More 
important in this context is that one (part of a) boarderline of the parameter 
plane of a surface, will be depicted as one (part of a) boarderedge of the 
surface in 3D space. The 4 boarderlines of the parameter plane are denoted 
standard edge 1, 2, 3 and 4 depending on their position relatively to the 
parameterization. This is illustrated in figure 1. 

3 The Adjaceny Analyser 

The main task of the adjacency analyser is to build the topology structure of 
an assembly of surface geometries. This structure is primarily stored in an 
incore table (optionally on an ASCII file). Some of the applications needing 



421 



SE3 



Figure 1: The definition of the standard edges. In this particular case the 
third standard edge is degenerated. 

the topology-information directly access this table (or file). Other applica¬ 
tions require that the topology information is stored permanently in a data 
structure, e.g. the APS-SS/COMPAC integrated data structure, described 
in chapter 4. Special computer programs doing this are developed [7]. 

3.1 Functionality 

The adjacency analyser, schematically illustrated in figure 2, consists of 4 
levels, each defining a stand-alone program module. At the top level (level 
4) the database is accessed to fetch the surface geometries. At level 3 two 
surface geometries are input. One of them is broken up into 4 boarder edges. 
At the next lower level (level 2) one curve and one surface geometry is input. 
Also this surface is broken up into 4 boarder edges. At the basic level (level 
1) two curve geometries are input, and the possible common interval between 
the two curves is decided. This information is passed up to the top level, 
where the information is assembled. 


Geometry resolution 

The geometry resolution factor is the crucial parameter value when com¬ 
mon intervals shall be detected. This value decide when two points shall be 
regarded as the same point, and its size is related to the global coordinate 
system. The parameter value is primarily decided by the size of the geome- 
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Figure 2: The adjacency analyser is schematically illustrated. The most 
important modules of each level are shown. 

tries, however the user will have the possibility of specifying a maximum 
value. 


Geometry type 

At the top of levels 2 and 3 the two input geometries are classified as one 
of the following types: open, degenerated or closed. What classification a 
certain geometry get is to some extent decided by the geometry resolution. 


Box test 

At the levels 2, 3 and 4 box-tests are used to ensure that only geometries 
that may result in a common interval are compared. The boxes that are 
generated should completly surround the geometry (curve or surface) , and 
have a minimum volum. The edges of the box will be parallel to the x-, y- 
and z-axes of the global coordinate system. To achieve this, one of the qual¬ 
ities of the B-spline definition is used. Both B-spline curves and surfaces are 
defined by control points and knots. The control points span the convex hull 
of the geometry, and by using these the box defined will completly surround 
the geometry. The box-test consists of checking if two boxes are overlapping 


423 


in either x, y or z direction of the global coordinate system. 


Comer test 

The corner test is performed at level 2 and 3 when the two input geome¬ 
tries are defined open. The coordinates of the corners of the geometries 
are extracted, and a check for common corners is done. If two acceptable 
common corners are found, a common interval is proposed. The criteria for 
common corners is the geometry resolution. 

This test functions as an accelerator in the adjacency analyser, since com¬ 
mon corners of geometries is relativly frequent and this test is very fast. 


Test on common interval of open geometries 

The test for common interval of open geometries is also performed at both 
level 2 and 3. Given open geometries as input, only one common interval 
is possible. To be able to state this, one of the restrictions given in chapter 
3.3 should be known. The restriction is that open geometries can only have 
one common interval along one curve/surface-edge. When this restriction is 
known, the rest is only a simple geometrical consideration. Therefore this 
test search for the first possible common interval, and then terminates fur¬ 
ther searching. The common interval check is performed by the curve/curve 
test at level 1. 

Also this test functions as an accelerator compared to the most general 
method of finding common intervals, namely the building of configuration 
tables. 


Configuration tables 

If neither the corner-test nor the test on open geometries have found a com¬ 
mon interval, which is a rather rare situation, the test building configuration 
tables is used. In figure 3 an example of a configuration consisting of two 
degenerated surfaces is given. It is easy to see that the possibilities of getting 
more than one common interval is quite large when curves and/or surfaces 
axe degenerated or closed. It is not trivial to decide which interval is the 
best. Therefore configuration tables are used. There are two configuration 
tables. One for curve/curve configurations and one for curve/surface config¬ 
urations. The most important information of both configuration tables is of 
what type the curve/surface-edge is (i.e. open, closed or degenerated). In 
the curve/curve configuration table also parameter-pair values that define 
the common interval are necessary to establish the ”best” configuration. 
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Figure 3: In this example the building of configuration tables results in five 
possible common intervals, i.e. intervals with at least two common points, 
between the two degenerated surfaces. (SE21 SE12, SE31 4=> SE12, 

SE31 SE22, SE31 SE 42 and SE41 & SE12.) The common interval 
SE31 SE12 is chosen. 


Curve/curve test 

The principle of the curve/curve-test, which is the basic algorithm of the 
adjacency analyser, is very simple. The start- and end-points of each of 
the two curves are extracted, and the closest point(s) on the neighbouring 
curve are found by a B-spline based ’’closest point”-algorithm. If the points 
detected lie within the geometry resolution, the current pair of points are 
identified as common points. A possible common interval is usually defined 
by 2 or 3 common points. The maximum number of common points axe 
4. The possibility of having 4 common points will be the case of common 
comers. This situation is always detected by the corner-test. If the common 
interval is defined by one common corner, the number of common points will 
be 3. Two common points will occur when there is no common corners. This 
situation is illustrated in figure 4. 
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Figure 4: An example of a common interval between to surfaces with no 
common comers, and thus two common points. 

Test on complete common interval 

If a common interval is proposed, the test for a complete common inter¬ 
val is performed. The test is marching along the interval of the two curves. 
At each step it tests that the curve tangents is not differing more than a 
certain angular tolerance and that the distance between the two curves is no 
more than the geometry resolution. If this check is positive, the proposed 
common interval is accepted. 

3,2 Performance 

The use of configuration-tables makes the analyser robust, but slow down 
the performance. The majority of the tests are between two open geometries, 
thus the adjaceny analyser is capable of detecting these trivial cases. When 
a trivial case occurs, the corner test and/or the test on open geometries, 
hereafter called the accelerators, is performed. 

With the box-tests and the accelerators the adjacency analyser is a com¬ 
puter program with reasonably good performance. It is part of several in¬ 
teractive applications. On a MicroVaxII (4 Mbyte memory) it takes approx¬ 
imately 5-20 CPU-minutes to build the topology structure of a geometry 
model consisting of approximately 100 B-spline surfaces of orders in the in¬ 
terval between 4 to 10. How much CPU-time used is decided by several 
factors. The two main factors are the geometrical complexity and the math¬ 
ematical complexity . 
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The geometrical complexity 

The geometrical complexity is decided by the number of surfaces, the number 
of trivial (i.e. open) geometries and the relative positioning of the surfaces. 
Some of the most important factors the geometrical complexity will influ¬ 
ence is the number of box-tests (iV 6 ), the number of "closest point”-tests 
(jV c ), the number of database accesses ( N d ) and the number of extractions 
of curve geometries of the boarder-edges of each surface (A^). 

Suppose that the number of surfaces is (n), that there are no trival cases 
(i.e. no use of accelerators) and that the configuration is as illustrated in 
figure 5. The condition that there are no trivial cases is only imposed to get 
an upper limit of the respective numbers. With the conditions stated, the 
upper limit of 7V&, iV c , Nd and N e will be: 


N h = f • (n - 1) + (2y/n - 1) • (2y^ - 2) • 16 


N c = (2v^ - 1) • (2 y/n - 2) • 22 

JV* = !•(«-!) 


N e = An • (n — 1) 


These expressions are simple to deduce from the fact that each surface has to 
be tested for overlap against all the other surfaces, and from the symmetry 
of figure 5. 


The mathematical complexity 

The mathematical complexity is mainly decided by the orders of the geome¬ 
tries and, to some extent, the number of control points. The mathematical 
complexity will influence the computing-time of all the B-spline based calcu¬ 
lations, and in particular of the ’’closest point”-algorithm. 


Further improvments of the performance 

The geometries that are processed by the adjacency analyser are frequently 
of orders in the interval from 4 to 10, and even higher. The B-spline based 
calculations will very often have a performance inverse proportional to the 
square of the order. This implies that the performance of the adjacency 
analyser very much depends on these orders. At the moment no data or 
order reduction algorithms of our B-spline libraries are implemented in the 
adjacency analyser. If the order reduction algorithm [6] was implemented, 



Surface / surface overlap 


Figure 5: A schematic illustration of a symmetric arrangement of surfaces. 
It seems like this relative positioning of surfaces gives the highest number of 
surface/surface overlaps . 


all geometries could be reduced to e.g. order 4. In most cases this would not 
result in any visble changes in the shape of the geometries. This would result 
in a strong improvment of the performance. Additional improvments could 
be achieved by implementing the data reduction algorithm [6]. 


3*3 Restrictions 

The restrictions of the adjacency analyser are partly caused by the per¬ 
formance requirements, and partly by the fact that it should handle non 
trimmed surfaces only. If an incomplete boundary topology structure is built, 
this usually will be caused by the geometry being processed contain trimmed 
surfaces. Another reason for incompleteness is geometrical inaccuracies and 
overlaps between surfaces greater than the geometry resolution. Very seldom 
it is due to numerical errors in the calculations of the adjacency analyser. 

The adjacency analyser is only capable of detecting one common interval 
along one standard edge of each surface. This restriction is imposed from 
performance reasons and from the fact that in our industrial applications the 
geometries usually show this behaviour. To enable the adjacency analyser 
of detecting several common intervals along several of the standard edges of 
each surface is straight forward, but will influence the performance. 
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3.4 Challenges 

The main challenge of the future will be to extend the functionality of the 
analyser, making it capable also of building boundary representation topology 
with trimmed patches . 

4 Building the topology structures of the 
APS-SS/COMPAC database 

Some applications requires that the topology information is stored perma¬ 
nently in ordinary data structures. The applications we have developed that 
have these demands use the APS-SS/COMPAC integrated data structure. 
It has thus been necessary to develop computer programs that converts the 
topology information generated by the adjacency analyser to fit the format 
of the data structure of the APS-SS/COMPAC database [7]. This conversion 
implies that all the necessary geometrical entities (surface, curve and point) 
are established (see the leftmost illustration in figure 6.) Then the topological 
entities (surface/topological curve relation, toplogical curve and topological 
curve/point relation) corresponding to common intervals between surfaces 
are established. Finally an analysis module will detect the ” missing” topol¬ 
ogy and build that into the data structure. This structure is fully capable of 
representing trimming information. 

The rightmost illustration in figure 6 show the data structure of the 13- 
REP entity as it is defined in the CAD*I project [8]. By comparing the two 
data structures it is obvious that they have a strong resemblance and that a 
conversion between the two structures is straight forward. 

5 Usage of the Adjacency Analyser 

As previously stated, many industrial applications based on transfer of ge¬ 
ometries from other CAD-systems need topology information to achieve an 
effective processing. At SI several such applications, where our B-spline 
technology constitutes the foundation, have been/are developed. Examples 
of some of these applications will be given here. These examples are illus¬ 
trated in figure 7. The geometry used, shown in the upper, left picture, is 
modelled on the APS-SS modeller and consists of 5 surfaces. The geometry 
represents a part of the interior of a VOLVO truck. 


Conversion of geometry models to FEM models 

At SI computer programs has been developed that convert pure geomet- 
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Figure 6: The illustration shows (a) the APS-SS/COMPAC integrated datas- 
tructure , and (b) the datastructure of the B-REP entity. 



Figure 7: These pictures show different applications that utilize topological 
infoi'mation generated by the adjacency analyser. 
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ric models to ”Finite Element” models. These programs need the topology 
information generated by the adjacency analyser primarily to be able to pro¬ 
duce one, continous FEM model from an assembly of surfaces. 

One of these programs, the VDA/Moldflow-interface, is markeded in 
central parts of Europe by the Moldflow-companys office in West-Germany 
(Moldflow is a ’’finite element”-based system that simulates the flow of melted 
plastics into the ejection-mold.) The upper, middle picture (figure 7) shows 
the geometry after it has been transferred to the Moldflow system and the 
pre-processor has generated the Finite Element Mesh. In the upper, right 
picture (figure 7) the analysis has been performed and the result is displayed 
by the systems post-processor. 


Visual effects 

To achieve realistic display of both surface and solid geometries, topological 
information is important. In the lower, left picture (figure 7) the topology 
information has been used to achieve that the shaded image of the geometry 
looks nice and continous along the boarders between the surfaces. 


Generation of NC-machining code 

Computer programs that generate NC-machining code frequently need topol¬ 
ogy information. In the lower, middle picture (figure 7) is shown the NC- 
paths needed to mill the part. The NC-program used the topology infor¬ 
mation generated by the adjacency analyser to have an efficient generation 
of these paths. An example of the milled part is shown in the lower, right 
picture (figure 7). 


Simulation, optimization and generation of robot paths 

Applications that simulate, optimize and generate robot paths needs topol¬ 
ogy structures as well. Typical examples of this is spray painting applications 
in the automotive industry. 

Within this area we cooperate with 1PK (Berlin) in a project that has as 
a goal to develope a system that simulates the spray-painting process, and 
after simulation generates the optimized path of the spray-painting robot. 
This is an application where the topology information is built into the APS- 
SS/COMPAC integrated data structure. 
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Simplification of geometries 

The need of topology information exists also in applications that perform 
simplification of geometries. This simplification is not primarily datareduc- 
tion, but rather a reduction of the number of separate mathematical entities 
that describes a geometry. SI ha s developed two such methods. The first 
method imply a mathematical joining of surfaces. Topology information is 
needed to decide which surfaces that have a complete common interval. They 
that have, may be joined. The other method is called mapping of surfaces. 
A group of surfaces are mapped onto a grid that extends over the whole 
geometry. The grid-points constitutes a nxm matrix, and a new surface is 
generated, interpolating the matrix-points. Topology-information may be 
needed to establish the boarder edge of the mapped surface. 


Other possible applications 

Examples of other applications that may need the topology information gen¬ 
erated by the adjacency analyser are: quality control systems, automatic 
digitaizing systems, etc. 


6 Conclusion 

We do not believe that the adjacency analyser could replace any of the func¬ 
tions of existing standard transfer formats. On the other hand we know 
that it is an important supplement to them, even when the formats can 
handle topology information. First of all there will always be a number of 
systems not capable of building topology. Secondly, experiences show that 
pre- and post-processors of different formats often have bugs. Finally, some 
applications can find that the topology structures transferred are partly use¬ 
less because of necessary simplifications and modifications performed by the 
application on the transferred geometry. 
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Abstract 

The question we are going to investigate is how to map solid representations to DB structures 
and how to process this information efficiently. Starting from analytical representations based 
on analytical methods we discuss the use of constructive solid geometry and boundary represen¬ 
tation models with various refinements. Furthermore, additional submodels (organizational, tech¬ 
nological, physical) are considered in order to obtain an overall product model. This model repre¬ 
senting al) important aspects of a complex design object may serve to derive special object repre¬ 
sentations needed by existing engineering tools or by mathematical methods (e.g. finite 
elements). 

Today's DBMS are unable to meet the increasing requirements of engineering applications that 
would prefer to use a DBMS. To alter this situation, a new generation of DBMS architectures tai¬ 
lored to the demands of such enhanced applications have to be developed. As a consequence, 
the flexibility and expressiveness of data models as well as the handling of application objects 
must be greatly improved before interactive design work can be supported. We outline our data 
model concepts and architectural decisions to provide effective data management support. Our 
DBMS architecture consists of a neutral kernel part running on a server machine and an applica¬ 
tion layer tailored to solid modeling tasks which together with the application, i.e. the solid model¬ 
er is allocated to the workstation . 


1. Benefits of data-driven CAD integration 

During the past decade, a large number of CAD programs was developed, each serving a specif¬ 
ic task in a complex engineering environment. Data management and consistency requirements 
were handled by the individual programs thereby providing efficient solutions tailored to the par¬ 
ticular needs. As a consequence, this approach has led to systems where program and data struc¬ 
tures are intrinsically combined and where integrity constraints are directly incorporated in the 
program code. 

Currently, many research efforts are directed towards the design of integrated engineering sys¬ 
tems to avoid the drawbacks of disharmonizing CAD tools put together in a practical applica¬ 
tion. Integration of existing isolated solutions, however, is very difficult or even impossible; 
hence, more general ways have to be investigated. One promising approach is the integration of 
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all tools and tasks via the underlying data structures. The key idea requires a unique and non- 
ISdunflgnt representation of each object under consideration to allow for consistent and uniform 
object handling. Since multiple tools (or applications) refer to the same objects, manipulation of 
them has to be controlled to prevent inconsistencies. Therefore, all data management functions 
must be removed from the individual CAD tools: a database management system (DBMS) pro¬ 
vides access to all objects in a standardized manner. Of course, the representation of these 
objects is critical for the capability to integrate new tools as well as for the overall system perfor¬ 
mance. 

The object representation should not be biased towards specific application requirements; it 
rather should be neutral to meet the modeling needs of different applications equally well. Other¬ 
wise, some tools are favoured at the expense of others. On the other hand, performance restric¬ 
tions may be satisfied for a tool refering to a fitting' representation whereas an oblique object 
representation would cause a high run-time penalty for another tool. For similar reasons, gH (or 
at least many) aspects of such objects have to be represented. Furthermore, these objects must 
be described explicitly . This information concerning the types and relationships of all design 
objects is kept in the DB schema. To preserve consistency in a multiple CAD tool environment, it 
is strictly necessary to make all integrity constraints visible to these programs. Therefore, they 
have to be specified by some formal language and added to the object descriptions. The DB 
schema then contains all unique (and, as far as the DBMS view is concerned, complete) object 
descriptions. It is obligatory for all CAD tools to use only the schema information for object 
manipulation, and the DBMS's task is to guarantee the corresponding assertions. 

After these general representation requirements of integrated information systems we briefly dis¬ 
cuss those more specific to integrated engineering systems. In the database field, engineering 
objects are called complex objects: they exhibit an internal structure, may have additive or com¬ 
plementary object descriptions, and require complex integrity constraints to specify semantic 
aspects of the corresponding real world entity. Furthermore, they embody behavioral properties 
from an application point of view. For example, a solid has an inner structure obtained by the 
aggregation of subsolids as well as a surface. To automatically control certain space relationships, 
appropriate integrity constraints have to be specified. If the solid represents a screw, an opera¬ 
tion 'twist' may be associated with it. Since such object properties are similar in all engineering 
application domains (e.g. CAD/CAM), the notion of a complex object allows for their integration 
in a natural way. In practical design work, various relationships spanning application domains 
have to be utilized in any case. For example, design steps are tightly connected with manufactur¬ 
ing steps in the sense that a workpiece under design has to be frequently controlled to see 
whether it can be manufactured (using the existing machines and the standard parts available) 
and whether it meets the specific restrictions of the manufacturer. 

Long-term integration requirements may not be limited to the design and production of objects. 
If we attempt to integrate the business-oriented information of an enterprise, we reach the 
starting point of a vision called CIM. Although such a concept requires business, manufacturing, 
and design information, it is quite natural to view this as different aspects and complementary 
descriptions of complex objects and hence, to use it for a data-driven system integration. 

In this paper, we derive and motivate step by step information structures for integrated CAD 
tools. A particulary challenging application area is solid modeling for the construction of work- 
pieces. 
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2. Information Modeling and Data Modeling 

After having addressed the benefits of data driven CAD integration, we would now like to dis¬ 
cuss now how to achieve such an integrated solution. In general, there are four steps towards a 
domain spanning tool connection via data integration: 

• Firstly, one has to make explicit the prevailing information structure in each application domain 
and in ail relevant branches of each domain. In our case, the domains coincide with CAD, 
CAM, CAP, etc. and the branches (e.g. in the CAD environment) correspond to the fields of 
construction, drawing, visualization as well as to calculation (e.g. finite element method, etc.). 

• Secondly, all these information structures have to be integrated, that is, redundant informa¬ 
tion must be eliminated or must be described in an explicit way. In addition, the relationships 
among the respective application domains and/or the branches have to be realized. On doing 
this, one obtains the domain spanning information structure which determines the starting 
point for the next step. 

• Thirdly, the delivered information structure has to be mapped onto an appropriate data struc¬ 
ture, the so-called database schema. 

• In the fourth step, finally, one has to encode application algorithms, which work on this cen¬ 
tralized database schema, thereby using the functionalism of the DBMS at hand. 

The expected difficulty concerned with step one and two lies mainly on the application side: a 
deep knowledge in each application domain is required in order to find out and formalize the rele¬ 
vant information. On the other hand, steps three and four determine the problems on the data 
management side. Indeed, adequate data modeling and effective data processing constitute the 
most severe challenges for DB research in this area. 

In the following, we would like to explain some examples in the environment of solid modeling. 
We are going to introduce information structures for a number of solid representation schemes. 
These information structures are illustrated using the well known Entity/Relationship diagrams 
(ER-diagram) [1]. In the second part, we will outline an integrated information structure, which 
constitutes the base of a domain spanning representation of design objects. Finally, we will 
emphasize some problems in modeling and processing the derived data structures based on con¬ 
ventional data models, and we will formulate several requirements for more adequate DBMS sup¬ 
port. 

2.1 Information Structures for Solid Modeling Schemes 

There is a number of conceivable methods for the representation of 3-dimensional objects [2, 3]. 
Table 1 shows some of the most important ones. According to the actual point of view, each of 
these solid representation schemes has various advantages or disadvantages. For example, if 
one wish to calculate common solid properties like volume or center of gravity, you will need oth¬ 
er information as in the case of solid visualization or generation of 2-dimensional drawings. In 
the following, we wish to look at some solid modeling schemes and their inherent information 
structures. 
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pure primitive instancing / parameterized solid representation 

analytical & semi-analytical representation methods (algebraical based / free formed solids) 
cell decomposition / cell enumeration (oct tree representation / grid methods) 
boundary solid representation (including several surface and curve representation schemes) 
constructive solid geometry 

Table 1: Some of the most important solid representation schemes 


Pure Primitive Instancing 


The first example of solid representation we wish to explain in more detail is called pure primitive 
instancing. A solid is described by its type and by a list of parameters. Each type is associated 
with a particular procedure, which is able to interpret the corresponding parameters, and evalu¬ 
ate some of the above mentioned common properties as well as the 2-dimensional image of the 
type's instanciation. Since these procedures encapsulate the whole information about the corre¬ 
sponding solids, this representation scheme is rather inflexible, although the variation of parame¬ 
ters is allowed. This variation results in similar solids that only have the same complexity, where¬ 
as the modeling of more complex solids requires the programming of more complex procedures. 
Of course, these may use more simple ones, but this fact cannot be explicitly reflected in the 
information structure. Fig. la shows the related ER-diagram, which bears the information about 
type definition and parameterization. The procedural information is suggested by the doted cloud 
associated to the solid type entity. In addition, Fig. 1b illustrates an example of an parameterized 
workpiece. 




a) information structure 


b) an example 


Fig. 1: Pure primitive instancing 

Analytlcal/Seml-Analytlcal Representation Methods 

As the next example, we are going to look at the analytical/semi-analytica! representation meth¬ 
ods, which determine the points that belong to a particular solid by a set of alge¬ 
braical/geometrical coefficients. The semi-analytical methods provide the division of a given solid 
into subsolids that can be represented in an analytical way. Examples are Bezier or B-spline 
solids that are represented by a set of tricubic, analytically described solids. In this case, the char- 
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acteristic coefficients are given by so-called control points. The computation scheme of the ana¬ 
lytical representation methods plays a similar role to the procedures in the case of pure primitive 
instancing. In comparison to this approach, the analytical representation method is more formal, 
that means, the computation scheme is not encoded as a procedure that is written in a conven¬ 
tional programming language, but it Is described as a set of parametrical matrices. The parameters 
for matrix generation are determined by the algebraical/geometrical coefficients (e.g. control 
points). The derived matrix defines some kind of enumeration of all solid points: multiplying the 
matrix with a three-valued vector whose components vary in a fixed interval, you can evaluate 
successively all desired solid points. 

The modeling of solids is enabled by the modification of control points. However, the generation 
of more complex solids using more simple ones is not reflected immediately in the representation 
scheme. The corresponding ER-diagram is sketched in Fig. 2. The neighbourhood relationship 
represents the topology among control points (cf. the example in Fig. 2), which plays a relevant 
role for the matrix evaluation. 



a) information structure b) an examp | e 


Bcl2: Semianalytical representation method using control points 

Boundary Representation Scheme 

An other example of a commonly used solid representation scheme is called boundary representa¬ 
tion (BREP). The description of a solid is determined by its boundary faces. These have to be 
described by their surrounding edges, and the edges, finally, can be represented by their defining 
vertexes. This topological representation hierarchy is associated with a geometrical representa¬ 
tion part. So, each face is related to surface information that may be represented via a surface 
representation schema. Similar to the solid representation scheme, several methods for surface 
representation exist such as analytical methods and parameterized surface prototyping, etc. 
Accordingly, the geometrical part related to edges Is organized as a curve representation 
scheme. Finally, the vertexes are associated to the points that are represented by their coordi¬ 
nates. 

The BREP information structure is often enriched by additional information in order to simplify 
the operations that work on the BREP scheme. The extension commonly concerns the con¬ 
text/neighbourhood information of geometrical objects. The loop information gives an important 
example: the inside of a particular face is defined by the orientation of its surrounding edges (the 
face’s inside is to be on the right side of the related edges (cf. Fig. 3)). In the same way, the ori- 
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entation of a face (represented by the direction of a normal vector e.g.) can indicate the insid8 
of the addressed solid. 


solid 


face | 

> n 

m 


- (surface representation) 


edge | - (edge representation) 


vertex 


- (point representation) 


a) information structure 



edge orientation 


face orientation 


b) making plausible the 
additional information 


FUUSj Boundary Representation Scheme (BREP) 

The modeling of solids (represented by its boundary) is achieved by the modification of the basic 
elements: points/vertexes, curves/edges, and surfaces/faces. This fact introduces some prob¬ 
lems, because the modification of a single basic element may result in an inconsistent solid repre¬ 
sentation (e.g. hanging points, curves, or surfaces). So, a couple of basic manipulations is 
required to transform a consistent BREP into another consistent one. But, this fact cannot be 
regarded by the BREP information structure. Similarly, constructive issues like the successive 
generation of a solid using less complex ones, are not directly reflected. On the other hand, the 
BREP scheme seems to be a rather expressive solid representation method, because it offers 
the capability of a heterogeneous surface representation. For this reason, all solids that consist 
of representable surfaces are representable as well. 

Restricting the class of representable solids to the polygonal solids yields the simplest case of 
BREP, and with this, you simplify the related operational efforts significantly. The curves are 
defined to be straight lines, and the surfaces are planar and bounded by a list of straight lines. 
So, all the geometrical information may be encapsulated by the points. Fig. 3 shows the ER-dia- 
gram for this simple case, and it illustrates the semantics of the scheme extensions which are out¬ 
lined above. 

Constructive Solid Geometry 

Constructive solid geometry (CSG) marks the key towards more constructive aspects in solid 
representation. The CSG scheme is organized as a tree, the CSG tree. The nodes of this tree 
coincide with operations chosen from a couple of so-called regular operations (e.g. union, inter¬ 
section, difference, translation, rotation ,as well as scaling). The leaf nodes correspond to primi¬ 
tive solid elements chosen from a set of elementary solids (e.g. tetrahedron, cube, cylinder, etc.). 
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The expressiveness of the CSG scheme depends extremely on the variety of this set. By only 
using a cube, it results in a quite limited class of representable solids. The ER-diagram of the CSG 
scheme is shown in Fig. 4. 

In order to visualize a particular solid or to calculate some geometrical properties, an evaluation 
process must be performed. This process has often a recursive nature, that is, the property of a 
particular solid (represented by a CSG tree) can be evaluated easily if the properties of all subor¬ 
dinate solids (represented by their corresponding CSG subtrees) have already been evaluated. 

The modeling of CSG solids is achieved easily by extensions to the corresponding CSG tree, i.e. 
by simple tree operations. So, the modification facility is restricted to the regular CSG opera¬ 
tions, which are defined to be consistent and which result in consistent solid representations. 
Therefore, starting with a set of consistent elementary solids, each CSG tree represents a real 
and consistent solid. 



a) information structure b) an example 


Fia. 4: Constructive Solid Geometry (CSG) 

From our point of view, the solid's geometry does not constitute the most important issue in the 
CSG representation, but the solid’s construction does. The CSG tree embodies the path of con¬ 
struction, i.e. the way in which the solid may be generated using the elementary solids. For this 
reason, a CSG tree is often called a structure tree, too. The constructual information seems to be 
rather suitable for the derivation of structural properties such as the usage of parts in other 
parts (i.e. some kind of mechanical assembly or bill of material), and the connection with physical 
or technological information such as issues involving manufacture etc. For example, the subtrac¬ 
tion of a particular cylinder can be associated with a real manufactural step (drilling operation) in 
the CAM environment. Therefore, the CSG representation scheme offers a useful gateway to 
other domains allowing an easy domain integration [4). 

2.2 Integration of Several Solid Modeling Aspects 

One of the most important motivations which induced us to think about integration in solid mod¬ 
eling is the concept of an overall and domain spanning model that includes all the heterogeneous 
aspects which will occur during construction and production of complex design objects. Com- 
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monly, this concept is embodied by the term 'product model'. Fig. 5 Illustrates a conceivable 
product model comprising the information outlined in 2.1. The overall model is divided into sever¬ 
al submodels (physical, geometrical, structural, and technological model). The structural and the 
geometrical part refer to the different principles of the different solid representation schemes 
(e.g. type-definition/instancation, parameterization, geometry vs. topology, constructive repre¬ 
sentation, etc.). 

The structural model is refined by a combination of pure primitive instancing and CSG representa¬ 
tion. So, we have solid types and formal parameters which are related to solid instances and 
actual parameters. The relationship between types and instances are determined by the terms 
instantiation’ and ’construction', i.e. they reflect the creation of new instances of a given type, 
and the generation/definition of a new type using multiple subordinated instances. The relation¬ 
ship between solid instances allows for the CSG-oriented representation bearing the actual CSG 
operations. Since multiple solid instances of the same type may have the same geometry, the sol¬ 
id type entity is related to the geometrical information. 



CSG-like operations 


EkL_5: A domain spanning information structure 

The geometrical model is proposed to be boundary based, because the BREP scheme offers a 
great variety for the description of geometrical aspects. However, since we have an explicit rela¬ 
tionship between the structure and the geometry of a solid, the actual kind of geometrical repre¬ 
sentation does not influence the structural issues. The equivalent among different representa¬ 
tions of a single geometrical object may be described explicitly via a unique structural entity solid 
type. Combining different geometrical representations to the same solid type presents the 
opportunity to maintain alternative geometrical representations for special purposes (e.g. oct- 
tree, or grid representation for finite element calculations). 

A profitable linkage to the technological model should be based on a connection to the struc¬ 
tured model using the solid type information. As already mentioned above, the CSG oriented sol- 
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id representation allows the association with manufactural processes. Furthermore, this seems 
to be a good starting point for feature-based construction concepts that combine design and 
manufactural issues for manufacturing puiposes [4], 


2.3 Aspects of Data Modeling and Data Processing 

At the beginning of this chapter, we have outlined four steps towards data driven tool integra¬ 
tion. Having applied step one (i.e. explicit description of the prevailing information) and step 
two (i.e. integration and embedding Into a domain spanning information structure) to the area of 
solid modeling, now we would like to consider a conceivable realization of the steps three and 
four. 


The mapping of the given information structure onto a data structure capturing the same infor¬ 
mation may be carried out in an automatic/semi-automatic way. Using, for example, the well 
known relational data model to describe the desired data structures, one can perform a simple 
transformation: 


• Map the entities onto relations: take over the entity information by defining corresponding 
relational attributes; determine one attribute or a couple of attributes as primary key, or intro¬ 
duce a special identifier attribute. 

• Map the complex relationships (of type n:m) onto relations, whose primary key is composed 
of the primary keys of both participating relations. 

• Map the other relationships (of type 1:n or 1:1) onto a key/foreign-key association. These con¬ 
nections are realized by introducing the primary key of one relation as one attribute (in the 
sense as a foreign key) in the other relation. 


Applying this procedure to the ER diagram of the simple BREP scheme (cf. Fig. 3), we will get 
the relational database schema shown in Fig. 6. Investigating the database schema in a little bit 
more detail reveals some initial problems. In order to identify the tuples, several relations have 
been extended by additional identifier attributes, since the remaining attributes do not Identify a 
tuple. For example, the tuple of the vertex/point relation are not identified by their coordinates 
(multiple tuples with the same coordinates in the BREP of different solids could exist). The identi¬ 
fier attributes which have been introduced must be handled explicitly by the application program 
or the user himself. This may be quite troublesome because of the great number of tuples. 


Solid 

Face/Surface 

FEconnection 

Edge/Curve 

EVconnection 

Vertex/Point 


(solid id ....) 

(face id. solidjd, normal x, normal y, normal z,...) 
(face id. edge id. orientation) 

(edge id ....) 

(edge id. vertex id. position) 

(vertex id. coord x, coord y, coord z,...) 


Fig. 6: Relational DB-schema for the polygonal BREP scheme 

A further, more important problem concerns the application algorithms that are to work on the 
centralized database using the access functions of a DBMS. These algorithms often require a 
great number of mutual related tuples of various relations. In modeling a CSG representation, for 
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example, an application algorithm for solid visualization uses the CSG tree (i.e. a recursive struc¬ 
ture) as a whole. In the same way, a BREP modeling algorithm may need all the information 
about a particular face (i.e. a network-like structure containing the face/surface tuple, all the relat¬ 
ed edge/curve tuples as well as the associated vertex/point tuples) in order to perform a test 
operation that examines whether or not a given point lies in a face. In other words, the unit of 
data that is used by an application algorithm during a unit of processing is commonly heteroge¬ 
neous and complexly structured. However, such a unit of data cannot be defined and cannot be 
handled as a whole by means of the relational data model (as well as any other conventional 
one). 

SELECT ALL 

FROM Face/Surface, Edge/Curve, Vertex/Point 

WHERE Face/Surface.facejd = 4711 AND 

FEconnection.faceJd = Face/Surface.facejd AND 
Edge/Curve.edgejd = FEconnection.edgeJd AND 
EVconnection.edgeJd = Edge/Curve.edgejd AND 
Vertex/Point.vertexjd = EVconnection.vertexJd 

a) sample query 


t 0 mp_relation 

(faceJd,normal x, normal y,normal z,. 

. .orientation,ecfgejd,.. 

,position,vertexJd.ooord x.ooord y,coord z) 


4711 

, o , 

0 

, 1. . 

• , + 

17 , ... 

, start , 

5 , 

0 , 

0 , 

0 


4711 

, o , 

0 

. 1. . 

• , + 

17 , ... 

, end , 

6 , 

0 , 

6 , 

0 


4711 

. o , 

0 

, 1, . 

. , - 

18 , ... 

, end , 

6 , 

0 , 

6 , 

0 


4711 

, 0 , 

0 

. 1 , . 

• , * 

18 , ... 

, start , 

7 , 

3 , 

3 , 

0 


4711 

, 0 , 

0 

, 1. . 

.. , + 

19 , ... 

, start , 

7 , 

3 , 

3 , 

0 



( The position attribute marks the role of a point with respect to a particular edge. Similary, 
the orientation attribute indicate the direction of an edge with respect to a particular face) 


b) sample result data 


Fia. 7: Evaluation of face/surface information 


Of course, the retrieval of the involved tuples may be conceivable in some cases. Fig. 7 illustrates 
an example: the desired unit of data is determined by the boundary face of a given solid and may 
be retrieved by evaluation of the outlined select statement. The result data is represented as a set 
of homogeneous, flat tuples constituting a temporary relation. Commonly, this relation can be 
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processed by application programs in a sequential way. This processing scheme is not very suit¬ 
able, since application algorithms (especially in the solid modeling area) require repeatedly some 
kind of random access to the data that is covered by more than one tuple. Additionally, if the 
unit of data was evaluated by relational join operations (cf. example in Fig. 7), the modification of 
the result data is not addressed directly by conventional DBMS interfaces. In a few other cases, 
even the retrieval of the required unit of data is not conceivable in a direct way. Recursive struc¬ 
tures like the CSG tree, for example, have to be evaluated by the application programs perform¬ 
ing recursive/iterative procedures. 

So far, we have discussed the structural aspects of the objects in solid modeling. Apart from 
these, a number of procedural properties that are involved in the representation schemes exist, 
too. For example, pure primitive instancing is mainiy based on the procedural representation of 
the solids’ properties. Similarly, the operations associated with a solid representation scheme 
often determine the semantics and the consistency of a particular representation. Therefore, it 
should also be feasible to map these procedural/operational issues into the DBMS environment. 
Unfortunately, there is no opportunity to do so using conventional DBMS. 

Summarizing and generalizing the considerations addressed in this section, we are able to high¬ 
light the essential aspects from the database point of view: the concepts for data modeling and 
data processing (the data models as well as their programming interfaces) that are commonly 
offered by conventional DBMS have proved to be inadequate. The prevailing application objects 
represented as units of data cannot be handled in their entirety, what finally results in a signifi¬ 
cant loss of performance. After all, this is the main reason why conventional DBMS are not gen¬ 
erally applied for data management tasks in solid modeling as well as any other engineering appli¬ 
cation area. 

In the following, we would like to light the way towards a more adequate and more efficient 
DBMS support, in particular for engineering applications. 


3. Database Support 

Satisfactory data management in the sketched application areas above requires adequate data 
modeling facilities as well as effective architectural and implementation issues for efficient data 
processing. In the following, we firstly discuss the necessary data model issues suggested in sec¬ 
tion 2.3. Then we concentrate on suitable architectural concepts for mapping the application 
objects and on reasonable implementation concepts. Last of all, we take a look at the most impor¬ 
tant concepts providing the efficiency which is urgently needed. 

3.1 Data Model Issues 

From the database point of view the engineering objects are known as complex objects, thereby 
serving for a natural integration of the different object properties. In this section, we wish to 
identify the data model properties most useful for the support of complex objects. It was already 
pointed out that complex objects exhibit an internal structure. A closer look at this structure and 
the structured components reveals the following characteristics (cf. section 2.3 and [6]): 
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• network-like object structure 

Complex objects may share common subobjects, i.e. the same components are part of differ¬ 
ent objects. These objects are called non-disjoint. Such a component sharing Is caused by a 
complex (n:m) relationship. In contrast to this, the other relationship types (1:1, 1:n) lead to 
disjoint objects with disjoint components. 

• recursive object structure 

Adequate and natural object handling requires recursive definition as well as manipulation of 
object structures. Complex objects are called recursive if they may be composed of objects of 
the same type; otherwise, they are called non-recursive. 

• dynamic object views 

Depending on the current need of the application (i.e. the level of abstraction and the phase 
of processing), a variety of different views of the object is desirable. 

The most important conclusion drawn from this characterization is related to the handling of rela¬ 
tionships. Dynamic object definition requires flexible representation and derivation of the rela¬ 
tionships either at run time or supported by previously derived data caching techniques. There¬ 
fore, symmetric relationship representations seem to be mandatory, which allow for the desired 
freedom in building up dynamically defined complex objects. For reasons of efficiency, even com¬ 
plex relationships should be represented directly (without auxiliary constructs, e.g. relationship 
relations) and should support bidirectional traversal and use of objects. 

All data model issues discussed so far are summarized in the term structural object orientation, 
because they contribute to the internal structure of complex objects. The consistency of this 
complex object structure is obtained by means of structural integrity constraints; these are main¬ 
tained for each specified relationship type by observing referential integrity restrictions, type def¬ 
initions and cardinality ranges. 

Beyond their internal structure, complex objects embody, from an application point of view [7J, 
behavioral properties and complex integrity constraints to specify the semantic aspects of the 
corresponding real world entity in sufficient detail. The following concepts model this external 
behavior of complex objects: 

• abstraction co ncepts 

Semantic enhancement to the above mentioned syntactic relationships are provided by the 
abstraction concepts of classification, generalization, association and aggregation. In [8] the 
semantic expressiveness gained by means of these abstractions is extensively described. 

• operational capabilities 

Operational expressiveness implies the explicit specification of sufficient application semantics 
using operational descriptions and corresponding behavioral integrity constraints. 

Such a semantically enriched complex object concept enables appropriate forms of data abstrac¬ 
tion and encapsulation relieving the application from the burden of maintaining intricate object 
representations and checking of complex integrity constraints. As a consequence, we achieve 
adequate operational support at the application interface (also called application model interface), 
also termed behavioral object orientation. 
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3.2 Architectural Issues 

The question we would like to address now is how the above sketched data model issues are 
embedded in a suitable system architecture. Fig. 8 illustrates the software architecture allowing 
for an adequate mapping of the application objects. As a key idea, the overall system architecture 
is divided into two parts: 

■ The so-called NDBS-kernel offers application-independent data management functions 
embodying structural object orientation. 

• The application layer (AL) provides application-specific support substantiating behavioral 
object orientation as well as the handling of most semantic issues. 

On the one hand, the advantage of this approach is the application orientation of the AL offer¬ 
ing the so-called application model interface, i.e. the desired application objects and operations. 
On the other hand, the kernel unifies all neutral data representation, structuring, and access facili¬ 
ties in an efficient manner. Thus, the kernel provides an application-independent data model (or 
data model implementation) as a basis for the semantically enriched application-specific models 
within the AL. The mapping of the application model interface to the data model interface is spe¬ 
cific for each application domain. Hence, different AL exist which offer tailored interfaces. 


user interface 


application model 
interface 


data model 
interface 


engineering 
application 
(e.g. for CAD, 
CAM) 



application layer 
(e.g. for CAD, 
CAM) 




NDBS 
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ESUL Architectural of issues NDBS-based engineering information systems 

The specific nature of engineering applications leads to a workstation-based hardware architec¬ 
ture (Fig. 8) with decentralized and autonomous processors, coupled via a local area network, 
and having access to central services (e.g. data management, plotting, and printing facilities). 
This workstation-oriented processing could be effectively enhanced by delegating the AL togeth¬ 
er with the entire engineering application to the workstation and the NDBS kernel to the host 
system that handles all database requests. 





446 


3.3 Efficiency Issues 

The homogeneity between hardware and software architecture (cf. Fig. 8) offers some important 
advantages influencing the overall performance: 

• A set-oriented language together with the proposed structural object orientation available at 
the data model interface allows for the requesting of sets of structured objects, thereby mini¬ 
mizing the communication overhead between workstation and host. 

• The design objects are temporarily stored in the workstation where they are organized in a 
special main memory structure called object buffer which offers fast operational access. 
Hence, the locality of data references during major processing steps could be kept and exploit¬ 
ed within the workstation site. 

• For recovery purposes and for saving particular design states, copies of the design objects 
may be preserved in private database allocated to each workstation. 

• Distributed processing allows for mutual failure masking that yields an increased application 
autonomy, i.e. failure on the workstation should not bother the server and vice versa. 

All these concepts are embedded into an overall processing model provided by the AL that is 
extensively discussed in [9]. Furthermore, this processing model introduces the basic concepts 
of a design transaction established by a checkout/checkin mechanism guaranteeing concurrency 
isolation for the design objects at hand. This processing model avoids the duplication of work by 
distributing the work to do among workstations and server. Thus, increasing the workstation 
capacity promises true performance gains. 

Last but not least, it should be mentioned that there are a number of appropriate measures to 
enhance the overall performance of the kernel, e.g. special clustering techniques at the access 
path and storage structure level or various caching techniques materializing complex objects, 
thus avoiding their dynamic derivation [10,11]. 


4. Conclusions 

Only the synopsis of a number of quite different aspects 

• starting with the modeling issues of structural object orientation and behavioral object orienta¬ 
tion in addition to the semantic organizational aspects of the abstraction concepts, and 

• working up to the architectural concepts of the kernel architecture and its homogeneity to the 
workstation-based hardware architecture, 

• in combination with some performance determining implementation issues (e.g. processing 
model, object buffer) aiming at minimal data transfer and communication overhead 

provides the basis for a DBMS supported interactive design work in distributed environments 
[12], The prototype database system PRIMA-NDBS [10] tries to incorporate all these aspects 
that should fortify each other in a fruitful way to provide effective DB-support for engineering 
applications. 

At the moment, we are performing broad 'in-the-field' validation of these system concepts. Ini¬ 
tial practical experience in VLSI design and 3D modeling has confirmed our design decisions con¬ 
cerning data model and system architecture. The elapsed time could be reduced by a factor of 50- 
100 than compared to our first approach using only a commerically available database system. 
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Optimization and further adjustment of architectural concepts may further improve the overall 
performance. 

On the other hand, we are looking for a modeling facility to describe the specific application mod¬ 
els within the AL. These models are simply called object models that integrate descriptional, orga¬ 
nizational, and operational capabilities to obtain a high level of semantic expressiveness. Such an 
object model is seen as the basis for achieving intelligent CAD, planning and diagnosis support. 
Here, we consider the integration of ideas which are known from the areas of knowledge repre¬ 
sentation, active databases, and extensible databases. 
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Abstract 

Within the ESPRIT project 322 "CAD*I" (CAD-Interfaces) advanced 
modelling techniques have been developed, which are based on the 
use of technical terms of a designer to communicate adequately with 
a CAD-System. The outcome of this work within the project can be 
shown by a prototype software called DTT-Modeller (Design by 
Technical Terms). This modeller is based on the DICAD system 
developed by the Institute RPK of the University of Karlsruhe (TH) 
mid shows the basic principles of a system leading towards some 
intrinsic design tasks and hence leading to intelligent CAD-Systems. 


1 Introduction 

Designer’s work should be conceived as the discovering solution for a given 
problem. Moreover, the result of the design is a technical product that can 
function and be manufactured. 

This work is decisively influenced by the enviroment in which the designed 
object shall be utilized. Additionally, various considerations such as available 
material, or production methods must also be accounted for. 

Intelligence is required to perform this work. It can be understood as both, the 
technical knowledge and the capability to apply this knowledge to a practical 
problem. Often the knowledge exists in the form of sample pattern that present 
imaged pictures of a design. The important task for finding solutions lies in the 
selection of a pattern, which is adaptable to the problem. 

In order to manufacture a solution, the solution must be accurately described, 
i.e. the mental idea must be documented. Conventional CAD-Systems can be 
employed in this situation. They are developed as a tool to graphically 
illustrate the technical circumstances. 

If the previous tasks could be aided by a CAD-System, the CAD-System itself 
must be well prepared. It must be able to develop internal schemes, to select 
patterns, and be equipped with sufficient capacity to adapt solutions to the real 
problem. 
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2 Expectation from a CAD-System 

llie^designer s expectation from a CAD-System which determines the precision 
of his work, can be characterized as follows: 

^ the designer's work must in EACH phase of the design be aided through a 
SINGLE design system. 

The designers work can be understood as what is discovered by system 
technical analysis 111 : 

o finding a solution, 

o representing a solution, and 

o analysing a solution. 

Figure 2-1 represents a feasible scheme for the designer in problem solution. 
Here confrontation of the problem and the decision based on the three 
considerations mentioned above are depicted as the initial and final steps, 
respectively. 



Figure 2-1: Procedure in design 
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The above described scheme can be used in each design phase. A refinement of 
a solution will be done step by step from a very abstract representation to more 
concrete ones (top-down-design, see fig. 2-2). 
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Figure 2-2: Design phases and results (ref: 121) 
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Returning to an already concluded phase might become necessary as additional 
information from a later phase becomes available. A revision of a decision 
reached in an earlier phase might also be necessary. Therefore the design 
process also carries some aspects of a bottom-up-approach. Real design tasks 
however always switch between a top-down and a bottom-up strategy 
depending from the results expected on the actual level of abstraction. 

In addition to this aspect of the design, the actual drawings of a given structure 
can be enlarged or reduced. This function often referred as "zooming" allows 
the observer to focus on a specific detail as well as to view the entire design /3/. 

Adding a third aspect of design, which is thinking about solution alternatives, 
a three-dimensional space is used consisting of degree of concreteness, degree 
of detail, and solution alternatives. 

Figure 2-3 illustrates this model space of design. Additionally, some typical 
tasks of designer’s work are represented in the figure as transitions from one 
state of design to another one. 



Figure 2-3: Model space of design 


Starting from an initial problem one can try to find a solution by PATTERN 
MATCHING. This would cause an immediate transition from an upper level of 
abstraction to a lower one. 
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If the match is not successful, one can try to find a SUBDIVISION of the 
problem into subproblems. This happens within the same level of abstraction. 
Subproblems are connected by input and output variables. Hence, they are 
associated with each other. 

Again one can try to find a solution for a subproblem by pattern matching. If 
the match is sucessfull, subsequent solutions must fit to the just existing 
solution, i.e. subsequent pattern matching processes have to consider the 
ENVIRONMENT of the solution. 

If solutions are found without regarding the environment, the 
COMPATIBILITY of solutions has to be tested later on. 

Another principle of finding solutions is to make an assumption. This requires 
calculations of more ABSTRACT qualities of a solution, and tests if that 
qualities are the same as the problem requires. 

Quite another possibility is to find alternatives, either alternative subdivisions, 
of alternative patterns or assumptions. 

These possibilities imply, that a designer can start on each of the possible 
levels of concreteness. Depending on the result he wants, he will reach his goal 
on his actual level, or he will climb up the levels of abstraction. 

Another point is an implication of the subdivision process: The meaning of 
associations between design elements is evident. Therefore associative 
modelling techniques can be seen as a basis for intelligent CAD-Systems. 


3 Concept for an Intelligent CAD-System 
3.1 General 

The transformation of requirements suggested in chapter 2 for a design system 
to an intelligent CAD-System structure can be thought as a matrix consisting 
of different modelling levels and different specification methods (see fig. 3.1.-1). 
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Figure 3.1-1: Modelling levels and specification methods 


The modelling levels are: 

o The geometric modelling level . T . . ,_. 

The task is to achieve the geometric representation of parts. It is important 
to distinguish between geometry, topology, and geometric constraints such 
as angularity or parallelity. 

o The technical modelling level . , ,. 

The purpose at this level is to associate the technical semantics trom a 

designer’s input to the geometry. 

o The functional modelling level . . , 

Its role consists of associating the preconditions, functions, physical 
equations, and physical structures of an object to techmcal elements and 
relationships within. 
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With respect to the specification of methods, the following distinctions can be 
made: 

o Modelling methods based on available pattern 

Based on the user input, this modelling method has access to pattemlike 
representations of solutions (either as programs or as data structures or as 
both) and is able to insert these pattern into the actual data structure. 

Considering conventional modelling methods at the geometric level, the 
modelling of macro geometry can be seen as a specification of a geometric 
element together with all its describing parameters (e.g. insert cylinder 
with length = 100 and diameter = 20). 

Considering the technical level, several methods are present that initiate 
modelling operations. This is accomplished by specifying technical elements 
together with all describing data (e.g. insert bore hole with diameter = 5 
and depth = 10). 

In functional modelling, there are methods that allow the functional input 
of a technical solution. This can be achieved by combining technical 
elements (e.g. insertion of a link between the shaft and flange: spline length 
= 10; number of splines = 20). 

The same procedure takes place at the technical level where technical 
elements are constructed by a combination of geometric elements (e.g. a 
bore hole by a cylindrical face). 

o Modelling methods based on rules, 

where attributes of elements can be determined from user input. 

At the geometric modelling level, all geometric associative techniques 
enable determination of position, orientation, and dimension of geometric 
elements (for example, insert planar face parallel to <ident.>). 

At the technical level, modelling techniques can also be found which 
determine the attributes of technical elements as well as position, 
orientation and dimensions of their geometric representation (e.g. insert 
bearing adjacent to <ident.>). 

At the functional level, all methods for the specification of functional 
attributes, by input of relationships between functions are seen (for 
example, the functional output of one function is equal to the functional 
input of a second function). 

o Modelling methods based on pattern recognition or rule extraction, 

generate specific information which will be used at the next higher level. 

Geometric Level: All methods to analyse geometric input are contained at 
this level. As an example, the hand-sketched input can be described. The 
first task is to analyse the type of geometric element and, secondly, to 
analyse the relations between the recognized geometric elements. 
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Technical Modelling Level: The methods to recognize technical semantics of 
geometry are to be seen here. An example is the recognition of form 
features for the purpose of process planning. The automatic generation of 
NC code, assembly or quality assurance data require methods of this type. 

The Functional Modelling Level: The methods to generate the most abstract 
level of information are available at this level. To begin with, there is the 
generation of calculation models such as for FEM. Secondly, there is the 
recognition of the function of a part. Therefore methods of this type are the 
basis of analysing a solution. Furthermore the generation of libraries of 
solutions can also be done with suchlike methods, (at least if they are not 
yet modelled by functional modelling methods). 

Based on this concept, the implementation of the DTT-Modeller (DTT = Design 
by Technical Terms) has been started. The goal within the ESPRIT project 
CAD*I (CAD-Interfaces) is to demonstrate the use of technical and technical 
associative modelling methods as an important part within the general 
concept. 


3.2 Basic Methods and Geometric Associative Modelling 

As a basic for the development of the DTT-Modeller, an earlier version of the 
DICAD-System (DICAD = Dialogue Oriented Computer Aided Design) is used. 
DICAD was developed at the RPK-department of Karlsruhe University, West 
Germany. 

The functionality of the basic modeller allows the handling of single vertices, 
edges, sets of edges, faces, sets of faces, as well as volumetric objects of the 
b-rep type. The surfacetypes of the system are planar, conical and cylindrical 
faces. The line types supported by the system are straight line, circular line, 
ellipsis and a general section curve. Typical objects which can be modelled 
based on this model scheme are represented in fig. 3.2-1. 
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Figure 3.2-1: Typical objects of the DTT- Modeller 


There are several possibilities for geometric modelling. One possibility is the 
insertion of predefined geometric elements such as straight line, rectangle as a 
polygon, rectangular face, or cube. A second possibility is the dimensioning of 
elements as well as the positioning and the orientation of them. Additionaly, 
the sweep-operation serves to generate volumetric elements based on face-type 
input. A limited set of boolean operators and deletion operations allows for the 
manipulation the modelled objects (see fig. 3.2-2). 
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Fig. 3.2.-2: Operations for geometric modelling within the DTT-Modeller 


Based on the given types of geometric elements, the possible relationship 
between them nave been explored. It is distinguished between ’’trivial" and 
"interesting” associations. Trivial associations are those which are implicitly 
included into a b-rep schema such as adjacent faces. Interesting associations 
are defined as those which can deliver additional information about geometric 
elements (see fig. 3.2-3 and fig. 3.2-4). 
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Figure 3.2-3: "Trivial" Associations 
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Figure 3.2-4: "Interesting" Associations 
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It is difficult to draw a line between geometric and technical associations. 
Therefore the following definition is made: 

o Geometric associations are constraints between geometric elements 

which allow the determination of some attributes of the geometric 
elements. No analysis of the technical context is needed to obtain an 
unambigious result. 

o Technical associations are those whose meaning is determined by looking 
at the technical context. 

Some of the "interesting" associations can lead to modifications of the 
geometric elements only if the technical context is clear. Therefore the meaning 
of the technical context shall be clarified. 


3.3 Technical and Technical-Associative Modelling 

Technical Modelling is defined as modelling technical elements, i.e. products, 
assemblies, parts, form features as well as their attributes (position, 
orientation, dimensions, tolerances, materials, surface qualities, etc.). 
Technical-associative modelling is defined as modelling the relations between 
the technical elements. This information often allows _ to determine. the 
attributes of technical elements. Both, technical modelling and technical- 
associative modelling are required to build a set of modelling operations for 
supporting the preliminary design described in chapter 2. To develope these 
modelling operations, the product model of the DICAD system has been 
augmented by the technical shape model. As a result, it can be distinguished by 
modelling 

o product 
o assemblies 
o parts 
o features 

as well as all their interrelations. A further concept with equal importance also 
has been introduced to distinguish between 

o construction point 
o construction lines 
o construction face 
o construction space. 

Results of the concept can be illustrated by a design sequence. The initial state 
is a part. In a first step, the geometry of a new form feature is described 
seperately from the part. In this example it is done by defining a rectangular 
profile and sweeping this profil in a way, that the material side is defined to be 
outside (pure geometric modelling). 

Additionally, dimensions are specified and named as "lenght", "width , und 
"height" (geometric-associative modelling). Futheron this structure is defined 
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to be a form feature "slot", described by relations to the faces and to the 
dimensions describing the feature (technical modelling, see fig. 3.3-1). 



Figure 3.3-1: Design sequence 


Positioning and orienting the feature is done by the technical-associatve terms 
"flush" and "centered". Dimensioning can be done according to the dimensions 
of the part the feature shall be inserted (technical associative modelling, see 
fig. 3.3-2). 
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Figure 3.3-2: Design sequence 


For further applications the feature is stored and is available for further 
insertion of the form feature "slot" from now on. 

The last step is the boolean set operation. However this is the most 
problematical step within this concept, because a commercial solid modeller 
would destroy by this operation the additional information available for the 
system up to now. Therefore, a technical set operation is required, which serves 
to build the union of two parts without loosing information about dimensions, 
associations, and features (see fig. 3.3-3). 
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Figure 3.3-3: Design sequence 

Provided, that the resulting data structure carries all the technical 
information, further modifications like dimensioning a feature are possible 
with the approach (see fig. 3.3-4). 
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Figure 3.3-4: Design sequence 


Semantical correct deletion of a feature is also possible because the pattern of 
the feature is stored seperately. 


4 Outlook 

The presented modelling concept in chapter 3.3 serves as a basis of future 
modelling techniques. As pointed out in chapter 2, the transition from models 
representing the physical structure of a product to the initial shape design is of 
great importance for real preliminary design. The idea is to bring the physical 
structures into the same model as the technical elements (e.g. the center line of 
two shafts within a distance X). Based on suchlike structures, the selection of 
technical elements to develope a technical shape for a physical principle can be 
supported very efficiently by a CAD-System. For example the insertion of shaft 
segments to the represented center line is possible by using the term "aligned" 
for orientation information. The next shaft segment can be inserted aligned to 
the center line and placed on the side of the existing one, etc. No further user 
input specifying positioning and orientation is necessary. Additionaly, the 
dimensioning of technical elements can be done if real 3D-parametrization of 
elements exists. The shaft just inserted can be modified for example, to 
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correspond to a minimal thickness, calculated by a combination of material, 
function, torque and required safety. 
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ABSTRACT 


A system is presented for creation and modification of procedural object descriptions 
by graphical interaction. A procedural object description is a step-by-step receipt for con¬ 
struction of a geometric model that can contain higher level constructs like loops, com¬ 
pound expressions and conditional statements for geometric and topologic parametrization. 
A graphical user interface generates an alphanumeric object description by using template 
language statements that are filled in by direct manipulation. The object description is 
interpreted and displayed on a graphics output device. The user can interact on this graph¬ 
ical representation of the object, which results in a modification of the underlying pro¬ 
cedural object description. An implementation is developed as a set of separate modules 
that are linked to a pipe in a Unix environment. 

Keywords : procedural models, user interface, interactive systems, direct manipulation, 
solid modelling. 


1. Introduction 

One way to define a geometric model is by entering commands that specify modelling primitives, 
for instance volumes or surfaces, and their dimension, position and orientation. Instead of entering 
this abstract specification, a graphical user interface can be used to create and modify a geometric 
model by direct manipulation! 1]. With direct manipulation, a command syntax is replaced by 
actions on a graphical representation of the underlying data structure. Although a graphical user 
interface can increase the efficiency of a Computer Aided Design system, it does not provide facili¬ 
ties with respect to the internal structure of a geometric model. To enable fast modification of the 
model, a parametrized object description is required. 

LL Parametrized models 

A parametrized description allows the designer to modify some global geometric properties of the 
model without the need to redefine dimensions, positions and orientation of all the individual com¬ 
ponents. Common geometric properties of objects in a class can be defined by describing the 
structure of the model as a set of implicit geometric relations. Several systems that allow the 
definition of such a model as a graph of geometric constraints have been developed. In Light and 
Gossard[2], dimensions are treated as constraints limiting the location of characteristic points that 
describe the geometry of objects. All geometric constraints are converted into a set of linear equa¬ 
tions, that are simultaneously solved by iterative numerical methods. An object-oriented approach 
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is presented by Kimura and Suzukip], in which constraints are defined as a set of relations that 
define dimensions and tolerances between surfaces. The problem of satisfying the constraints is 
solved by using an Al-technique for finding the sequence of constraint evaluation. Rocheleau[4] 
defines the relations between components of an assembly by ’against’ and ’fits’ conditions. He 
uses the concept of a ’virtual link’ to group all mating conditions in one entity, so that an assembly 
of objects can be represented in a hierarchical tree. A user-defined constraint evaluation sequence 
is proposed by Rossignac[5]. In his system, the constraint evaluation results in the activation of 
methods that compute rigid motions of solids from surface information of other solids. The user 
can enter and evaluate constraints by statements that are processed by an object-oriented interpreter. 

1.2. Procedural models 

Using constraints for dimensioning and positioning allows a geometric parametrization of objects. 
The model can be changed interactively, without modifying the data structure. However, geometric 
parametrization does not control the topology of the model. To describe a variational topology, 
parametrized higher level constructs, such as functions, conditional statements and control struc¬ 
tures for regularity and repetition are required. The interpretation of such a higher level procedural 
model requires a more complicated translation process than a one-to-one conversion of commands 
into modelling activities. 

A procedural model can be considered as a step-by-step receipt for construction of an object 
or process. Several procedural models have been developed for modelling complex appearances 
such as natural phenomena and textures, where the procedural model provides a compact represen¬ 
tation that is evaluated during the visualization process. This on-the-fly evaluation of mathematical 
descriptions is a basic technique with ffactals[6] and particle systems[7]. Hedelman [8] combines 
procedural models with a data flow approach for managing the appearance of an object in a compo¬ 
sition. The procedural description is used to determine which part of a complex scene is visualized 
and at what detail, given a certain viewpoint. 

Instead of evaluating the procedural model during the visualization, it can also be converted 
to an explicit geometric model prior to its use by an application. The procedural definition is com¬ 
piled or interpreted into a list of elementary modelling commands. Execution of these commands 
results in the desired model. Cosmai, et al.[9] presented a system with an interactive graphic inter¬ 
preter as a front-end for solid modelling. Levin[10] uses a language to describe quadric-surface 
bodies in character-string form. A Lisp-based graphics language system, containing facilities for the 
definition of repetition structures and procedures is presented by Goates, et al.[ll]. Van Wijk[12] 
developed a language with a Pascal-like syntax for the definition of solid models. Conditional state¬ 
ments, loops, procedures and functions offer facilities for geometric and topologic parametrization. 
An object-oriented language for design and manufacturing is presented by Nackman, et al.[ 13]. The 
PADL-2 system! 14] is a flexible solid modelling system, which offers a modelling language that 
enables the definition of parametrized procedures and conditional statements. 

1.3. Interactive graphical environment 

Ideally, a modelling system should offer both procedural modelling functionality and an interactive 
graphical environment. However, graphical interaction on procedural object descriptions is res¬ 
tricted because there is no one-to-one relation between the procedural description and the number 
of entities that are derived from this description. The appearance of several entities on a graphics 
device can for instance be caused by a single repetition statement in the procedural description. 
Also, separate parts of the model may be defined as an instance of a generic parametrized descrip¬ 
tion. Manipulation of such a specific instance should therefore be distinguished from interaction on 
the generic description. In this paper, a system is presented that allows the user to create pro¬ 
cedural object descriptions, containing conditional statements, repetition structures, and procedures. 
The modelling statements are generated by direct manipulation or by entering alphanumeric com¬ 
mands. Objects are presented as procedures that can be nested in other procedures. A graphical 
interface allows the user to traverse the procedural hierarchy by interaction on a wireframe 
representation of the primitives that are created by the procedural model. The reason for using a 
wireframe model is the fact that all incremental modifications can be displayed immediately without 
any special graphics hardware. There are of course certain limitations of wireframe models com¬ 
pared to shaded models or hidden-line models. For instance, intersections between primitives are 
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not displayed and it is hard to maintain overview with complex models. On the other hand, a 
wireframe enables the user to view through the model and see the mutual arrangement of the pnmi- 
tives from any viewpoint. 

First, the modelling cycle for interactive graphical systems and the integration of procedural 
modelling functionality in this cycle will be discussed. A method for creation and modification of 
object descriptions by graphical interaction will be explained by several examples. Finally, some 
implementation issues, conclusions and directions for further research will be discussed. 


2. Modelling cycle 

For the definition of a geometric model, the user has to supply a set of modelling instructions. 
These modelling instructions can for instance specify modelling primitives (surfaces or volumes) 
and transformations that should be applied to them. With Constructive Solid Geometry (CSG), 
additional information about the composition has to be supplied. For the discussion of methods for 
interaction with a modelling system, it is convenient to split up the modelling system in three major 
parts: a user interface, a modeller and a display device. The modeller receives modelling data from 
the user interface and converts this to a geometric model that is presented to the user on a display 
device. After evaluation of the result, the user can change instructions or enter additional instruc¬ 
tions, and the geometric model is built and displayed anew. 

2.1. Basic cycle 

For efficient use of a modelling system, the time expired between interaction on the modelling data 
and the redisplay of the updated model is of major importance. Also, facilities for graphical mani¬ 
pulation of modelling data contribute to a user friendly and efficient interaction. With respect to 
these considerations, we can divide modelling systems into three categories: non-interactive, 
interactive and interactive graphical systems (Fig. 1). 



non-interactive 


Interactive 


interactive graphical 


Figure 1 Non-interactive, interactive and interactive graphical systems. 


Non-interactive systems do batch-processing of modelling data; for instance a data file is 
created by an editor and interpreted by the modeller. The user has to define a priori the steps that 
are required to obtain the desired model. After evaluation of the result, the input data can be 
changed and the cycle is repeated. Since the modelling data is processed as a whole, no explicit 
feedback of specific changes in the modelling data is given. Non-interactive systems require high 
response times since the data is manipulated by a separate application, e.g. an editor and processed 
by another application. 

Interactive systems process the modelling data step-by-step. The geometric model is updated 
and displayed immediately after entering or changing modelling data. Therefore, the user can evalu¬ 
ate the result of each individual interaction. Errors in the input are shown immediately and can be 
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corrected immediately. Combined with "redo" and "undo" facilities, this approach enables 
enhanced modelling functionality. The input per cycle usually contains little information, so that the 
number of cycles is usually large. 

Interactive graphical systems offer additional facilities for the generation and modification of 
modelling data, by replacing commands and names by icons and graphic selection. This facility is a 
major advantage when names of selected entities are not available to the user. Even if the names 
are available, graphical interaction can be useful as an alternative interaction method. Interaction 
on a part in the displayed model by a graphics cursor can lead directly to modifications in the 
underlying model representation. The latter is an essential advantage over alphanumeric interactive 
systems, since the feedback from the displayed model to the modelling data is now shortcut 
Instead of a one-way pipeline, the modelling process can be regarded as a closed cycle. The display 
device is an active part of the system rather than a passive module for visualization of the end-of- 
the-pipe result. 

2.2. Command parser 

Graphical interaction enables the designer to define elementary modelling commands without enter¬ 
ing alphanumeric statements. Instead, commands are selected by a graphics cursor and objects are 
manipulated by direct manipulation. The user interface can directly operate on the internal data 
structure of the model. In this case, actions performed by the user can be translated into low level 
operations, for instance by changing transformation matrices of objects in a 3D model. The model 
is updated after each interaction by replacing the old description by the modified description. Direct 
manipulation on the internal datastructure offers low response times and enables real time feedback 
during interaction. 

However, it can be useful to implement an extra step in the interaction cycle. Instead of 
changing the datastructure directly, the graphical user interface can be used to generate alphanumer¬ 
ical commands that are interpreted by a command parser (Fig. 2). Although an extra step is 
involved, this approach has several advantages. Using an intermediate command structure offers 
facilities for keeping a history file that records all steps during interaction. The history file can be 
used for reviewing design processes and facilitates redo/undo and replay of previously entered com¬ 
mands. Parts of the history file can be stored as macros and re-used in other cases[15]. Since the 
user interface is implemented as an extra shell on top of the command structure, alphanumerical 
input is still possible. Also, the interface between the application and the user interface is clearly 
defined, since the user interface should generate commands. Therefore it is easy to separate the 
development and implementation of the user interface from the rest of the application. The com¬ 
mands can be previewed before interpretation to check correct functioning of the user interface. 
Finally, the commands can be manipulated and controlled by various generic applications like edi¬ 
tors, filters, databases and version management systems (e.g. SCCS under UNIX[16]). 

23 . Interpreter 

Enhanced modelling functionality is offered by using procedural object descriptions. Procedural 
object descriptions allow the specification of an algorithm that generates the model, rather than 
specifying all individual components. Procedural descriptions allow a compact data representation 
for complex models by using a generic parametrized object description that can be instanced by 
specific values and multiplied by constructs like loops. Also, facilities for adding extra "intelli¬ 
gence'’ to the modelling data by conditional statements that control geometric and topologic 
parametrization are offered. Procedural functionality can be implemented as an extra step in the 
modelling cycle (Fig. 2). The user interface generates code that is processed by a parser and 
passed to an interpreter. Integration of procedural modelling facilities in the interactive graphical 
environment requires special attention since there is no isomorphic relation between the user 
interaction and the elementary modelling commands. 

To build the model, a graphical user interface generates the procedural code that results in the 
model. Graphical interaction on the displayed model has to be converted to modifications in under¬ 
lying procedural description. During the interaction with the system, the displayed model should 
represent the current procedural description. Therefore, an interactive processing of the model is 
required. The procedural model may contain nested constructs, such as procedure calls, within other 
constructs or control structures. A mechanism for traversing and modifying these descriptions by 
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graphical interaction improves the efficiency of the design process. The system presented in this 
paper aims to solve some of these problems by offering an interactive graphical environment for 
creation and modification of procedural object descriptions. 



Figure 2 Extended modelling cycle 


3. The Geonode modelling system 

The basic entities in the modelling system are local coordinate systems (Ics) and elementary 
volumes (block, cylinder, sphere,...). Local coordinate systems are hierarchically structured as nodes 
in a geometric tree! 17]. Initially, one root coordinate system is defined at the origin of the tree. 
From this root coordinate system, a tree of local coordinate systems can be defined by creating new 
nodes relative to other nodes. Each node in this tree represents a coordinate system with a 
transformation matrix relative to its parent node. The position and orientation of a primitive volume 
is determined by a coordinate system that can be selected with a graphics cursor. The dimensions 
of primitive volumes are determined by one or more nodes elsewhere in the tree[17]. For example, 
the height and radius of a cylinder are defined by the position of a node relative to the coordinate 
system that defines the position and orientation of the cylinder (Fig. 3). One coordinate system 
might be shared with other primitives, thereby offering a mechanism for geometric grouping. 
Geometric relations between primitive volumes are determined by the structure of the geometric 
tree. The geometric tree is displayed on the screen and is available for manipulation: nodes can be 
moved or rotated by graphical interaction on an isometric view of the tree. Earlier defined assem¬ 
blies of primitives can be selected from a database and appended to an aibitraiy node of another 
tree. Procedural functionality is offered by control structures that enable a higher level definition of 
the geometric tree by using functions, loops and conditional statements. 

The system offers some build-in facilities for consistency and validity. Zero-volume objects 
that are defined if nodes for positioning and dimensioning coincide are not appended to the model. 
Also, negative dimensions, that can be defined by a specific node configuration, are internally con¬ 
verted by reconfiguration of their transformation matrix. If a node is removed, all nodes or primi¬ 
tives that are related to this node have to be removed removed also. Alternatively, a node that 
replaces the removed node has to be selected. Advanced validity constraints concerning specific 
configurations can be defined by using the modelling language itself. The current version of the 
Geonode system offers less flexible syntax compared to more general puipose modelling languages 
[12][13][14]. Objects are for instance only be parametrized by the datatype "node". Also, the set 
of available datatypes is rather limited compared to other systems. However, in our system, all enti¬ 
ties can be manipulated by graphical interaction. The main focus in our system is to provide an 
easy-to-use systems that enables some higher level modelling facility, rather than offering a general 
purpose technical modelling system. 
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3.1. Object representation 

Basicly, the modelling data consist of a list of statements that are either entered by the keyboard or 
generated by graphical manipulation. Allowed statements are elementary statements (assignment, 
procedure call), control statements (compound, if, then, else, while, repeat, for) and declarative 
statements (procedure and function declarations). Single variables are denoted by identifiers and 
may be one of the three basic data types; real, les or primitive volume (block, cylinder, cone, etc.). 
Further more, the language provides a number of algebraic operators (+,-,* A relational operators 
(=, <, <=,>,>=,!=), logical operators (and, or, not) and built-in functions (sin, sqrt, atan, etc.). 

A geometric tree is defined relative to a default position in space, the root coordinate system. 
From this position, local coordinate systems can be created by the built-in function “lcs". This 
function returns an instance of a new coordinate system, relative to the coordinate system that is 
passed as an argument in the function call. Position and orientation of a node can be defined by 
assigning values to its internal fields (tx,ty,tz,rx,ry,rz). The default value of the fields is zero, so 
that the position and orientation of a node equal those of its parent Primitives are defined by a 
function call that requires at least two arguments, a lcs for positioning the primitive and a lcs for 
dimensioning. With swept profiles (e.g. rotation-sweep, translation-sweep) additional nodes for the 
definition of contours and trajectories can be selected. 



nl = lcs(rooi) 
nl .tz = -35 
nt .tx = 25 
n2 = lcs(root) 
n2.tz = -00 
n3 = lcs(nl) 
n3.tx = -10 
cyl(root,n1) 
cyi(n2,n3) 



Figure 3 Example of stepped hole 

The use of a local coordinate system for defining scalar values like length and width of 
objects is redundant if no other object or lcs is attached to that coordinate system (e.g node "n2" 
and "n3" in figure 3). On the other hand, a lcs offers the advantage that multiple scalars can be 
defined graphically by a single entity. Four values, respectively for radii and heights of both 
cylinders in figure 3, are defined by two entities ("n2" and ,, n3")- The implementation of additional 
entities and interaction methods that offer less redundancy would perhaps result in a less uniform 
interaction mechanism. However, some efforts may be worthwhile since it could still increase the 
overhead value of system. In figure 3, the scheme for dimensioning the stepped hole is represented 
as a list of modelling statements that defines the structure of the geometric tree. The position and 
dimension nodes for the two cylinders are expressed as arguments of their declarative statements. 
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3.2. Code generation and modification 

One way to define the model is by entering the modelling statements directly by the keyboard. 
Alternately, it can be generated by the graphical user interface. In this case, the graphical interac¬ 
tion is converted to the corresponding modelling statements by the system. For the translation of 
direct manipulation actions into alphanumerical modelling statements, the language elements can be 
split up into three parts; operation identifiers(l), operands(2) and attributes or arguments(3). A new 
modelling command is constructed by applying graphical techniques like menu-selection, picking 
and dragging for each of these parts. The operation identifier specifies the kind of operation that 
should be performed, for instance to ’’create” or "move" an entity. For this part of the modelling 
command a pop-up menu can be used. After selecting the required operation, one or more operands 
for that operation have to be selected. An operand specifies for instance the name of the object that 
has to be moved. In our system, each object is displayed as a wireframe. The wireframe is com¬ 
posed of several line segments that have a pointer to the name of the object they represent Pick¬ 
ing a line segment can therefore lead to the object identifier in the alphanumerical description (e.g. 
the name of a node) which is subsequently used in the modelling statement that is currently gen¬ 
erated. Finally, some modelling statements require additional attributes or arguments, for instance a 
scalar value that specifies the distance of movement. Scalar values are derived by scanning input 
events generated during the manipulation of a graphics input device, in our system a mouse. For 
example, the changes of cursor coordinates caused by movements of a mouse can be used to move 
a lcs along a certain axis. Other attributes or arguments, for instance non-continuous information 
like the status of an object for CSG composition, can be entered by menu or button selection. 



Figure 4 Code generation and modification 


The elementary modelling statements are represented as template commands in a database 
(Fig. 4). Each template contains a number of open fields, which are filled in by graphical interac¬ 
tion (picking, dragging). During the interaction, the user is guided by messages that specify the 
required actions. Once a template statement is filled in, there are two possibilities. If the statement 
is an extension to the existing procedural description it is added to the description and inteipreted 
immediately. However, the statement can also be a modification of an earlier defined statement, for 
instance if an earlier defined position of a local coordinate system is modified. To obtain an unam¬ 
biguous and consistent description, the old statement is replaced automatically by the system and 
the whole description is reinterpreted. Therefore, each new modelling statement should be matched 
against the statements in the current description prior to the interpretation process. 
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33 • Parametrized objects 

A parametrized object is a predefined description that contains variables for dimensions, position 
and orientation. After defining and storing such an object, an instance in another assembly can be 
used by entering values so that specific mating conditions are satisfied. In our system, we use a 
special case of parametrization by selecting local coordinate systems as variables in the object 
description. This kind of parametrization allows the definition and manipulation of parametrized 
objects without the need to enter parameters by the keyboard. A "variable’ 1 or "external’ 1 coordinate 
system does not have a fixed relation to another coordinate system in the current geometric tree, 
but is related to nodes that can be selected as input parameters. This approach is similar to the 
definition of global and local variables in many programming languages. After defining an object, 
a number of nodes can be selected as "external” and the object is stored in a database. Once the 
object is recalled for use in another assembly, the systems asks the user to select nodes in this 
assembly that should be provided as parameters to the object declaration. The selected nodes now 
replace the external nodes in the generic description. In figure 5 we have defined a hole that is 
parametrized by two nodes, the root coordinate system for positioning the hole and a second node 
for dimensioning the length of the hole. Two instances of the parametrized hole are defined by 
using different nodes for positioning and dimensioning. 





n7 - Ic8(n4) 

n7.tx - 109 
n7.ty - 50 
parC root, r>7) 

/usr/cad/l1b/holB_2(n5,n2) 
/usr/cad/llb/holo^CnB.na) 


Figure 5 Example of parametrized stepped hole 

The method for using external nodes in an object description enables the definition of posi¬ 
tion, orientation and dimensions of the object by manipulation of external nodes, while the internal 
structure of the nodes remains hidden for the user. A complex object can be defined by using a 
nested hierarchy of such parametrized descriptions. However, we also have to provide a method to 
traverse the hierarchy and modify the model at the different levels in this hierarchy. In case of the 
object displayed in figure 5, we have to distinguish interaction on an instance of the hole and 
interaction on the generic description of the hole. If the user manipulates one of the holes, only that 
specific instance is modified. To change the generic description of the hole, the user should first go 
to the generic description by pointing at the object and selecting "open" from the menu. In that 
case the definition of the hole is recalled from the database and presented to the user. After 
modification of the object, the user can "close" the hole, and the modified description is applied in 
all parts of the model. In fact, the consistency of the model is guaranteed since all instances are 
explicitly defined as calls to the generic description which is linked with the rest of the description 
prior to interpretation. 
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Traversing the different functional levels is enabled by adding information about the pro¬ 
cedure identifier to the line segments in the wireframe image. Line segments that are generated by 
a procedure call have a pointer to their declaring procedure. Therefore the user can graphically 
modify any part of the displayed model by the "select-open-edit-close" sequence. The graphical 
traversal method allows the user to trace back any object through the hierarchy of assemblies, 
down to the level of its primitives, without the need to examine the procedural description. This 
functionality is for instance useful if an unsuspected object is observed in a model derived from a 
complex procedural description. Note that only the subsequent levels in which the object is 
declared can be traced, but not all (complex) statements that cause a specific appearance. 

3.4. Repetition structures 

In many engineering situations, an object is repeated in a regular pattern, e.g. a circular or rec¬ 
tangular pattern. One way to define such a pattern is by selecting some part of the model and apply 
"redo" or "copy/paste” constructs. However, since the generated objects are defined as explicit 
instances in the object description, the higher level information about the regular relations between 
those instances is lost. For instance, once a pattern is defined in such a way, it is not possible to 
adjust the intermediate distance between the objects by modification of a single parameter. Also the 
number of entities in the model can be related to some geometric variable; for example, the number 
of holes in a flange can be related to the radius of the flange. In this case, the variable that deter¬ 
mines the number of occurrences should be defined implicitly in the model. 



Figure 6 Example of a repetition construct. 

In our system, regularity can be defined by using control structures like "for i=x to y do". 
Values for position and orientation of local coordinate systems can be linked to the variable that is 
incremented during the execution of the loop. To a large extend we can create and modify such 
constructs by graphical interaction. In general, a repetition statement is composed of three parts; a 
statement that controls the repetition (1), a fixed body of the repetition structure (2) and a part that 
is related to an incremental variable of the repetition structure (3). The control statements and the 
body of the control statements are represented as separate objects. Like with the manipulation of 
parametrized objects, we allow the user to interact on each level of the repetition statement by an 
"open/close" mechanism. On the highest level, the declaration of the control structure is generated 
as a template command. The topologic variable, i.e. the counter of the repetition, can be entered 
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either by menu selection or typed directly. The repetition statement is applied to the currently 
selected object in the database. Once the repetition statement is defined, its body can be opened 
graphically. At this level, two modes for interaction are provided by the system. The user can 
enter the modifications as absolute values, or as values related to the counter of the control state¬ 
ment. In the latter case, an alternative template containing the counter of the control statement (e.g. 
”i"), is applied. For instance, a translation of node "nr over 70 is converted to "nl.tx = 70*i" 
instead of "nl.tx = 70". Although this method may appear somewhat pragmatic, it is rather useful 
for fast graphical definition and modification of simple repetition structures such as regular linear or 
circular patterns. More complex repetition constructs that contain for instance geometric expres¬ 
sions, conditional statements or build-in functions, can not be defined graphically and have to be 
entered by the keyboard. 

A similar approach can be used for definition of "while” statements. An elementary while 
statement contains a variable that is incremented during the execution of the loop, The while state¬ 
ment is executed as long as a certain condition is satisfied. As in for-loops, geometric manipula¬ 
tion of an object can be linked to the incremental variable by menu selection. An extra menu 
option can be used to define the condition that is tested prior to execution of the loop by graphical 
interaction. For example, if a linear array of object is generated by a while-loop, the end condition 
is defined by selecting "maximum" from the menu and subsequently moving a node to the desired 
position. This end condition (e.g. "n3.tz = 55") is merged into the template for defining the while 
statement (e.g "while (n3.tz<=55)"). 

More elaborate repetition constructs can be defined by linking the topologic variable to a 
geometric variable, for instance to the x-position of a node. Graphical interaction on this node 
would modify the topologic variable and therefore the number of instances generated after the 
interpretation. For instance, a rectangular pattern of objects can be manipulated by defining a dou¬ 
ble repetition loop with the counters of the loops linked to respectively the x- and y-position of a 
common coordinate system (Fig. 6). In the current version of the system, it is not possible to define 
such high level constructs by graphical interaction. However, once the construct is defined, it can 
be applied by graphical interaction. We therefore suggest the definition of some predefined general 
language constructs, for instance for patterns, that can be included in the object description and 
modified if necessary. The end-user can select the predefined constructs from a database and apply 
them in the object description. Of course, the user can always enter or modify the constiucts 
directly by the keyboard. 

3.5. Constraint relations 

The geometry of an object is often influenced by constraints derived from manufacturing or stan¬ 
dardization. For instance, the radius of a drilled hole is restricted by the availability of drill sizes. 
Also, the maximum depth of a drilled hole can be constrained by manufacturing considerations 
such as coolant flow. In our system, we can define such non-continuous geometric properties by 
using algebraic expressions, functions and conditional statements. Figure 7 shows an extended 
description of the stepped hole as used in earlier examples. Several statements have been included 
to define relations between coordinate systems. First, the maximum length of the hole is restricted 
by constraining the distance between the root node and node "n2”. If the distance exceeds the 
maximum value, an error message is displayed to the user and the distance is set to the maximum 
value. Also, the inner and outer radius of the stepped hole are related to the depth of the hole, 
respectively as a sixth and a third of the depth. The radii of both the holes are passed to a general 
purpose function, that returns the input value round off to a multiple of 10, e.g. an available drill. 
Although the description of the stepped hole has become rather complex, it internal structure does 
not have to be of any concern to the end-user. The end-user can still select the object from the 
database and apply it by manipulation of its external nodes, without knowledge of its internal struc¬ 
ture. 

Another example of a non-continuous relation is an object structure that is related to 
geometric properties. For instance, a hole is specified by a general purpose description. Inside the 
description it says; if the dimension of the hole is large, it should te a stepped hole, else a single 
hole. In this case the internal topologic structure of the object is controlled by the higher level 
geometric properties, e.g. the distance between the nodes that are entered as parameters to dimen¬ 
sion the hole. Instead of using a zero-sized outer hole (same topology) that would give the same 
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visual result, the functional structure of the object is modified (other topology). In general, the use 
of conditional topology is essential in cases where no constraints that prevent the occurence of 
zero-size objects are applied. Although such a zero-sized object is still valid from a geometric 
point of view, it is a redundant part of the semantic object description and can therefore cause com¬ 
plications with the interpretation of the model by other applications. 



Figure 7 Stepped hole with geometric constraints . 


4, System overview 

Basicly, the system consists of six components; a user interface, a linker, an interpreter, a 
geometric processor, a modeller and a display device (Fig. 8). At the front end of the modelling 
process, the commands are entered by keyboard or generated by direct manipulation. This model¬ 
ling data (A) may contain earlier defined procedures or assemblies. A linker has to search through 
the modelling data and include undefined procedures from a library (B). After all procedures are 
included, the linked list of modelling data (Q is processed by the interpreter. The interpreter gen¬ 
erates a tree of local coordinate systems (D) and the elementary volumes that are linked to the 
nodes in this tree. The position of all primitives in world coordinates is calculated by concatenation 
of all transformations of coordinate systems from the root coordinate system to the leaves of the 
tree. Finally, the list of primitives with their corresponding transformation matrices is processed by 
a wireframe modeller into a list of 2-D line segments (E) that can be displayed on the screen or 
send to a plotter. Each line segment contains a pointer to its higher level procedural definition and 
can be selected by a graphics cursor. 

Internally, all components are implemented as modules in a pipeline of Unix filters[15]. Each 
filter reads the output from the previous filter and passes the result to the next filter. A central pro¬ 
gram starts up all processes and controls the dataflow through the pipeline. However, the modules 
can be invoked and concatenated individually. For instance, to obtain a list of labeled segments out 
of a datafile "flange.fml", one would specify: 

cat flange.fml I fmlink I fincp I fmgeo I wire 

Other filters can be included into the pipeline. To obtain a ray-traced image of the model, the filter 
"wire” is replaced by a filter "ray". A plot file can be generated by appending "plot" after "wire". 
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To display the line segments as a wire frame on the screen, a device dependent filter "screenplot" 
is applied to the end of the pipeline. The filter approach offers a flexible and modular system for 
experimentation and development, since each filter can be developed and tested separately! 18]. The 
dataflow between the filters can be analyzed by sending the output from a filter to a screen, file or 
printer. Also, the modular nature of the system allows multi processor implementations by running 
the various filters on different machines in a local-area network. 



library 


linked list of commands 


geometric tree 


Figure 8 System overview. 

All basic modules are implemented in C and do not require any graphics functionality, so that 
a high level of portability and device independence is obtained. The inteipreter for the modelling 
language is built with Lex[15] for lexical analysis and Yacc(15] for syntax parsing. A virtual stack 
machine for processing the code after parsing is developed under C and runs under the Unix 
operating system. The prototype system presented in this paper is implemented on a Sun 3/50 
workstation and uses SunView [19] for user interface and display of the model. 

5. Conclusions 

The system presented in this paper offers facilities for graphical interaction on procedural object 
descriptions. The user can create objects by a graphical user interface that generates code for an 
interpreter. Higher level constructs such as loops and conditional statements can be part of the 
object description. Once an object is defined, it can be stored in a database, and the interface with 
other objects is defined by its external coordinate systems. Therefore, the user can manipulate parts 
by their external nodes without knowledge of their internal definition. Graphical interaction on the 
displayed model allows the user to traverse the hierarachy of parts and assemblies without the need 
of examining the procedural definition. 

The system aims towards an easy-to-use modelling system that allows fast generation and 
modification of models by graphical interaction. The main focus is on the conceptual design stage, 
in which the fast generation of alternatives is more important than an unambiguous and complete 
model description. Benefits like the easy-to-use aspect and graphical interaction are payed-off by a 
less flexible syntax and a restricted set of modeling entities. Developments of the system will aim 
to overcome this restriction by providing a more flexible syntax and include new modelling entities 
besides coordinate systems and primitive volumes. Visual programming techniques[20] can be 
appended to enable the definition complex language constructs in an interactive graphical 
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environment. Current developments also include facilities for interactive graphical definition of the 
set-theoretic composition of the model. The set-theoretic composition defines the way in which the 
primitive volumes are combined by boolean operations (intersection, union and difference). A 
graphical interface should not only help the user to select the required boolean operations, but also 
the sequence in which the operations are applied. 
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Abstract 


Today the state of the art in CAD-technology supports the design engineer with 
systems which are able to handle geometric primitives by applying equally 
primitive modelling functions to them. Thus, the mapping of a design task into 
such primitive activities is still a process to be performed totally by the 
designer. The transfer of the necessary knowledge to the computer can allow the 
designer at least to be partially relieved from this task. For this purpose, a 
combined computer internal handling of functional and technological information 
and geometrical elements is required. This information usually defines general 
features for the entire or partial geometry of an object. The grouping of elements 
according to different features proves itself as a necessary mechanism of model 
handling when a CAD system is to assist the designer in maintaining a higher logic 
of design and manufacturing. To achieve this goal new ways for computer internal 
representation of objects and flexible system architectures are being researched. 
Form features and technological and functional features as objects of a new 
system concept are presented. 


1. Introduction 

As defined in the early days of CAD-technology, support of the design by 
computers was seen as taking over the routine work during part 
definition. The development of CAD-systems has therefore been 
concentrated on the optimization of elementary geometric functio¬ 
nalities. Today almost a perfection is reached in this area and computer 
aided geometric modeling is widely spread in design offices. The 
experience which has been gathered during the years of CAD-application 
in mechanical design shows however, that the limitation on geometric 
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information processing makes the computer a passive participant in the 
creative design process. The design thinking and decision making is still 
left to the designer. The development of tools in design and manu¬ 
facturing has also changed the design process so that the design 
engineer has to consider a lot more facts which concern other 
production phases. This situation leads to new research tasks for a new 
generation of CAD-tools. To be able to support the design engineer in his 
creative work, design and manufacturing knowledge has to be captured 
and processed in and around the geometric modeler. One of the 
contributions, which we have set as a goal of our research work for the 
new generation of design tools, is to develop the modeling systems to 
an active partner of the design engineer. To achieve this goal some 
research work has been done based on the functionality of the sample 
solid modeler COMPAC concerning the model capacity, functional capa¬ 
bility and flexible system domain. A flexible operational system 
environment has been developed in the "Special Collaborative Program: 
Computer Aided Design Models in Mechanical Engineering", Sonder- 
forschungsbereich 203 [1]. 


2. Requirements for the New Generation Design Tools 

CAD-processes, as practiced today, are using computers to document 
the results of the designers thinking process in a computer internal and 
graphical way. A natural symptom of this method is, that the infor¬ 
mation which can be held computer internally is not more than the 
shape of a product. In the most advanced cases an attributive expansion 
of the shape information is being used to support some task areas which 
need additional non-geometric information. This kind of information, 
however, is also limited to data like color, surface finishing, material 
etc. and is integrated in the geometric data. Thus, such information is 
structured only by the topology. 

To achieve functional and manufactural optimization of product 
components at an early stage in the CAD-process, it is necessary to 
consider the early and post-design phases of production in the 
development of a CAD-system. The ability of CAD-systems to take 
functional and technological facts during design into account, can be 
expected from the coupling of geometry with the functional and tech¬ 
nical data, their semantics and task oriented rules. The regularities of 
the interplay between functionality, technology and geometry are valid 
for partial geometries of a mechanical part, which as a rule are repre¬ 
sented by several elements in a geometric model. Thus, the integration 
of a modeler into the production process can only be realized in an 
economic and flexible way by means of a logically connected handling of 
these geometric elements. 



485 


These goals lead to new requirements for model handling capabilities of 
a CAD-system. A wider range of information has to be represented and 
structured on the model level to be able to handle a more complete 
product definition data. Higher level entities have to be introduced to 
achieve a higher grade of information integration as well as more 
powerful model handling functionalities. New types of entities like 
features and form features serve such tasks on the model level in the 
new system architecture on which this report is based. Model handling 
functions to define, analyse and apply these feature and form feature 
entities were added to the research work in this approach. 

The definition of these high level entities and related model handling 
functions depends strictly on the application area. Therefore it is not 
desired to have a limited choice of such entities and functions. A 
system to satisfy a wide range of applications needs a high functional 
flexibility and an open architecture. The realization of this results in 
the following demands: 

a. Use of a flexible model structure which 

- is open to new kinds of entities, 

- allows associativity between different kinds of 
entities, 

- is open to new information structures, 

- allows associativity between entities and algorithms; 

b. Support the change and integration of new model handling 
functions; 

c. Provide an application interface for the definition of 
form feature geometries. 

Based on these demands a system architecture was developed as shown 
in figure 1. It represents the interplay between the features, form 
features and the methods in relation to them. The reported realizations 
below are based on this concept. 


3. Realization of a task oriented system design 

The functionality of the solid modeler COMPAC [2], which is based on a 
B-Rep model type, has been used as a basis in the sample realization of 
a feature oriented design tool. The data base contains entities of a 
geometric kind like vertices, edges, surfaces, volumes, instances and 
assemblies with the topology totally integrated into the structure. The 
system supports the programmer with a neutral interface to define and 
handle information structures. As shown in figure 2. the COMPAC B-Rep 
information structure could be extended to handle the new entities like 
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rules, features and form features without any major changes in the data 
handling functionality. 



access connection 


activate connection 


figure 1: Feature based system design 
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Geometric 
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figure 2: Expansion of the COMPAC information structure 

Form features and features are represented by separate nodes in the 
model structure and are integrated by their relations to geometric 
elements. The form features can consist of geometric elements of dif¬ 
ferent complexity. Their logical classification can be based on the com¬ 
plexity of the elements they represent. Three classes of form features 
are differentiated in this particular realization of the concept: sur¬ 
faces, subvolumes and volumes. For their generation three methods are 
used: interactive input, procedural definition and automated recognition. 

The application of variable form features and the classification of 
functional and technological characteristics make it possible to realize 
a problem oriented coherent modeling methodology. Features contain 
additional design specific information concerning the form features and 
are represented by separate nodes as well. For the mapping of the 
design knowledge into the model, features are combined by relations. 
This knowledge is made accessible by relations between functional, 
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design and manufacturing oriented features and form features during 
the modeling activity. 

Features and form features additionally provide the connection of the 
relevant data to the processing algorithms. Generating, proving and 
varying tasks can be performed by such algorithms. They can be of a 
universal or feature specific kind. The high grade of variability of the 
algorithms requires a flexible software environment. This has been 
achieved by integrating the method and model base system MEMOS into 
the concept. 

The combination of features and form features with geometric 
information in the object representation allows their automatic 
handling in various steps of design and manufacturing [3]. During the 
development of the new tools the following tasks of the production 
were considered: 


Support in the Early Design Phases 

A concept is to be realized for a task oriented design system for 
mechanical assemblies. A functional reference network is used to 
represent the semantics of mechanical systems. This network 
represents the associative structure of the functional features and 
shows a hierarchical order of the functions due to their levels of 
abstraction. The functional entities of reference structure correspond 
to the functional features represented in the extended variable part 
models. The functional analysis of the design task and search functional 
solution is carried out by the algorithms based on the reference 
structure. The determination of alternative geometric solutions is made 
possible with the help of the correspondence between the reference 
structure and the form features. The decision making to achieve a 
singular solution in the choise of the form features is another focal 
point of research tasks and will be mentioned below. Modeling of the 
assemblies can be performed by retrieving variational form features 
enriched by functional features [3]. 

In the initial phases, design takes place on an abstract level. During 
these phases the designer does not have a fixed shape for his design and 
works with the conceptual problems concerning his design. At this 
stage, the support he receives from a geometric modeller must 
correspond to this abstract geometric level. To raise demands like 
lower emphasis on detail information is an uncommon practice for CAD 
today. It is necessary however, that above all the designer is free from 
the problems of detail so that he can concentrate, in this creative 
phase, on the essentials on his task. If the abstractions proceed to such 
a degree that the functionality of the represented parts are just barely 
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symbolically recognizable, a familiar picture will appear from one of 
the designers previous manual activities. He uses sketches to exchange 
his ideas with his collegues. So it is suggested to support him with this 
accustomed medium, also when communicating with his design system. 
The computer aided application of symbolism for mechanical engi¬ 
neering conceals a problematic nature of its own. The computer internal 
registration of information-processing essentials on the one hand and 
the maintenance of the interpretation ability on the other, represent the 
main topics concerning the solution of these problems. The usage of this 
module is divided into two main phases: 

symbol definition and 

the generation of principable sketches. 

Symbol definition represents the critical phase in the symbol 
application. Symbols are defined in this phase, which are to represent a 
parts family or group for the lifetime of the system. A study on applied 
symbolism in mechanical engineering showed that at the moment a 
uniform system for the symbolization of mechanical parts does not 
exist. In the sample cases, the essentials of communications theory, 
semiotics and syntactics served as a base for the definition of applied 
symbolism. According to the perspectives of perceptibility and ability 
to learn, a set of sub- and super symbols was developed using the 
commonly known symbols of several areas of mechanical engineering 
into consideration. The computer internal representation of the symbols 
takes place with the help of the symbol processing system CADSYM. The 
models developed by this system could be processed further by the 
model handling methods of the assembly design system. Through the 
extension of the generated symbol models with functional features, 
provides associativity between the part models with similiar 
functionalities. Thes relations between symbols and part models, which 
are linked in this phase according to a functional analysis, form the 
basis for the searching of machine parts during assembly design. The 
functionality of the system represents the preparation phase for a given 
application. Figure 3 shows the symbol oriented feature definition 
during this process. On the other hand, the principle sketch generation 
phase offers the main functions of the system supporting the 
conceptual work of the engineer. Here the engineer is required to 
generate a sketch of his solution using the available symbols. This deals 
mainly with principle solutions, which should concern complete as¬ 
sembly. From the analysis of the applied symbols and their connection 
to each other, an evaluation can be made regarding the similarity 
relations to the part models. At this point a functional analysis of the 
principle solution can be activated. The principle of this module is 
shown in figure 4. The evaluating mechanism, which is applied at this 
stage, can also contain knowledge based components. The evaluation of 
the assembly in this phase allows for a computer supported iterative 
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procedure whereby the risk of design errors can be minimized already in 
the early stages. The further steps of assembly, in which the shape 
design becomes an important part of the solution, can build upon the 
results of this phase. 


Support of the Geometric Design Phase 

The conceptual design is followed by the geometric design. The tasks in 
this phase consist of numerous selection processes between different 
geometric solutions. A test version of a support mechanism during the 
geometric design phase was realized in FORTRAN. For this purpose the 
search strategies for the geometric solutions of functional tasks are 
implemented based on the evaluation of efficiency factors. The selec¬ 
tion algorithms show a structure very similar to that of rule based 
systems; it consists of condition and action parts. Experience with the 
FORTRAN-environment, however, has shown that the expected flexibi¬ 
lity in the use of rules cannot be achieved in an economic way by means 
of traditional declarative algorithms. The methods of the action part, on 
the other hand, are of a traditional kind, so that the translation of exis¬ 
ting FORTRAN algorithms into another language does not seem to make 
sense for economic reasons. In order to avoid the development of an 
inference mechanism and of search strategies, the realization of the 
selection procedure is carried out using the rule based language OPS5. 
This tool is used to serve for the creation of a rule base the design of 
mechanical parts and assemblies. 

The syntax of OPS5 experimental language makes it easy to distinguish 
clearly between actions and condition parts of a rule base, so that 
action algorithms can be implemented in the method base environment 
in any programming language as external elements without influencing 
the algorithms in the rule base. For the left side of the rules, algo¬ 
rithms have been realized which take over the consideration of geome¬ 
tric facts for decision making. Thus, the prerequisites for connecting 
the variable contents of the rule with the modeling functionality have 
been created. A sample decision making during the design of a shaft 
assembly based on a design-cathaloque [4] is shown in figure 5 . 

These rule based decision making algorithms work on feature and form 
feature elements of the model. A direct way to create feature and form 
feature information in a model is to design with feature oriented 
procedures. For this purpose an application interface can serve to 
generate the geometry, the form features and the features for the users 
applications. In a first prototype, based on the solid modeler COMPAC, a 
procedural generation of standard geometries has been realized with 
feature and form feature entities. This functionality has been developed 
especially for the feature based part design using the application inter- 
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figure 5: Rule based feature generation 

face of the core modeler. For the geometric manipulations on models 
which are generated this way algorithms have been developed for the 
purposes of transformation and deleting of form features. These are 
more general purpose algorithms in comparison with algorithms to 
handle features, which contain task oriented restrictions. Examples are 
the transformation of a subvolume and the generation of a shaft 
assembly. 

Manipulations on a B-Rep-model, as found in the solid modeler COMPAC, 
can cause critical cases concerning the consistensy of the topology. In 
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the realization of the new manipulation functions a procedural way has 
been chosen to capture the history of the geometry generation to update 
the topology changes caused by the manipulation process. 


Support of the Post-Design Phases 

The feature based design gives the user the possibility to have a 
computer internal representation of the product with all the 
associative information concerning its production to be used after the 
design process [5,6.7]. The features which are the representatives of a 
task area in the product model have to be defined and integrated in the 
model to achieve this goal. A rule based feature extraction mechanism 
as shown in figure 6 has been developed for this purpose to be used in 


rule based feature analysis feature based process planning 



figure 6: Feature based process planning 
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process planning based on the COMPAC system. To be able to use the 
system also on models without form feature information, an automatic 
feature analysis module has been developed. These form feature analy¬ 
sis methods are based on topological and geometrical restrictions. The 
feature extraction algorithms use these form feature informations to 
integrate the technological rules and informations into the product 
model. 


Requirements on the Operational System Domain 

To realize system modules as mentioned above a flexible operational 
tool is necessary. Such a tool has to meet requirements as described in 
the following. 

The software has to be devided in functional blocks in order to have a 
structure of logical units. This modularity can be used to minimize the 
executable images. The functions to handle the tasks as described above 
need to be realized in different programing languages to achieve 
optimal results. Furthermore they must be able to cooperate with each 
other for different applications. In case of varying applications a 
dynamic behaviour is to expect from the system environment supporting 
increasing functionality and the exchange as well as test of functions. 

From the application areas described above specific requirements for 
the operational tool occured. One major problem to solve for the support 
of the early design phase is parallel processing of the reference struc¬ 
ture and object models. Another general problem occurs when features 
have to be coupled with the functions to be activated when features are 
adressed during modelling. 

Following the selection of solutions during geometric design the vari¬ 
able form features have to be dimensioned. In case of heterogenious 
model bases managing the variable models with different types must be 
supported by using similar mechanisms to deliver actual parameters. 
Correspondence between variable form features must be provided by 
this tool controling the data flow of the actual parameters. 


4. The Flexible Operational Tool MEMOS 

The global aim of the research work for a method base and model base 
system is to provide a flexible operational tool that supports the 
different tasks in all phases of the design process and which supports 
the wide range of application dependent functionality for product 
modeling [1,8j. 
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For these tasks two important demands were defined for the tool. The 
first demand is to increase flexibility by dividing the systems func¬ 
tionality into separate methods and allowing various model types. The 
second demand is the increase of the application spectrum and appli¬ 
cability through 

- easy functional extendability, 

- easy exchangeability of the methods, 

- easy combination of methods, 

- abscence of the limitations in application areas, 

- possibilities to test various methods and model types by 
a given task and 

- supporting the user in choosing the suitable methods and 
model types for a given task. 

For a better understanding, the terms method and model must be ex¬ 
plained. In the sense of the system MEMOS models are computer internal 
representations of physical objects or mental images, for example, 
product models or feature representations. For more flexibility 
different types of models are allowed, this means that dif-ferent rules 
for information structures can be used. The generation and processing 
of models is in coherence with the use of functions, which are methods 
in the sense of the system. Methods are problem solving algorithms of 
different complexity, which can be programmed in dif-ferent languages 
and which can be executed automatically. The pro-cessing of a special 
model depends on the model type a chosen method can handle. Therefore, 
before starting a method, the system tests whether the model type is 
correct [8]. To convert a model from one type to another, the system has 
its own internal methods, for example IGES processors. 

The kernel of the tool is the method base and model base management 
system. It consists of different modules with different functionality. 
They enable the management, the organization and the utilization of 
multiple methods and models. The user of these management functions, 
especially the application programmer, work with the functionality of a 
defined management interface. By using these functions the programer 
works on a high logical level. He can address methods and models under 
logical identifiers independent of their special realization, for example, 
in which language a method is programmed or where the model data is 
stored. 

To support such a high working level the management system needs a 
lot of information, which is stored in the information basis of MEMOS. 
On this basis, user oriented and system specific information about me¬ 
thods and models is managed. The functions of the management system 
operate by using this information. 
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The current running version of MEMOS provides the method base 
modeling functions that originate from different available CAD sy¬ 
stems. These methods can be combined and executed by the user. The 
system includes management functions that inform the user about 
available methods and that support his search for suitable methods. 
Therefore, it is possible to test special CAD functions and to acquainte 
the user with them. 

Different user groups of MEMOS are supported by special task oriented 
dialogue application programs. To realize one's own application pro¬ 
grams, all functions of the management interface can be accessed. In 
the current system realization these functions are programed as 
FORTRAN subroutines which are callable from special libraries. 

There are functions that belong to the interface that execute methods. 
The identification keys of the method to be executed, the identification 
keys of the models to work on, and other input information of the 
method will be passed using input parameters of these subroutines, 
output information can be retrieved via the output parameters. After 
starting a method, it will run as an independent process. The handling of 
input and output is done by special process communication mechanisms. 

To provide variational modeling, the system supports parameterized 
models. Tied to the model types of variational models system specific 
methods exist internally to derive actual models. There exists a system 
function at the management interface that the application programmer 
can use to specify actual model parameters and to derive specific 
computer internal representations. 

The system MEMOS played a major role to satisfy the requirements 
mensioned above. The system modules have been developed as user 
application systems in the MEMOS environment. The basic functions of 
the modules have been implemented as methods. Network structures of 
methods have been built to define complex methods. All methods are 
activated by the control algorithms of the modules by using the 
management functions of the method and model base management 
system. Specially during the realization of the rule bases, methods 
implemented in different languages like OPS5 and FORTRAN could 
cooperate in the same user application system. 

For the support of assembly design the parametric correspondance be¬ 
tween variable form features and dimensioning calculation functions 
were of great importance. To represent the variable form features the 
module to handle parameterized models was used. The correspondence 
was provided by common parameter management mechanisms for 
methods and parameterized models. 
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5. Conclusion 

The reported work covers one important area of integration between 
design and manufacturing taking the ability of geometry and related 
semantics on a subpart level into account. The achievement of the 
integration of sequential processes seems to be the most important 
step. In the environment of a computer integrated factory it is neces¬ 
sary to provide system functionalities in the same individual way as 
features and form features for parts. In this case it is possible to 
define dedicated, integrated product models. They have to be dedicated 
because of the dependency of their semantics on objects. Product 
models have to be integrated according to their contents which should 
also partially include elements of factory models, process models and 
an application models. 

The potentials of features are not all known and elaborated today. In 
which way they can contribute additionally to the development of 
factory integration has to be analysed. The possibility to link technical 
and administrative problem solving areas in a company is available on a 
small scale level. This allows for the creation of a basis of information 
processing in a factory with an open system concept. More work has to 
be done in performing more complex and real life samples. Integration 
has to be enlarged to include parallel processes in the factory, to 
customers and suppliers. 

The tasks of design and technological planning will change by this 
means. The factories have to be aware of this. Designers and planners 
have to be educated to enable them to keep pace with this development. 
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Abstract 

When components have been made they need to be inspected. In this paper some newly devised automatic methods 
are described that compare a set of measurements of an engineering component taken by a coordinate measuring 
machine with a master solid model of the measured component obtained from a CAD system. Once matched, the 
two may then be compared to find any differences resulting from manufacturing errors and those manufacturing 
errors can automatically be reported. 


1. Introduction 

When an engineering component has been manufactured it must often be checked for defects. Ideally 
such checking should be done against the original design of the component and any out-of-tolerance 
differences between the two should be reported. 

This paper will describe a group of algorithms which allow a collection of points on the sur¬ 
face of a manufactured component (such as might be gathered using a coordinate measuring machine) 
to be matched automatically with a solid model of the component. Figure 1 shows the gathered sur¬ 
face points and the solid model of a simple staircase model. Some of these algorithms are extant in the 
literature on Stochastic Computational Geometry, but have not before been applied to this problem; 
some are novel and due to the authors. The way in which the matching is achieved is robust in the 
presence of errors in the component which cause it to differ slightly in shape from the solid model. As 
the the whole purpose of measurement is to check for such errors, this is particularly important. 

The authors’ algorithms have been developed especially to handle the large numbers of surface 
points that may be gathered from a component using a laser non-contact measuring machine developed 
by one of them and others [3]. However, they would also be quite suitable for use with a conventional 
coordinate measuring machine. 

The solid modeller used by the authors for this work is called DORA. This is a set-theoretic 
solid modeller developed at Bath by John Woodwark [81. The algorithms would work just as well with 
any other set-theoretic or B-rep modeller. 

The authors’ present system is implemented to deal with facetted components and solid models 
only. They are currently engaged in extending it to work with curved components. 
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Figure la. Gathered surface points 



Figure lb. Solid model of the component 
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2. The Algorithms 

2.1 Triangulation 

The data to be matched consist of points in space. The only information about these data (which have 
to be matched to a collection of solid model primitives) is the positions of the points which lie on the 
surface of the object, no topological information is avaiblc. To obtain topological information about the 
measured object the Voronoi diagram or Dirichlct tessellation of the measured points is contructed. 
This technique is substantially similar to one devised by Boissonnat [1], who used an algorithm due to 
one of the authors (AB). The geometrical dual of the Voroni diagram, obtained by linking the points 
whose Voroni polyhcdra are adjacent across a common face, is called the Delaunay triangulation. Fig¬ 
ure 2 shows the Voroni diagram and Delaunay triangulation for a small set of points (15 of them). 



Figure 2. Voroni diagram (dotted lines) and Delaunay 
triangulation (bold lines). 

The authors use an efficient multi-dimensional algorithm devised by one of them to construct the 
tessellation and triangulation [2]. In three dimensions the Delaunay triangles become a set of packed 
ictrahcdra with the measured points as vertices. They fill the convex hull of the measured points. 
Some of the triangles dial form the surfaces of these tetrahedra will form a complete triangulation of 
the measured object’s surface. Tlie problem to be solved is to find which ones. 


2.2 Classification of tetrahedra 

To answer this we note that some Delaunay ictrahcdra will lie within the measured object and will thus 
be solid, whereas some will lie outside it and will be air. If die tetrahedra may be so classified, dicn 
any of their triangular faces that form a boundary between a solid tetrahedron and an air tetrahedron 
will be part of the component’s surface. How may the tetrahedra be classified in such a way? 
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In order to measure each point a ray of light must have been directed at it or a measuring 
probe must have touched it. If the path taken by this is recorded then any Delaunay tetrahedra which it 
passes through must be air. The algorithm which deals with classification, traces a path (which was 
used to detect the surface point) backwards from the point, and the tetrahedra which the path passes 
through arc classified as air. Since the point is on the surface and the path is traced backwards all the 
tetrahedra which the path intersects on its way should be air. 

The authors were particularly concerned to deal with data gathered by the laser coordinate 
measuring machine mentioned in the introduction. Henceforth the path will be considered to be a ray 
of light, but all the algorithms would work just as well with a mechanical probe path. 

7Tc algorithm lakes the first surface point and start tracing its ray of light backwards. When it 
finds the intersection between a triangular face of the first tetrahedron and the ray (since the starting 
point is one of the forming points, there is always one intersection with the first tetrahedron) it classifies 
this tetrahedron as air and continues tracing the ray into the tetrahedron which shares the intersected 
face with the first tetrahedron. After this there arc always two intersections with the ray and each 
tetrahedron (unless the ray intersects an edge or a comer). Figure 3 shows the ray tracing algorithm in 
two dimensions. 



Figure 3. Ray tracing in 2D. P is the starting 
surface point and dotted lines represents the Voronoi polyhedra. 


Since the ray intersects the line P P^ (which corresponds a face in three dimension) the next 
tetrahedra corresponding to the vertex to Ixs* visited is V which shares the line PP with V . After 
the second intersection with the tetrahredra corresponding 0 to the vertex V , the next vertex is which 
has the common edge P P with V and so on. All the tetrahedra that th°e ray intersects are classified 
as air until the ray is beyond the convex hull or when the next vertex visited is already air. 

This process is repeated for every surface point and the majority of tetrahedra are thereby 
classified. Any remaining ambiguities may be resolved by having the measuring machine (which is 
most useful if online) take extra measurements which pass through the tetrahedra about which there is 
still doubt. The algorithm which deals with this problem finds the centroid of each solid tetrahedron, 
moves a given distance away from the centroid and sends a ray of light towards the centroid. If the 
surface of the object is beyond the centroid, die tetrahedron is classified as air, otherwise it is solid. 
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2.3 Clustering 

The classification of the tetrahedra as solid or air allows the surface of the object to bo found by finding 
the triangular faces of solid tcLrahcdra which form a boundary with air tetrahedra. In other words it 
faciliates die triangulation of die measured component’s surface. The next problem to be solved is dial 
of gathering die triangles together in collections, each collection representing a facet of the component. 

Each triangle forms a little plane in space. Even on one facet all the triangles will not be 
exactly co-planar because of measurement errors. The triangles are subjected to cluster analysis to 
gather diem together in collections representing facets. We have used the SLINK algoridim [6] which 
is based on single-link or nearest neighbour cluster analysis, for a small number of surface points but 
since the large number of surface points causes us to exceed the memory capacity of the computer with 
the SLINK algoridim, we have developed a different clustering algorithm. In this algoridim, surface 
points (which are the vertices of surface triangles) arc clustered according to die normals of the planes 
in which the triangles lie, in other words surface normals. 

The scalar product of surface normals of two triangles is calculated and if the result is greater 
than a number which is close to 1, die two triangles are put into the same cluster. Since die surface 
normals are normalised the scalar product equals the cosine of die angle between the planes in which 
the triangles (or surface points) lie. If die result is close to 1 this means that the angle is close to 0 and 
the triangles lie on the same plane or on parallel ones. The algorithm distinguishes the triangles lying 
on parallel planes by checking the perpendicular distance from dieir plane to the origin (the D term in 
their implicit plane equation, Ax + By + Cz + D = 0) 

The algorithm defines a mid-plane between the two parallel planes and clusters die triangles 
which arc more distant from origin dian the mid-plane in one cluster and die ones which arc less distant 
in another. In the case of more than two parallel planes, first the parallel planes are split into two clus¬ 
ters, each cluster is checked to sec whether they contain more than one plane, if diey do diey are split 
again and checked again and same process is repeated recursively until the triangles lying in each paral¬ 
lel plane are clustered in seperate clusters. 

Since die algorithm provides die neighbourhood relationship between the surface triangles (that is 
to say, for any given triangle, we know its diree neighbouring triangles), any mis-clustered triangle is 
corrected by checking its neighbouring triangles. If all diree neighbours arc in the same cluster but the 
triangle is not, it is put into the same cluster widi its neighbours. If two neighbours are die same then 
the surface normals of all three neighbours are inspected and weighting is used to decide if the central 
triangle ought to be clustered with die pair or not. 

Next, the algorithm handles false chamfers. False chamfers arc artificial features which occur 
because of the lack of the ability of measuring machine to generate the points exactly on the measured 
object’s edges (Figure 4). 



Figure 4. False chamfer 
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They are products of the measuring system which need to be found to be get rid of. Since the false 
chamfers should be one triangle wide, the algorithm finds the boundaries of each cluster and thereby 
finds clusters which are one triangle wide. It classifies these as chamfers and does not consider them to 
be real faces when matching. 

As a result of all the processes the surface triangles (and the surface points obviously) arc 
clustered together in different clusters, each cluster representing a facet. Principle components analysis 
is then used on the measured points making up the triangle vertices in each collection to obtain a best- 
fit plane through them all. Figure 5 shows the result of surface triangulation and clustering on a simple 
staircase model (the missing lines on some steps are causal by a bug in the plotting program. This will 
be fixed!). Green colour represents the false chamfers. 



Figure 5. Surface triangulation and clustering 


2.4 Matching 

The measured data and the solid model are now more or less in the same form: two collections of plane 
equations in space. Unfortunately they will, in general, be referred to different coordinate frames, so, in 
order to compare them, it is necessary to translate and to rotate them to a best-fit with each other. The 
authors have extended the technique of Procrustean matching [5] to allow this to be done. 

The model and the measured planes are first translated so that their centroids are at the origin 
of coordinates. Either the model or the measured data now have to be rotated. Standard Procrustean 
rotation requires a known one-to-one correspondence between the two collections of points that are to 
be matched. In Procrustean rotation, for two roughly similar given configurations, X and Y, each of N 
points in K dimensional space, Sibson [5] shows that the best match under rotation is obtained by PY 
where orthogonal KxK matrix P is given by : 


P=XY t (YX t XY t ) 2 
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But in our case we don’t have points, we have planes; as yet there is no one-to-one correspon¬ 
dence between the two collections; and there may (because of manufacturing errors) even be different 
numbers of planes in the model and the measured object. 

The rotation is performed upon die points in the two Extended Gaussian Spheres (EGSs) [4] 
of the collections of plane equations. The Gaussian sphere of a collection of planes is the points 
formed by their normals on the unit ball. The EGS is the pattern of points in space which is obtained 
by scalling each of these normals by a factor obtained from die planes, for example each plane normal 
might be sealed by the area of a facet lying in it. In our work we have used the perpendicular distance 
from die planes to the origin to scale the normals. The EGS thus effectively become the set of points 
(one on each plane) that are closest to the origin. The authors also intend to try to use facet area for 
diis as well. A nice feature of this method is that any measurable characteristic of a face can be 
employed to scale the EGS widiout affecting the rest of the process. 

One thing that remains invariant under rotation is radius. The points in the two EGSs arc 
matched under radius and then rotated. Once this has been done most points will be correctly matched, 
but some will have been mis-matchcd because of near-coincidences in radii (Figure 6). 


e *!? 
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Figure 6. Matched and mis-matched pairs after rotation 

Now diere are two sorts of links between individual planes in the measured object and the solid model: 
links dial are short in length which represent correct matches and links that are longer representing 
mis-matches. In die first approach to resolve this, a probability density estimate of die link length was 
constructed by convolving their histogram with an appropriate kernel function, die width of which was 
increased until the density function had just two modes. Silverman [7] uses a Gaussian kernel, but a 
simple triangle was adequate for this application. The first, sharp mode comes from the short links, the 
second more diffuse mode comes from mis-matches. Figure 7 shows the density estimation where the 
vertical scale is arbitary. 
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Figure 7. Density estimation 

All the links longer than the length corresponding to the minimum between the two modes were broken 
and re-matched by using the Euclidean distance between them rather than radius as a matching cri¬ 
terion. But later on the authors discovered that forming this sort of histogram to estimate the link 
length did not improve distinguishing the mis-malches over the simpler technique of breaking all the 
links and re-matching them using actual inter-point distances. After this, the rotation is done again to 
make a fine adjustment in the relative orientation between the component and the model. The two are 
now matched in such a way that the residual sum of squares between the two EGSs is minimal. 

Faces of the component may now be compared with the corresponding faces of the model and 
any out-of-tolerance differences reported. Also, all faces within tolerance can be discarded, and the 
whole process carried out again on bits that don’t match. This allows parts of the component which are 
of the right shape, but which are in the wrong place, to be identified and their position and orientation 
to be computed. 


3. Data Gathering 

As was mentioned above the data to be matched consist of points in space. These data may either be 
gathered by using a laser non-contact measuring machine or by using an algorithm which simulates the 
process of this measuring machine. The modeller DORA uses a ray-tracer to generate its graphics. 
The way in which the laser measuring machine works is exactly analogous to this: rays of lights are 
directed at the object to be measured and the points where they strike the surface are calculated. In 
order to conduct controlled experiments on the matching system data was created using DORA’s ray 
tracer. This traced a ray of light back from the viewer into a model of the object being measured and 
found the intersection point of the ray and a surface in the model. It recorded the coordinates of these 
surface points into a measurements file. To simulate measurement inaccuracies these points were per¬ 
turbed slightly using a random number generator. 
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Conclusion 

The algorithms explained in this paper have been coded and work efficiently and accurately. They are 
implemented to deal with the components build up of flat faces and solid models only. The authors are 
working on the problem of extending the algorithms to cope with curved components. 
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Abstract 

In this paper we present different approaches occurring in recent literature to 
solve the problem of parametrizing mechanical designs by dimensions. We de¬ 
scribe the approaches showing their advantages and their drawbacks. We conclude 
that the reviewed approaches each have different strengths. It is proposed that a 
method should be investigated which would combine valuable properties of the AI 
approaches along with the benefits of the global approach. 


1 Introduction 

We are interested here in an important problem occurring in CAD : the introduction of 
automated geometric variation in CAD systems for mechanical design. More precisely, 
we investigate the methods which try to handle the following problem : 

given a model with a sufficient number of geometric constraints and a topological 
or approximate geometric description, we want the precise model to be evaluated au¬ 
tomatically. The constraints allowed are principally the metric relationships between 
pairs of geometric entities : distance between two points or between parallel lines, angle 
between lines, etc.... 

It is easy to see the possible applications for such a tool. For example : 

during the conception of mechanical designs, this allows a component part to be 
designed by successive trials and frees the designer from a time-consuming part 
of the computation. 

it also allows a family of objects to be created and stored as derivatives of the 
original part. This means only dimensional parameters need to be stored for the 
derivatives. 

The following approaches differ from one another in the type of dimensional con¬ 
straints allowed, in the way they compute the solution and in the detection of sub con¬ 
strained or overconstrained parts of the drawing or model. 


•This work has been supported in part by HEWLETT-PACKARD GMBH 
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Note that to rigidify a planar figure having n vertices, 2n - 3 constraints (length 
or angle constraints for example) are necessary (a point and a direction are supposed 
fixed). But this number is not a sufficient condition to eliminate the subconstrained 
or the overconstrained figures because if a part of the figure is overconstrained and the 
rest of it subconstrained, we can still obtain the correct total number of constraints for 
the whole figure ( cf. Figure 1 ). 



Figure 1: The position of C is overconstrained and D is not constrained. 

An ideal method should satisfy at least the following important requirements : 

1. it should detect the non-consistent constraining schemes, i.e. the under- and 
overconstrained cases 

2 . it should be reliable. Given a set of constraints and the description of the topology 
of the object, the method should give a solution if there is one and give all the 
possible solutions if the user asks for them 

3. it should be interactive. This means it should be fast enough to provide appro¬ 
priate feedback to the user at every step of the design 

4. it should allow modifications of constraints during the construction of the object 
and the effect of the modification should be independent of the order of insertion 
of the previous constraints 

5. it should allow a wide range of types of constraint and be easily adaptable to 
additional new types of constraint (for particular applications) 

6. it should not be restricted to either 2D or 3D 

7. it should be able, even with user interaction, to handle drawings coming from 
conventional CAD data bases 

We shall classify the approaches investigated into three families : the primary, the 
algebraic and tbe A.I. approaches. The detailed description of these methods will be 
the subject of the following sections. 

2 The Primary Approaches 

We call them “primary approaches” because the types of constraint allowed are limited 
and the methods used to solve the problem are based on well understood algorithms. 
All the methods described in this section detect the overconstrained schemes. 
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2.1 Fitzgerald’s Approach 

Fitzgerald [6] follows Requicha’s approach [12] to solve the problem of overconstrained 
figures. He uses the fact that a set of length constraints along a given axis can be 
structured in a tree if no point is overconstrained along this axis, and the fact that 
this set generates a cycle in the other case (cf. Figure 2). Thus Fitzgerald’s approach 
only allows the specification of horizontal or vertical lengths between two points. The 
special case of the circle can be represented using this type of constraint. Fitzgerald 
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Figure 2: The set of constraints and the corresponding graph ( Fitzgerald ) 

reasons identically along the horizontal and vertical axes. Thus, with this hierarchical 
structure, the set of sub constrained points along one of the axes is known at any time 
and the emergence of an over cons trained point can be detected. 

This approach is simple and safe. The restriction introduced on the type of allowed 
constraints enables easy checking of the overconstrained points. This solution is very 
useful for industrial drawings having only vertical or horizontal constraints. However 
the model cannot be extended to other types of constraint because the simplicity of the 
situation relies on the choice of only horizontal and vertical constraints. 

2.2 3D Constructive Approach 

In [7], Gossard, Zuffante and Sakurai describe a 3D design system managing dimensions 
and tolerances. The way the objects are created determines the possible variations in 
dimensions. 

Dimensional constraints are represented by relative position operators. These oper¬ 
ators use the dimension value to position one face relative to another. Relative position 
operators introduced are parallel-distance and intersection-angle. Extensions to other 
operators that would represent other types of dimensional constraints are possible. 

The geometric models are described in a new way by combining CSG and boundary 
representation ( B-rep ). This representation is based on an object graph consisting 
of nodes and branches (cf. Figure 3). In fact the solids are defined by unions and 
intersections of half spaces (delimited by planes). In addition, they are assembled using 
relative position operators. 

They introduce the following innovation : 
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Figure 3: Example of object graph ( Gossard, Zuffante, Sakurai ) 

• if a change of value modifies the topology of the object, the system accepts it and 
automatically rebuilds the object with its new topology. 

This approach is also interesting in that it can be applied directly to solid modeling, 
an important tool in CAD. It is difficult to see though how the object graph can be 
generated automatically for objects previously stored in conventional CAD data bases. 


2.3 Macro-programming 

Cugini, Devoti and Galli [2] introduce languages for the definition and the manipulation 
of parametrized figures. 

The figures are defined by a graph called “Relations graph” (cf. Figure 4) where 

• the vertices represent the lines and the points of the drawing and 

• the edges represent the topological and dimensional relations. 

Some of the possible relations between points and lines are : 

• a point belongs to another point or line 

• a point is at a distance x from another point or line 

• a line is tangent to another line 

• a line passes through a point 

• a line makes a given angle with another line... 

The same information can be translated into the “Data Definition Language”. 

To manipulate relations graphs easily, they introduce the concept of a “macro”. 
A macro is a structure associating a key to a relations graph. They use rotations, 
symmetries, scaling and parameter modifications to assemble the macro images. To 
obtain the graphic construction corresponding to these macros, they use the “graphic 
parametric builder”. The function of the graphic parametric builder is to receive macros 
and parameters as input and return a macro. 

The way the dimensional relations between points or lines are computed to obtain 
the whole figure is not explained and no reference is given on the subject. Their interest 
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Figure 4: Example of a relations graph ( Cugini, Devoti and Galli ) 

lies in the introduction of these macro-images and in the Data-Base oriented approach 
to the storage problem. 

3 Algebraic Approaches 

3.1 The Global Approach 

The principle of this type of method is to translate every constraint into an equation. 
The problem is then the resolution of this system of (non-linear) equations where the 
unknowns are the coordinates of the characteristic points of the model. Several versions 
of this approach ( [4], [5], [9], [10] and [8] ) have been proposed. We will describe Light’s 
method and Chyz’s preprocessing approach [3] in more detail. The main interest found 
in these types of approaches is the range of possible constraints : 

• distance between two points 

• angular constraint 

• distance between two parallel lines 

• distance along an axis 

• equal linear distance constraint 

• area constraint, etc.... 

In fact, if a constraint can be expressed by an equation of the coordinates of the 
characteristic points, this constraint can be added. It is obvious therefore, that this 
approach is applicable to 2D and 3D problems. 

The principle of the resolution of the system is mainly based on the Newton-Raphson 
iterative method. This method is an extension of Newton’s method. 


Let F(X) = 0 be the system, with X = , F — 
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The sequence (X n ), with X° chosen arbitrarily, is built as follows : 


X" +1 = x n - [F'(X n )]- 1 P(X n ) 
with F'(Jf n ) = 

Let AX be equal to X n+1 — X n . 

Then / F'(X*)AX = -F(X") 

’ \ X n +* = AX+X" 

we have : 

J A X = F, J being the jacobian matrix. 


a) 


To avoid divergence, the computation of the solution is made in several steps. For 
example, if we want to change a dimension from 10 to 20, this will be made by succes¬ 
sively computing the solutions for 15, 17, 18 and 19 before 20. 




One step : Newton Several steps : Newton Raphson 

Figure 5: Graphical description of Newton-Raphson iterative method 

Some improvements have been proposed to solve the particular cases : 

• When the Jacobian matrix is singular, the Newton-Raphson method is not appli¬ 
cable directly. In these cases, Light uses a modified version of Doolittle’s method 
which solves (1) for some solutions. 

The principle of Doolittle’s method to solve a linear equation Ax = 6, with A non 
singular, is to make a LU decomposition : 

{ A = LU where L is lower triangular with unity elements (2) 

Ly = b on the diagonal and U is upper triangular (3) 

Ux = y with non zero elements on the diagonal. (4) 

When A becomes singular, the modified Doolittle’s method can give L and U, 
but only (3) and (4) remain valid and U is different. For each subconstrained 
variable there is a zero column and for each linearly dependent equation a zero 
row in U. The unconstrained parameters are easily detected. By setting them to 
zero, it is then possible to solve the system for the other unknowns. 

• When only some of the variables have been modified Lin, Light and Gossard [10] 
propose an algorithm to isolate the minimum subset of the constraints affected by 
this change. 
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This algorithm is divided in two processes : 

1. a backward propagation to create a one-to-one bound coordinate constraint 
equation relationship. 

2. a forward propagation to determine sensitive coordinates and equations of 
the given dimension changes. 

The power of this global approach resides in the large range of dimensional constraints 
that can easily supported. Another important fact is that cyclic constraint situations 
can be handled through the simultaneous solution of the constraint equations. 

The drawback of this approach is : 

• that the result is an approximation of one of the possible solutions. In fact, the 
solution obtained is intrinsically dependent on the “arbitrary” value chosen for 
X °. Figure 6 illustrates this problem. Thus, by a bad choice of the first value, the 
method can converge to an unwanted solution and, what is more problematic, the 
solution may change, with no possibility to control it, according to the different 
numerical values entered. 



Figure 6: Importance of the choice of the first value 


3.2 Chyz’s Preprocessing Approach 

To solve the first requirement mentioned in the introduction, Chyz [3] proposes a pre- 
process for this method. His solution is a 2D approach but can be extended to the 
3D problem. He introduces a graph structure to verify whether a drawing is “well” 
constrained or not (e.g. if there are enough constraints w.r.t. the number of unknowns 
in all the parts of the drawing). 

Chyz’s model is based on the following remark : if the points and the lines present 
in the figure are the vertices of the graph and if the geometrical and the topological 
relations form the oriented edges of the graph, then, when the drawing is stiffened, 
exactly two edges end at each vertex of the graph. This is illustrated by Figure 7. For 
the special case of the circle, three edges are necessary : the first one gives the radius 
and the others fix the position of the center of the circle. 
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Figure 7: Graph corresponding to a rectangle ( Chyz ) 


Chyz proposes an algorithm which translates assembly operation between figures 
into a graph operation. The graph corresponding to the assembly is the union of the 
two graphs (the “master” and the “slave”) in which the direction of some edges has 
been reversed and one of the edges fixing the “slave” graph has disappeared. 

This method leaves the following points open : 

• The control of such a graph structure seems to be expensive in time and gives 
reasons for doubt about the interactivity of the whole process. 

• The introduction of this graph structure does not solve all the cases of singularity: 
Figure 8 shows for example an ill conditioned case that would not be detected by 
Chyz’s method. 


c 



Figure 8: The Jacobian is singular and the graph is correct (Chyz) 
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4 The Artificial Intelligence Oriented Approaches 

We have found three methods using inference to parametrize CAD mechanical designs. 
Sunde has proposed two different methods [13], [14], [15] and Aldefeld has another 
solution [1]. As yet these methods solve only the 2D problem. 


4.1 First Approach : PICME System 

In [13] Sunde describes a first method, using an expert system to serve as a substitute 
for the constructions made by the industrial designers in their drawings. The rules 
introduced are the translation of what a designer does to draw the figure. For example, 
to define a triangle by its three sides the system will do the geometrical construction, 
giving the third point by intersecting two circles. Let us describe the method more 
precisely : 

The topological description of the figure and the constraints on it are represented 
by “constraining relations” between objects. The objects considered are the points, the 
line segments, the arcs and the circles present in the figure. 

We have the following set of relations : 


horizontal(ls) 
vertical(ls) 
reference (pt) 
equal(agl,ag2) 
direct ion(lsl,agl) 
arc-angle (arl ,agl) 
radius(arl,dsl) 
diameter(arl ,dsl) 


parallel(lsl,ls2) 

orthogonal(lsl,ls2) 

tangent(lsl,arl) 

adjacent (Isl ,p 11) 

dist ance( pt 1 ,pt 2 ,ds 1) 

symmetric(crl,cr2,lsl) 

angle-bet ween-lines(lsl,ls2,agl) 

directed-distance(pt 1 ,pt2,dsl ,drl) 


Where pt is a point, 
Is a line segment, 
ar an arc, 
cr a circle, 
ds a distance, 
and ag an angle. 


These relations are translated into properties, premices of the rules of the expert system. 
Let us consider how it works in this example (cf. Figure 9) : 



PT2 


Figure 9: Construction of a triangle ( PICME ) 



horizontal(lsl) 
reference (PT1) 
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=> known-direction(lsl) 
=> known-location(PTl) 


known-location(PTl) 
and distance-relation(PTl,PT2,dsl) 

and known(DSl) => known-to-be-on-circle(PT2) 

known-location(PTl) 

and topological-relation(PTl ,lsl) =*► known-start-location(lsl) 

known-start-location(lsl) 
and know-direction(lsl) 

and topological-relation(PT2,lsl) =$> known-to-be-on-line(PT2) 

known-to-be-on-circle( PT2) 

and known-to-be-on-line(PT2) =*► known-location(PT2) 

A system according to this method provides a drawing only when it has been com¬ 
pletely defined. 

Some points of the algorithm are not explained : 

• how the overconstrained parts of the drawing are detected 

• what is done when several drawings correspond to the same set of constraints. 
This method has been implemented in a commercial product. 

4*2 Aldefeld’s Approach 

Aldefeld also uses an expert system in his proposed approach [1]. The set of constraints 
he handles is the same as in the PICME system. 

The drawings are computed in two phases : 

• During the first phase, a forward inferencing is used to propagate the constraints 
introduced by the user. This propagation is symbolic and is used to build a plan 
for the second phase of the computation. 

• In the second phase, a point and a direction are fixed and the numerical values 
are computed. If they correspond to constraints entered in the first phase, the 
construction plan is used for the numerical computation. In the other case, the 
construction plan is modified using the corresponding history and if no overcon¬ 
straint is detected, the numerical values are computed. 

Aldefeld introduces these two phases to reduce the accuracy problems, to accelerate the 
computation of solutions when a large number of shapes very close to each other are 
drawn, and to give an explanation to the user when a point is overconstrained. The first 
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phase can be viewed as a preparation and a control phase before the entire computation 
of the figure. 

Although he recognizes that his solution is expensive in computation time (the sys¬ 
tem requires 10 minutes of CPU time to set up the construction plan for a figure with 
only 20 characteristic points), he points out important requirements for such methods 
and proposes solutions to most of them, 

• he ensures that, for the same set of constraints, two different plans of construction, 
corresponding to two different orderings of constraints, lead to the same drawing, 
when a constraint is modified in them second phase. 

• he handles the resolution of ambiguities during the computation of the drawing 
as follows : if the wanted solution is close to a given figure, when an execution 
process induces more than one solution, all the different solutions axe computed 
and criteria like the similarities of the sequences of points or the fact that a point 
is located on the left or right side of a line, are used to choose the solution. 

• he proposes a solution to handle global constraints, such as area constraints . 

- in the first phase, a construction plan is generated for a complete set of linear 
dimensions (i.e. global constraints are temporarily replaced by others) 

- and in the second phase, a dimensional value is relaxed and the construction 
plan is iterated until the global constraint is reached. 

This solution may be expensive in computation time if the value of the desired 
constraint is very different from the first value computed. 

We should make reservations to some of Aldefeld’s choices : 

• Before such a method can be commercially viable, it must be shown that phase 1 
of the method can be drastically accelerated. 

• Aldefeld does not explain much about the rules used and the computation. Nev¬ 
ertheless, this method seems to resemble the PICME model in the sense that the 
position of the characteristic points are sequentially computed from a fixed point 
and a flexible line. 

• Furthermore, the decomposition in two phases is of interest only when a sequence 
of similar drawings have to be processed. The first phase does not detect the nu¬ 
merical cases of singularity, even though the cases of parallelism and orthogonality 
are handled (Aldefeld considers the parallelism constraint as a special constraint 
which is not a numerical case of an angular constraint). 

4.3 Sunde’s Second Approach 

Rather interesting is the second model introduced by Sunde [14]. This method is also 
based on a A.I. approach, but it allows the user to obtain a drawing even when it is 
incompletely specified. Furthermore this model seems to be really interactive . 
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• the designer can see the evolution of his drawing every time he adds a new con- 
straint ( cf. Figure 10 ). All the possible solutions triggered by the last rule will 
by displayed by the system. 



Four linesegments 
( by pointing on the screen ) 

Add constraining angle 
value of 0 degree 

Add constaining angle 
value of 60 degrees 

Add constraining distance 
value of 65 

Add constaing distance 
value of 30 


Add constraining distance 
value of 40 


Figure 10: Example of an interactive sequence 


• overdetermined cases are detected; in these cases the system stops and an expla¬ 
nation is provided to the user. 

• during the session, the user can replace a constraint by another one. Then the 
system recomputes and redraws the figure ( cf. Figure 11). 



Figure 11: Modification of constraint 
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Let us see in more detail how this system works : 

Two data types are introduced : 

• CA-set : a set of segments with mutually constrained angles 

• CD-set : a set of points with mutually constrained distances 

Intuitively, each CD-set is a set of points entirely fixed in their own frame. Then the 
drawing is completely determined when a CD-set contains all the unknown points. Thus 
with this representation, we know at each step what part of the drawing is partially or 
totally constrained and how it is constrained. 

The constraints specified by the user are translated into CA-set or CD-set as follows : 

• when a distance is added, a CD-set containing the two points concerned is added. 

• when an angle is added, a CA-set containing the two segments concerned is added. 

The production rules work on these sets and combine them into larger ones. For example 
we have : 

• If two CD-sets contain a common point and if the angle between them at this 
point is constrained, then the two CD-sets are combined into one CD-set. 

• If two CA-sets have a segment in common, then they are combined into one CA- 
set. 

With knowledge of these CD-sets and CA-sets, we know if the distance between two 
points is constrained (in this case, there exists a CA-set containing these two points) 
and if the angle between two segments is constrained (there exists a CA-set containing 
the two segments). Thus it is obvious to verify whether a particular angle (or distance) 
value is known or not. These rules are introduced to detect the overdetermined cases. 

Sunde keeps record of the creation and growth of the CA-sets and the CD-sets. This 
is used : 

• to accelerate the computation of the figure when a constraint has been modified 

• and to produce an explanation when the user tries to constrain a distance or an 
angle that already has been constrained implicitly. 

Sunde justifies the choices taken in his second approach : 

• the number of facts needed for a pure deduction system are reduced. By reasoning 
on the CA and CD sets level and with the history, he avoids the storage of an 
important number of intermediate facts. He delays the computation of some 
values until the time they are needed. This approach is also useful for handling 
the modifications of constraints quickly, 

• the verification is easily made by using simple rules of the production mechanism. 
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Although Sunde does not give the crucial rules to be used in this method (three induction 
rules on CA and CD sets among nine or ten needed are explained), some of them such 
as the rules related to the particular cases of the triangle can be easily added. Thus, this 
last approach seems to be a very promising one and a 3D extension should be possible. 
However, it could be difficult to handle the addition of a new type of constraint in 
the system : if a new type of constraint is added all the deduction rules have to be 
reconsidered and new rules involving this type of constraint have to be added. All the 
geometric cases have to be investigated and the task may be non-trivial. 

5 Conclusion 

Let us now examine how the different methods satisfy the requirements of the “ideal” 
solution mentioned in the introduction. We summarize their behavior in the following 
table (the numbers correspond to the order of the requirements given in the introduc¬ 
tion). 


requirements 

Fitzgerald 

[6] 

Gossard 

Zuffante 

Sakurai 

[7] 

algebraic 

+ 

Chyz 
[9] (3] 

PICME 

[13] 

Aldefeld 

[1] 

Sunde 

[14] 

(i) 

consistency 

yes 

yes 

incomplete 

yes 

yes 

m 

(2 ) 

reliability 

yes 

yes 

no 

yes 

yes 

yes 

(3) 

interactivity 

yes 

yes 

? 

yes 

no 

yes 

(4) 

modifications 

yes 

no 

no 

no 

m 

yes 

(5) 

extensionability 

no 

? 

yes 

? 

? 

? 

(6) 

2D-3D 

possible 

yes 

yes 

possible 

possible 

possible 

(7) 

conventional 

data 

no 

no 

no 

no 

nearly 

no 


Of course there is no best solution. The choice of one solution or another rather should 
depend on the priority of the requirements and the range of constraints in a particular 
system environment. 

In our opinion though, a new method should be investigated which incorporates 
the properties of the AI approaches with the benefits of the global approach. Such a 
combined method could more closely meet the requirements outlined than any other of 
the approaches reviewed in this paper. 
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Abstract 

In this paper the various techniques used in geometric modelling are reviewed. The 
chosen type of representation has a strong influence upon the nature of the user interface 
and on the manner of communication with the system by other programs for applica* 
tions purposes. This in turn affects the ease of use of a geometric modelling system 
and the level of communication which may be achieved with other systems. Numerous 
examples are given, and a plea is made for system developers to provide more user 
convenience and greater potential for integrated applications by giving more attention 
than hitherto to the close coupling between representation and communication. 


1 Introduction 

Geometric modelling as we now know it is rooted in two traditional practices. The 
first of these is manual draughting, which motivated the development of, successively 
from the mid-sixties, 2D draughting systems, 3D wireframe systems and finally 
solid modelling systems. The other tradition may be traced back to antiquity in 
the design of ships; more recently, related techniques have been used in the aircraft 
industry, and these have led to the development, again starting in the mid- sixties, 
of free-form curve and surface systems. The two strands of geometric modelling 
have developed with little interaction until comparatively recently, though strenuous 
efforts are now being made to integrate them in all-purpose engineering modelling 
systems. As some of the papers in these proceedings show, this is not an easy 
process. 

For the first twenty years of development of geometric modelling the emphasis 
has been almost entirely on the word ‘geometric’. Most developers initially took the 
view that provided the geometry of an engineering situation could be satisfactorily 
represented then everything else required would follow almost automatically. For 
example, few problems were envisaged in the automatic generation of finite element 
meshes for structural analysis, or in the automatic creation of process plans for 
the manufacture of engineering parts. However, recent experience has shown that 
geometry alone is not the key to automated applications; the geometric data in the 
part model needs to be supplemented by a wide range of other types of informa¬ 
tion, the result being often referred to as a product model . Much of the new data 
is non-geometric in nature, and therefore does not fall within the province of these 
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proceedings. Examples include material type, colour, heat treatment requirements, 
model release status, textual data such as results of finite element analyses of the 
model, various kinds of administrative data and many others. On the other hand 
some of the additional information in a product model is related to shape; in par¬ 
ticular,the concept of the form feature appears to be crucial for the development of 
automated applications, as will be described later in this paper. 

In what follows, two primary issues are discussed, and some attempt is made to 
elucidate the relationship between them. The first is representation, the manner in 
which geometric models are stored in the computer. The second is communication, 
the manner in which information is input to and extracted from the model. It is this 
second aspect which was given insufficient attention in the early days of geometric 
modelling; as a result, modelling systems are often difficult to use and incapable of 
generating information in the form required by subsequent application programs. 
This paper is a plea for much more effort to be devoted to communication issues. 
They should be regarded as an integral part of geometric modelling, since a model 
which cannot be communicated with (except perhaps in terms of graphical feedback 
to the user) has very little use for practical purposes. 

The field addressed here is wide, and the space limited. Accordingly, the treat¬ 
ment will be very selective. In some cases single examples will be used to illustrate 
broad principles. Further detail may be found in the references provided, 

2 Representation 

The first two topics under this heading are geometry and topology. These will 
be treated only cursorily, since they are the subject of many of the later papers in 
these proceedings, and the general principles involved are well known. 

2.1 Geometry 

If we disregard wireframe representations, which are acknowledged to be deficient 
for most applications purposes, geometric modelling is conventionally based on two 
types of geometry: 

(1) Surface modelling almost exclusively uses a parametric approach based on poly¬ 
nomial or rational polynomial representations (Faux and Pratt [18], Boehm et al. 
[6]). The implementational choices include various types of splines (including B- 
splines and beta-splines, either uniformly or non-uniformly parametrised), Bezier 
formulations, Ferguson-Coons and Gordon-Coons surfaces. The robust, accurate 
and speedy calculation of intersection curves between such surfaces is the subject 
of much current research (Pratt and Geisow [38], Barnhill et al. [5]). 

(2) Surface types in solid modelling are often confined to the ‘natural’ quadric 
surfaces (planes, circular cylinders, cones and spheres) plus the torus (Goldman 
[19], Miller [29]). Intersections between these surfaces give rise to edges which lie 
on straight lines, conic curves and more general curves. In the first two cases exact 
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representations are possible; in the third case approximations are usually computed. 

The parametric and implicit (non-parametric) surface types require rather dif¬ 
ferent treatment from the computational point of view, and it has not been found 
easy to integrate the two in practical systems. Most progress has so far been made 
in those commercial systems which use faceted approximations to curved surfaces, 
though this approach has its inherent problems which will be discussed later. The 
problem of integration is complicated by the fact that the algorithms required by 
certain applications (for example the generation of cutter paths for NC machining) 
depend very strongly on the type of surface representation used. It is therefore diffi¬ 
cult to implement a uniform, geometry-independent, approach to such applications 
in an integrated system. Another relevant matter is the computation of surface 
intersections, essential in a solid modeller for the determiniation of edge curves. It 
has been shown (Faux and Pratt [18], Pratt and Geisow [38]) that this is simplest 
when one of the two surfaces concerned is expressed in implicit and the other in 
parametric form. Consequently there may be advantages in using dual geometric 
representations for all surfaces. 

One particular problem in solid modelling, concerned with the automatic gener¬ 
ation of blend surfaces, has led to the introduction of new surface types based on 
algebraically weighted averages of implicit surface forms (a survey is given in Wood¬ 
work [50] ). These have been implemented in one commercial system (ROMULUS) 
but are otherwise still at the research stage. 

2.2 Topology 

The term topology is used here in a very loose sense to signify connectivity infor¬ 
mation relating the component faces, edges and vertices etc. of a solid model. In 
a boundary representation modeller the connectivity is usually modelled explicitly; 
each object node in the datastructure has pointers to the nodes of the faces which 
compose its outer surface, each face has several edge pointers and each edge two 
vertex pointers. Some modellers have intermediate levels in this hierarchy, usually 
shells (closed sets of faces) and loops (closed sets of edges). It is conventional to 
separate topology and geometry, in which case face, edge and vertex nodes (topo¬ 
logical) have pointers respectively to surface, curve and point nodes (geometrical). 
The typical boundary representation data structure is a network, often exhibiting 
a high degree of redundancy for reasons of computational efficiency. More details 
may be found in Braid [7], Woo [49], Weiler [46] or Mantyla [27]. 

In a pure CSG system topology is entirely implicit (Requicha and Voelcker [39]). 
The data structure is based upon a binary tree whose leaves are primitive volumes 
and whose nodes are boolean operators. The primitives are represented as set 
intersections of unbounded half- spaces. A process of evaluation must be used 
to compute explicit details of individual faces, edges and vertices: this involves the 
computation of surface intersections, the bounding of the resulting curves to give the 
edges, and the determination of the edge intersections to give the vertices (Brown 
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[8]). Most current CSG systems generate a boundary representation as a secondary 
data structure; in some cases this must be evaluated from scratch each time it is 
required, but in others it is incrementally generated as the CSG model is built up. 
In the latter case the modeller is sometimes referred to as a hybrid system. 

Some systems avoid the geometric complications associated with curved surface 
types and approximate all such surfaces by assemblies of facets. In a CSG system 
this is achieved by modelling entirely in terms of planar half-spaces (Woodwark and 
Quinlan [51]). In a boundary representation system it is possible to arrange for all 
the facets to be planar, though some systems simply define each facet in terms of a 
loop of (usually four) connected linear edges. In the latter case problems may arise 
if the edges are not almost coplanar, and subdivision is then necessary to achieve 
planarity of all the facets to within some specified tolerance. Note that with the 
tacit assumption that all facets are effectively planar the usual boundary repre¬ 
sentation hierarchy may be simplified, since it is no longer necessary to represent 
faces explicitly. On the other hand many faceting systems provide links between 
each facet and the geometry of the exact surface which it approximates, though 
the exact edge curves are not usually computed. The faceting stratagem makes for 
easy surface intersection computations, since only plane/plane intersections are re¬ 
quired. However, there is a trade-off here; the finer the surface approximations, the 
more inter-facet intersections are required. The resulting amount of computation 
must be balanced against that required to perform the single more complex inter¬ 
section calculation between the two exact surfaces. One problem with the faceting 
approach is that the interaction between facets may give rise to an object which 
differs topologically from the exact object. Turner [43] has suggested a means of 
overcoming this difficulty. 

Octree and other cellular approaches to solid modelling treat topology in different 
ways, according to their degree of sophistication. The pure octree approach does not 
contain any concept of the faces, edges or vertices of an object, though connectivity 
between cells is represented in a fairly explicit manner (Meagher [28], Jackins and 
Tanimoto [24]). However, more modern approaches use smaller numbers of cells and 
relate each cell to the exact geometry of that region of the part boundary which lies 
within it (Ayala et al. [4], Navazo et al. [30]). Different types of cell may be used to 
indicate the presence of different types of topological phenomena within a cell (e.g. 
part of an edge, three edges meeting at a vertex). To the present writer the effect 
appears to be that of a boundary representation model with a subsidiary cellular 
structure giving spatial localisation of its component entities; similar effects have 
been achieved by other methods in a boundary representation context (Braid [7]). In 
view of these last remarks attention in what follows will be directed mainly towards 
the two most widely used types of representation in advanced geometric modellers, 
boundary and CSG, where the former also encompasses surface modellers. 
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2*3 Associative Data and Form Features 

Associative data (other than topological) can only be represented in a very few 
systems at present, most of them still firmly in the research phase. Three applica¬ 
tions are briefly described below: 

(1) Dimensions - a dimension is a constraint on the relative positioning of one 
element of a model with respect to another. It is therefore a type of association 
between the two elements concerned. If a dimensional constraint is present, then 
any modification of the model should preserve this specified relation. A particularly 
important function of dimensional constraints is that they provide the ‘hooks’ onto 
which engineering tolerance specifications may be hung. Tolerances are vital in an 
engineering context; they are concerned with functionality, with replaceability of 
components, and they have a strong effect on manufacturing costs. Although a 
dimension is an association, its related tolerance is strictly speaking a numerical¬ 
valued attribute of that association. Other types of tolerance, such as for example a 
tolerance on the parallelism between two surfaces, also however require the setting 
up of associations. 

(2) Geometric constraints - apart from dimensions, it is often desirable to repre¬ 
sent other types of associations. These might include such geometric relations as 
parallelism, perpendicularity or concentricity between pairs of elements. Again, 
once such constraints have been defined, they should be preserved in all subsequent 
modifications of the model, since they are often imposed for functional reasons, and 
relaxing them may well destroy the functionality of the modelled part. Constraint 
modelling is currently a fruitful research topic (see for example CAD*I [11]), and 
the first commercial systems employing this technology are already appearing. 

(3) Form features - this is a very large topic in its own right. The concept originated 
from manufacturing considerations, when planning, for example, the machining of a 
part from solid material. Engineering components typically exhibit through holes, 
blind holes, pockets, slots and grooves; these are (at least from the manufacturing 
point of view) the form features of the part. It is possible to regard each form 
feature as an independent entity in the sense that a strategy may be defined for 
machining it which need take no regard of the other features of the part. FYom 
the modelling point of view a form feature can be regarded as a set of faces of 
the part (in a boundary representation context) or as an interaction between two 
or more primitive volumes (in a CSG context); the author knows of no work on 
feature representations in cellular systems, though this should be easy enough to 
achieve. One important aspect of form features is that they provide a median level 
of information in the model between the very high level (volumetric primitives) and 
the very low level (individual topological entities). Fur t her more, this appears to 
be precisely the level at which information is required by automated applications 
programs. Form features may therefore hold the key to the integration of geometric 
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modelling systems and application programs. The first commercial modellers to 
implement these ideas have already appeared on the market. 

This exposition of form features is necessarily brief and in places over-simplified. 
Some further considerations are dealt with later in the paper, and yet more detail 
may be found in Pratt [33], [36], [37]. 

2.4 Attributes 

Little will be said about attributes, since they are generally non-geometric in 
nature. Tolerance attributes of dimensions have already been mentioned. Other 
attributes which have some geometric aspect are surface finish (used as a measure 
of roughness of a machined surface) and certain form tolerances such as flatness 
and cylindncity. All these are applied to single faces or surfaces. In principle there 
is little difficulty in implementing attributes in a modeller; it is merely a matter 
of deciding what varieties to implement, setting up the required types of nodes 
and setting pointers to them in the data structure. Nevertheless, many commercial 
modellers do not yet provide this facility, and the remainder make available only a 
narrow range of attributes. 

3 Communication 

In this Section an attempt is made to show the strong relationship between the ge¬ 
ometric modelling representation used and the possibilities of communicating with 
the model in various ways. There are two aspects to communication: what to com¬ 
municate, and how to communicate it. The first is obviously very representation- 
dependent; the only information which can be communicated is that which is present 
in the model, either explicitly or implicitly. In the implicit case much computation 
is often needed for the evaluation of explicit data if this is what is desired. In the 
explicit case the algorithms for determining the corresponding implicit representa¬ 
tions are often either difficult or non-existent. As regards how to communicate, 
three different modes of information transfer to and from geometric models are 
described below. 

3.1 User Interface 

The user interface is the user’s means of communicating with the model. He can 
input his required modelling operations in various ways, and the system provides 
visual feedback enabling him to check his results. Numerical output may also be 
generated, for example as the result of mass property or other analytical calcula¬ 
tions. The subject of user interfaces for geometric modelling systems is a very wide 
one on which little has been published, though some broad principles exist for the 
design of user interfaces to interactive systems in general (Smith and Aucella [42]). 
In this Section a few specific examples will be given to show the strength of the 
correspondence between representation and communication. 

One well-known example concerns CSG and boundary representation modellers. 
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In CSG the model is built up from a standard set of parametrised primitive vol¬ 
umes; the user’s conceptual model of the construction process is based on these 
ideas, and this is reflected in the user interface, which supplies him with a range 
of primitives, the means for dimensioning and positioning them, and the boolean 
operations needed to combine them. This is very restrictive, and often a large 
number of primitives are needed to create even a comparatively simple model, par¬ 
ticularly if it happens to have rounded edges. Two methods have been employed 
to circumvent this problem. Firstly provision is now made in many CSG systems 
for the definition of closed 2D profiles, which may be ‘swept’ normal to their plane 
of definition to generate a solid. This makes things much easier for the designer, 
but the system has more work to do internally, since in order to comply with the 
CSG datastructure the 2D profile must be decomposed into 2D primitives which, 
when swept individually, generate the solid primitives ultimately stored in the CSG 
tree. A second approach is to allow design by features. In this context a feature is a 
parametrisable combination of primitives which together make up some local shape 
configuration such as a countersunk hole or a slot with rounded edges. This facility 
has recently been provided in the commercial CSG systems BRAVO! (Applicon) 
and UNISOLIDS (McDonnell Douglas). 

By comparison, a boundary representation system may provide many more ways 
of interacting with the model. Primitives and set operations are often implemented, 
as is the sweeping of 2D profiles, though the results of these operations are translated 
immediately into terms of low-level topological entities such as faces, edges and 
vertices. Design by features is now becoming available in these systems also, as 
for example in CIMPLEX (Automation Technology Products), PRO-ENGINEER 
(Parametric Technology) and ICAD (ICAD Inc.). But beyond this a wide range of 
local operations may be provided, allowing modifications to single faces, edges or 
loops of edges of the model without the need for expensive boolean operations. To 
give just one illustration, the research modeller BUILD (Anderson [2]) implements 
an operation which simply changes the geometry associated with a particular face; 
a planar face may thereby become a sculptured face, with no topological change 
having taken place in the model at all. There is a related and powerful class of 
modelling techniques which have been called rubber object methods (Varady and 
Pratt [45], Pratt [35]), which have been insufficiently investigated and exploited. 
Such local operations have the characteristic, however, that either the user has 
the responsibility to check that modelling constraints are not violated, or that the 
modeller must automatically provide the necessary complex verification. 

The ESPRIT CAD Interfaces (CAD*I) Project is currently extending the con¬ 
cept of design by features by allowing the specification of relationships between 
features on different parts (CAD*I [11]). This permits the modelling system to 
determine and apply the necessary transformations to bring one feature into the 
required relationship with the other and so to add a component to an assembly. 
The relationships implemented at present include ‘flush with’, ‘coaxial with 1 and 
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‘axially parallel with’. 

As already mentioned, pure CSG systems do not represent individual faces, edges 
and vertices in their primary data structures. This has other implications in terms of 
the facilities which can be made available to the user. For example, manufacturing 
applications demand that attribute information can be attached to faces or other 
low-level entities in a model. There are also basic modelling operations in which 
it is very convenient to be able to position a volume element with respect to some 
pre-existent face of a model before performing a boolean operation. Neither of 
these operations is possible in a pure CSG system, which is why increasingly many 
hybrid systems are now appearing. Unfortunately, even in systems of the hybrid 
kind in which the boundary representation model is built incrementally in step 
with the CSG model, it seems not yet to be possible to provide the added freedom 
associated with the former type of approach without destroying some of the basic 
advantages of the latter. These are notably the fact that a CSG model contains a 
complete history of the construction of the part model which is easy to parametrise 
and to edit if subsequent changes are required. 

The requirement for parametrised models, mentioned in the last paragraph, is 
in fact a very important one for the engineering designer. Many industries make 
frequent use of ‘families of parts’, and the German DIN standards organisation has 
defined a standard for definitions of families of standard parts (DIN [17]), which is 
currently being extended and generalised by the European standards organisation 
CEN. It is difficult to represent such families in a boundary representation mod¬ 
eller because of the low-level nature of the data structure and the high degree of 
redundancy it exhibits. For example, if a single vertex is allowed to lie at a point 
with general coordinates x,y,z then this introduces generality also into the equations 
of the edges and faces meeting at that vertex. The ramifications rapidly become 
exceedingly complex if more entities are generalised. It may be possible to make 
limited use of local operations of the type referred to above in cases where the topol¬ 
ogy of a model is invariant, but many part families exhibit topological variation. 
This is one area of modelling where CSG has distinct advantages for the user. 

As mentioned earlier, feature modelling is associative in nature. In a boundary 
representation system a set of faces is associated, and in a CSG system a set of 
primitive volumes. Neither approach, on its own, is suitable for every applications 
purpose. Consider, for example, a simple part consisting of a rectangular block with 
a flat-bottomed hole in one face. It will be assumed that the hole is to be drilled 
(and for simplicity that a flat-ended drill can be used so that the planar bottom is 
automatically generated). Typically, the cylindrical hole feature will be modelled 
as follows: 

(1) boundary representation system - the cylindrical wall of the hole will be modelled 
as one or more faces (many systems find it convenient to split the wall into three 
or four faces; this avoids certain topological problems and also facilitates analytical 
computations). The feature will be an association of these faces with the planar 
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bottom face of the hole. The geometry of the faces concerned may be represented 
in various ways, and we will here suppose that quadric surfaces such as cylinders 
are defined by matrices of coefficients of a biquadratic expression (Braid [7]). 

(2) CSG system - the part will be represented by the boolean subtraction of a 
cylinder primitive from a block primitive. It is usual to make the cylinder longer 
than the depth of the hole before performing the subtraction, to avoid problems of 
numerical tolerances when dealing with coincident faces. The feature is in this case 
the set intersection of the cylinder and the block, i.e. the volume common to both. 

Now suppose that it is wished to generate instructions for drilling the hole. As¬ 
suming that the part is appropriately oriented, the necessary information is the 
radius and depth of the hole and the position of its centre-line. In the boundary 
representation case none of this information is explicitly available; it all has to be 
computed from the cylindrical and planar surface representations. This is perfectly 
feasible, but it obviously takes time. In the CSG case the radius is present in the 
model as the value associated with one of the defining parameters of the cylindrical 
primitive; the centre-line is probably also easy to obtain from the transformation 
used to position the cylinder before its subtraction from the block. The depth of the 
hole is less easy to compute, however; it depends upon the relative position of the 
cylinder with respect to the block. Again, there is no great difficulty, but it would 
be more convenient to have this information immediately available and associated 
with the feature definition. This simple example shows the strong advantages in 
supplementing the associative types of feature definition with additional numerical 
data which provide a complete and concise characterisation of the feature. Indeed, 
since this information is by itself frequently sufficient for many applications pur¬ 
poses (as, for example, in the present illustration), the idea of the implicit feature 
representation has been proposed (CAM-I [12]). Such a definition contains simply 
a specification of a feature type and the values of certain numerical parameters 
appropriate to that type, and it can in many cases be used more easily than either 
of the two more explicit definitions described earlier. 

An additional point concerning features is that different engineering organisations 
frequently define their own classes of features, and would like to be able to tailor 
their design and manufacturing systems to function in terms convenient to them¬ 
selves. This requires a facility in a modelling system to allow the user to define his 
own types of features, if design by features is the objective. This is already provided 
in some commercial systems, mainly CSG-based. However, in an integrated system 
for design and manufacturing the automatic recognition of manufacturing features 
will be needed - these will certainly not always coincide with the designer’s in¬ 
put features. In this case the organisation-dependent manufacturing feature classes 
must be very carefully specified in terms of rules which allow their complete and 
unambiguous characterisation for recognition purposes. This major research area 
seems to have been little explored at the time of writing. 
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Algorithms for the automatic recognition of form features on solid models have 
been known for some years. Seminal papers on this topic include those of Kypri- 
anou [25], Henderson and Anderson [21] and Woo [48]. The first two describe related 
approaches which have been implemented and demonstrated with boundary repre¬ 
sentation modellers. The third presents a very different CSG- oriented algorithm 

which has not as yet been implemented due to limitations on current CSG modelling 
systems. 

Space does not permit further discussion of features, but it is worth noting that 
there are many further representational and communications issues involved ('Pratt 
[37]). v 

3.2 Neutral File Interfaces 

3.2.1 The Requirement for CAD Data Exchange 

A requirement for CAD data exchange may arise within a company which uses 
more than one CAD system for different purposes (as many do), or in a contrac¬ 
tor/subcontractor situation. Clearly for 2D draughting systems the design data 
could be exchanged in the form of drawings, but once the sending system has gen¬ 
erated a drawing it is time-consuming and error-prone for a human operator to 
re-enter the same design into the receiving system. For 3D models even three- 
view drawings cannot usually be made to convey all the required data. In either 
case it is clearly desirable that details of the computer model can be transmitted 
automatically to avoid the lengthy manual reconstruction process, 

3.2.2 The Neutral File Philosophy 

There is a general consensus that a neutral file approach to CAD data transfer 
is appropriate, and that the content and format of the neutral file should be stan¬ 
dardised. Each CAD system must be provided with two translators, a preprocessor 
which translates the native internal format of the sending system into neutral file 
format, and a post-processor which translates from the neutral file format into the 
native internal format of the receiving system. This stratagem requires 2N transla¬ 
tors to be written for all possible transfers between N different systems, as opposed 
to N(N-l) specialised translators if all possible cases are catered for directly without 
the use of a neutral file. Since N, the number of commercial CAD systems, is now 
of the order of one hundred, the neutral file technique has a clear advantage. 

3.2.3 History of CAD Data Exchange 

The first CAD data transfer standard was IGES (Initial Graphics Exchange Spec¬ 
ification). This neutral file format was developed in the USA in 1980, and IGES 
Version 1 became an ANSI standard in 1982 (ANSI [3]). It has been followed by 
Versions 2, 3 and 4 (IGES [22]). These updates have been necessary because of the 
rapid pace of development of CAD systems during the past few years. Version 1 
was aimed primarily at the transfer of 2D drawing data, including dimensional an- 
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notation and textual notes, though some provision was made for the handling of 3D 
wireframe models and free-form curve and surface data based on cubic polynomial 
splines. 

IGES is now in very widespread use, to the extent that it is a de facto international 
standard, but it has a number of serious shortcomings (Pratt [34]). Recent versions 
have extended the range of geometry which can be transmitted, and have allowed 
the transfer of applications-oriented data, for example concerning finite element 
models. It is not until Version 4 that solid model transfer has become possible, and 
this only for CSG models. Version 5 will be published during 1989, and will cater 
additionally for boundary representation solid models. 

Other standards for CAD data transfer have also been developed, motivated 
by problems encountered in the use of IGES. One of the most important is SET 
(Systeme d’Echange et de Transfert), a French AFNOR standard (AFNOR [1]). The 
entities transferred by SET are similar to those of IGES, but a much more compact 
file structure is used. As with IGES the initial version could transfer 2D and 
3D draughting data; surface capabilities were then added, and a version capable of 
transferring CSG and boundary representation solid modelling data will be released 
shortly. A more specialised standard is VDAFS (Verband der Automobilindustrie 
Flachenschnittstelle). This German DIN standard is restricted to the transfer of 
free-form surface data, a major problem area with IGES. Two versions have been 
published; the second permits transfer of a wider range of entities, but only the first 
has become a standard (DIN [16], VDA [44]). 

STEP (STandard for the Exchange of Product data) is an international standard 
for CAD data transfer now being developed within the International Standards 
Organisation, specifically within the subcommittee ISO TC/184/SC4. The main 
inputs are from the USA, where a new projected standard called PDES (Product 
Data Exchange Standard) has been worked on since 1984, and from a group of 
European countries having involvement in ESPRIT Project 322, (CAD Interfaces, 
abbreviated as CAD*I), which also started in 1984. A draft proposal for Version 1 
of STEP was released for publication and appraisal in December 1988 (ISO [23]). 
Brief notes are given below on the two major contributors: 

• PDES was initiated in the USA because IGES was recognised to have major lim¬ 
itations, and it was designed from the outset to transfer a very wide spectrum of 
data, covering the entire life cycle of a product. This includes not only ‘shape’ 
information and associated textual data, as with IGES, but also information con¬ 
cerning many engineering applications and certain types of administrative data. 
Applications currently being worked on include architecture engineering and con¬ 
struction, electrical and electronic products, form features, finite element analysis 
and mechanical products. All of these areas have their own specialised terminology 
and data requirements, and this is where the major US contribution to the STEP 
standard is being made. There is a consensus within the community of volunteers 
involved in the development of PDES that, for topics on which agreement has been 
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reached within ISO, PDES and STEP will become identical. 

• The ESPRIT CAD*I Project has twelve participant organisations drawn from six 
nations of the European Economic Community. It is partly funded by the European 
Commission. The CAD*I partners play a key role in the ISO work through member¬ 
ship of their own countries’ national standards bodies. Their work is concentrated 
in two main areas, on a new formally defined neutral file format for the transfer of 
‘shape’ information, designed to avoid the difficulties experienced with IGES, and 
on standard formats for transferring data between the various stages of the finite 
element analysis process. The CAD*I neutral file format has from the outset been 
designed to transfer wireframe, surface and solid modelling data. The first ever 
transfers of boundary representation solid models between different systems were 
demonstrated in 1986, between an Evans and Sutherland/Shape Data ROMULUS 
system at Cranfield Institute of Technology in England and a Norsk Data TECH¬ 
NOVISION system at the Technical University of Denmark (CAD*I [11]). Much of 
the CAD*I work has been accepted with little modification as the core of STEP Ver¬ 
sion 1. Version 3.3 of the CAD*I neutral format has been published (Schlechtendahl 
[41]), and annual reports have been issued by the Project since its inception (CAD*I 
[9], [10], [11]). As far as solid models are concerned, CSG models are transmitted in 
terms of primitives and set operations, while boundary representation models are 
transmitted in terms of geometrical and topological entities. 

3*2*4 Effect of Representation on Communication 

As regards solid model data transfer there is one major problem relating to repre¬ 
sentational issues which remains to be solved. Subject to certain provisos mentioned 
below it is straightforward in principle to transfer information between two CSG 
systems or two boundary representation systems. In fact most boundary represen¬ 
tation systems are also capable of receiving CSG input and evaluating it. However, 
the reverse type of transfer, from boundary representation to CSG, is not currently 
possible. Since a CSG system can only accept CSG input the model must clearly be 
transmitted in this format in the neutral file; the implication then is that the pre¬ 
processor must perform the transformation from boundary representation format 
into CSG. No satisfactory algorithm for achieving this has yet been demonstrated - 
part of the difficulty is that there are infinitely many possible CSG representations 
of the same model. 

A different but related problem occurs in the transfer of data between two bound¬ 
ary representation systems, one using exact and the other faceted surface geometry. 
If these are respectively the sender and receiver then the preprocessor will generate 
a neutral file in terms of exact geometry, but the postprocessor will have to create 
faceted approximations because these are all that can be understood by the receiv¬ 
ing system. Conversely, if the transfer is in the opposite sense then the neutral file 
will contain a faceted representation; this can usually be postprocessed to create a 
polyhedral model in the receiving system, but if a result in terms of exact geometry 
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is required the postprocessor will need to have a large amount of built-in intelligence 
to generate it from the inexact data presented to it. 

The remainder of this Section is based mainly upon CAD*I experience, though 
some general points are also made. The ease of development of STEP preprocessors 
for solid modellers has varied considerably, being strongly dependent on the degree 
of compatibility between the notional data structure whose existence STEP assumes 
and the actual representation used in the modeller. In highly compatible cases it is 
merely necessary to write out all the entities composing the transmitted model in 
the appropriate format for the neutral file. However, it is not necessary to look very 
far for a case where this is not possible; ROMULUS possesses a blending capability 
using a highly non-standard type of algebraically defined surface (Rockwood [40]), 
having no corresponding geometric entity in the STEP specification. The transfer 
of a blended ROMULUS model would therefore require each blend surface to be 
approximated by one of the ‘standard’ surface types, for example by a non- uniform 
rational B-spline surface. In a situation such as this, either the modeller must be 
capable of computing the approximation or this function must be performed by the 
preprocessor. 

Another type of difficulty can arise when the transmitting modeller lacks certain 
entities which must be present in the neutral file. The STEP neutral format has 
been designed so that any reasonably conventional boundary representation data 
structure will map onto it, and vice versa, but the mechanism for performing the 
mapping is not always straightforward. For example, the STEP file requires the 
presence of loop entities, i.e. ordered sets of edges forming individual face bound¬ 
aries, whereas the PROREN system marketed by Isykon GmbH contains no loop 
entities in its native data structure. The required information is certainly implicitly 
present in PROREN, but the preprocessor has to make it explicit in the neutral 
file, which involves a large number of interrogations concerning edge and face con¬ 
nectivity. 

Postprocessor development for STEP has proved more difficult. One problem 
concerns the type of access available in the receiving system to allow reconstruction 
of the model from the neutral file information. There appear to be three possibilities. 
The first is to write to a new sequential file having the format used by the receiving 
system to store its own models on disc. This has the problem that validity checking 
is difficult; it is comparatively easy to write the file, but if the modeller then cannot 
read it because of some error or deficiency in it the transfer process fails. 

The second possibility is to write to a ‘program file’ containing a sequence of 
instructions for rebuilding the model from scratch. This is, is fact, what is effectively 
done in the transmission of a neutral file containing CSG data into a boundary 
representation system which then evaluates it. However, if the transmitting system 
is itself a pure boundary representation system then the constructional history of the 
model has been lost. In this case what is required is the determination of a CSG (or 
equivalent procedural) representation corresponding to the boundary representation 
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model. This type of representational conversion is currently an unsolved research 
problem, as mentioned above. 

The third approach to model reconstruction is to work through a programming 
interface of the kind discussed in the next section. Briefly, this allows access to all 
the facilities of the modeller for creation, deletion, modification and interrogation of 
models and their underlying entities, so that a boundary representation model can 
in principle be reconstructed edge by edge and face by face in a dynamic manner. 
This method relies on the ‘completeness’ of the programming interface. In the one 
attempt so far made to use this approach (at Cranfield Institute of Technology, using 
ROMULUS) a large measure of success has been achieved, though models with 
certain types of topology/geometry combinations cannot be rebuilt owing to the 
lack of a specialised topological operation in the Kernel Interface, as this system’s 
programming interface is known. 

One of the major problems of CAD data transfer is concerned with free-form 
parametrically defined surfaces. This in fact led to the development of VDAFS 
mentioned above, though even that specialised standard does not overcome all the 
difficulties. The problem is now becoming more acute as solid modellers increas¬ 
ingly incorporate free-form geometric capabilities. The free- form surface types 
conventionally used in geometric modelling are either of the pure polynomial or the 
rational type. In either case systems differ very considerably in the degree of the 
polynomials used, which ranges from two to twenty in current commercial systems. 
Clearly it is not possible to transfer curve and surface data exactly from a system 
using degree fifteen into a system restricted to degree three, though it is possible 
to go the other way. Further, exact transfer between a rational system and a poly¬ 
nomial system is not possible either, though once again the reverse process may be 
possible (subject to a proviso on the degrees involved) since polynomials are a subset 
of the rational functions. Where data transfer is required between mathematically 
incompatible systems some form of approximation is required by which, for exam¬ 
ple, a high-degree polynomial or rational surface is subdivided into smaller patches 
each of which is represented to within a given tolerance by lower-degree functions. 
Two approaches to such a method of approximation have been developed within 
the ESPRIT CAD*I Project mentioned above (Goult [20], Lachance [26]). 

To conclude this Section it will be noted that, although the primary function of 
neutral file data transfer is to communicate between CAD systems, the same mech¬ 
anism has been used to transfer information between CAD systems and applications 
programs (Palstrom et al [31]). It is by no means ideal for the purpose. What is 
transferred is a static sequential file, which is difficult to access in a random manner 
as required by many applications. Furthermore the file may well contain more (or 
sometimes less) information than is needed by the application. Neutral file data 
transfer may be compared to mail communication; what is sent is determined en¬ 
tirely by the sender, with the receiver having no control over the matter. In the next 
Section the Application Interface concept is discussed; this allows communication 
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to be more conversational in nature, with the sender responding to stimuli issued 
by the receiver. This provides very much more convenience for the applications 
programmer. 

3.3 Application Interfaces 

In 1979 the research organisation Computer Aided Manufacturing International, 
Inc. (CAM-I) perceived the need for a standard means of accessing the full range 
of capabilities of a solid modeller dynamically via a programming interface. This 
allows an application program (for example a finite element mesh generator or an 
automated process planning system) to make use of all the modeller’s facilities for 
creation, modification and interrogation of solid models by making calls to a spec¬ 
ified set of procedures forming part of the modeller software. If such an interface 
can be standardised and implemented with a wide selection of commercial modelling 
systems then the possibility arises for third-party software vendors to develop appli¬ 
cations packages which interface without modification to all the systems concerned. 
This will be extremely attractive to companies wishing to develop integrated mod¬ 
ular CAD/CAM configurations, acquiring different modules from different vendors 
and perhaps writing particularly specialised modules in-house. Specifically, it im¬ 
plies that the choice of application modules may be made independently of the 
choice of solid modeller. 

The CAM-I work has led to the development of the Applications Interface Spec¬ 
ification or AIS (CAM-I [14]). In its current form it consists of approximately two 
hundred FORTRAN subroutine specifications. Guidelines axe also provided for im¬ 
plementation in languages other than FORTRAN. Two partial implementations of 
the interface exist, for the CAM-I Testbed Modeller (CAM-I [13]) and for the CSG 
modeller PADL-2 (CAM-I [15]). Various demonstrations have been given of applica¬ 
tions making use of the interface; one example is concerned with automated process 
planning of machined parts (Pavey et al. [32]). CAM-I is an accredited standaxds- 
making body in the USA, and intends to submit the AIS for standardisation after a 
due period of further experimentation, demonstration and consultation with system 
vendors. As a first step it has initiated the formation of a PDES subcommittee to 
work in the area of dynamic interfaces to CAD modelling systems. 

There are several commercial solid modellers possessing programming interfaces 
with varying degrees of similarity to the CAM-I AIS. 'the closest is the ROMULUS 
Kernel Interface; this is hardly surprising, since the earliest (1980) version of the 
AIS was prepared by Evans and Sutherland/Shape Data, the developers of the 
ROMULUS modeller. 

As presently structured, the AIS has a set of core facilities which correspond to the 
basic set of operations provided by most commercial systems. Creation operations 
are available for the conventional set of solid primitives, and subroutines are included 
for the boolean operations of union, intersection and subtraction. Solids may also 
be created by defining 2D profiles and using linear or rotational sweep operations. 
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Profiles defined upon planar faces of existing solids may be similarly swept to create 
depression or protrusion features. Various types of transformations may be applied 
to previously defined objects. Most important for applications purposes is the 
range of interrogation functions provided, which allow determination of connectivity 
between topological elements and of the geometry associated with any face, edge or 
vertex. Some basic utility functions are also provided. The core set of subroutines 
has been limited to fifty in number, but additional well-defined levels of facilities 
axe provided to deal with, for example, assemblies, properties and attributes, and 
parametric free-form geometry. The intention is that implementers of modellers 
and of applications programs can specify respectively their level of implementation 
and their requirements level, so that it will be easy to ascertain whether a certain 
modeller is compatible with a particular application program. 

Work is currently in progress in the ESPRIT CAD*I Project to extend the range 
of facilities provided through the AIS. The additional capabilities so far specified and 
tested include subroutines for handling geometric associativities and form features 
(CAD*I [11]). 

The AIS was originally defined with boundary representation modellers in mind, 
but it can also be implemented with CSG systems which provide an evaluation facil¬ 
ity. The Eastman Kodak PADL-2 implementation referred to above is an example. 
It should be noted, however, that the possibilities for communicating with a pure 
(non-evaluating) CSG model are very different. This is not to say that automated 
applications programs may not be interfaced to such systems, but it does imply 
that different algorithms will be needed, functioning in terms of different types of 
data. 

4 Conclusions 

This paper has attempted to show that there is a strong inter-relationship be¬ 
tween the choice of representation used in a geometric modelling system, the algo¬ 
rithms which can operate with that representation and the ease of use of the system, 
whether from the point of view of an interactive user or of an application program¬ 
mer. We know a great deal of mathematics concerning curves and surfaces, but not 
enough about how to present all the geometric freedom available to the engineering 
designer in a convenient and comprehensible manner. As regards topology we are 
still experimenting with new and exotic data structures in the search for optimality 
in a wide range of applications (Weiler [47]). The study of the nongeometric data 
types required for those applications is in its infancy, but since the primary theme 
of this conference is geometric rather than nongeometric modelling this point will 
not be further dwelt upon. I will conclude with a plea for greater consideration of 
the interplay between representation and communication. The early development 
of geometric modelling systems has been driven too much by mathematicians and 
computer scientists alone; it is now time for the user’s voice to be heard. 
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